GALOIS MODULE STRUCTURE OF MILNOR
K-THEORY IN CHARACTERISTIC p
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ABSTRACT. Let E be a cyclic extension of degree p™ of a field F' of

characteristic p. We determine k,, F/, the Milnor K-groups modulo
p, as Fp[Gal(E/F)]-modules for all m € N.

Bloch, Gabber, and Kato established an isomorphism between, on
one hand, Milnor K-theory modulo p in characteristic p and, on the
other, the kernel of the Artin-Schreier operator defined on the exterior
algebra on Kahler differentials [BK] [K]. In order to better understand
Milnor K-theory, it is a natural problem to determine the Galois mod-
ule structure of Milnor K-theory when the field is a Galois extension.
Two significant papers by Izhboldin consider Milnor K-theory in char-
acteristic p and, using the previous work of Bloch, Gabber, and Kato,
ascertain its important Galois module properties [[1], 12].

In this paper we establish the remarkable fact that two results of
Izhboldin are enough to determine precisely the Galois module struc-
ture of the Milnor groups K,,E mod p when F is cyclic extension of
pth-power degree of a field F' of characteristic p. The result is sim-
ple and useful: these modules are direct sums of trivial modules and
modules free over some quotient of the Galois group. Equivalently,
the dimensions over F, of the indecomposable F,[Gal(E/F)]-modules
occurring as direct summands of K,,F/pK,,E are all powers of p.
Such a description represents a culmination of results of Bloch-Kato,
Gabber, and Izhboldin, available since 1987, concerning the Galois
module structure of Milnor K-groups mod p.
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The precise description of the F,[Gal(E/F)|-module K,,E/pK,,E
depends on a natural filtration of K,,F/pK,,F obtained from images
of norm maps defined on Milnor K-groups mod p of intermediate fields
of E/F. This description, together with the arguments in the proofs,
reveals a flavor of abstract class field theory. In place of the axioms
of class formations, we use Izhboldin’s theorems below, together with
some technical but relatively short consequences of Hilbert 90, which
one might call “Hilbert 90 algebra.”

We assume in what follows that all fields have characteristic p and
that m is a fixed natural number. For a field F, let K,,F denote the
mth Milnor K-group of F and k,,F' = K,,F/pK,,F. (See, for instance,
[M] and [FV] IX.1].) If E/F is a Galois extension of fields, let G =
Gal(E/F) denote the associated Galois group. We write ig: K, F —
K, E and Ng/p: K,,F — K, F for the natural inclusion and norm
maps, and we use the same notation for the induced maps modulo p
between k,,F' and k,,E. In order to avoid possible confusion, in a few
instances we write ip g instead of ip.

Izhboldin’s results are as follows.

Theorem 1 ([I2, Lemma 2.3]). Suppose E/F is cyclic of degree p.
Then ig: kmF — (knE)C is an isomorphism.

It is useful to observe that Theorem [1] generalizes to cyclic extensions
of degree p". For a € K,,,F we write & for the class of a in k,,F.

Theorem 2. Suppose that E/F is cyclic of degree p™, n € N. Then
ig: kpF — (knE)C is an isomorphism.

Proof. We use induction on n. By Theorem [I] our statement is true
for n = 1. Consider the tower F' C E,_y C E where E/FE, 4 is a
cyclic extension of degree p. Set H,_; := Gal(E/E,_1) and G, :=
Gal(E,_1/F). Assume by induction that ip,_,: knF — (knE,_1)¢1
is an isomorphism. From Theorem [I] we see that ip, |, p: kpnEn_1 —
(kmE)Hn=1 is an isomorphism. Hence ig: k,,F — k,,E is injective.

Because ipp(knF) C (knE)C it is sufficient to show that each a €
(k, E)Y can be written as ipg(f) for some f € K,,,F.

Since a € (k,E)Y C (k,E)"", by Theorem [I] we see that there
exists ¥ € k,,,F,,—1 such that ig, | g7 = @. Because a € (kmE)G we
see also that ¥ € (k,,E,_1)“~! and therefore there exists f € K, F
such that ip g, (f) =4. Then ipp(f) = a as required.
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Theorem 3 (Hilbert 90 for Milnor K-theory: [I1, Corollary of Propo-
sition 5], [I2, Theorem D)). Suppose E/F is cyclic of pth-power degree.
Then the sequence

K.E=% Kk 520 g p

18 exact.

Now suppose E/F is cyclic of degree p". For i =0,...,n, let E;/F
be the subextension of degree p' of E/F, H; = Gal(E/E;), and G; =
Gal(E;/F). Our main result is the following

Theorem 4. There exists an isomorphism of F,[G|-modules k,,E =
»oYi, where

o Y, is a free F,[G]-module of rank dimg, Ng/pkp, E,
o Y, 0 <i<n,isa free F,|G;]-module of rank

dime NEi/kaEi/NEi+1/kaEi+17 and
o Yy is a trivial F,[G]-module of rank dimg, ky, F'/Np, jpky By .

Our proof of Theorem [4] proceeds by induction on n. At each stage
we use the norm map images Ng,/pk,, E;, @ = 1,...,n, to construct the
modules Y;. The most interesting portion is the construction of Y,,_;.
It is easy to show that the modules Y; are all independent, and we then
use Theorems [2] and [3] to show that the sum of the Y; exhausts k,,E.

The case n = 1 is section [2] and in section [3] we present the inductive
argument. This argument relies on an extension lemma, Lemma [6]
which shows that certain elements in £, are expressible as norms.
That the various norm groups Ng,,pky, [; contain enough elements is,
in fact, the crucial step in our induction. Lemma [0 together with
two more basic extension lemmas used in the proof of that lemma, are
presented in section [I, along with technical results on F,[G]-modules.

This work uses some ideas previously developed in investigations
of the structure of pth-power classes of field extensions of pth-power
degree [MSS].

1. NOTATION AND LEMMAS

1.1. F,|G]-modules. For the reader’s convenience, after introducing
some notation, we recall in this section some basic elementary facts
about F,[G]-modules.
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Let G be a cyclic group of order p™ with generator . For an F,[G]-
module U, let U® denote the submodule of U fixed by G. For an
arbitrary element u € U, let I(u) denote the dimension over F, of the
F,[G]-submodule (u) of U generated by u. Then we have

(0 =1 Hu) = () # {0} and (0 —1)'™{u) = {0}.
As usual, if U is a free F,[G]-module with U = @,¢7F,[G], we say that

U is a module of rank |Z|. Denote by N the operator (o —1)?"~1 acting
on module U.

Lemma 1 (Inclusion Lemma). Let U and V be F,[G]-modules con-
tained in an F,|G]-module W. Suppose that (U + V)¢ C U and for
each w € (U + V) \ (U + V)Y there exists u € U such that

(0= 1)/ (w) = N(u).
ThenV C U.

Proof. Let {T;};_, be the socle series of U + V: Ty = (U + V)¢ and
Tiv1/T; = (U + V) /T;)¢, and let s be the least natural number such
that T, = U + V. Observe that since (o — 1)?" = 0, we have s < p".
We prove the lemma by induction on the socle series.

By hypothesis, 77 C U. Assume now that T; C U for some i < s.
Then for each w € Ty, 1 \ T} we have I(w) = i+1 and (o — 1))~ (w) =
N(u) = (¢ — 1)?""*(u) for some u € U. Therefore

(0 — 1)) (w - (o — 1" (u)) = 0.

Therefore w — (o — 1)P" 71 (y) € T; C U. Hence w € U and T;,, C U
as required.

Lemma 2 (Exclusion Lemma). Let U and V be F,[G]-modules con-
tained in an F,[G]-module W. Suppose that US NVE = {0}. Then
U+V=UaV.

Proof. Let Z = U NV and suppose that y € Z \ {0}. Let

2= (o - YD1(y) £0.
Then z € UYN VY a contradiction. Hence UNV = {0} and U +V =
U V.

The following lemma follows from the fact that each free F,[G]-
module is injective. (See [C, Theorem 11.2].) We shall, however, pro-
vide a direct proof.
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Lemma 3 (Free Complement Lemma). Let V. C U be free F,[G]-
modules. Then there exists a free F,[G]-submodule V' of U such that
VeV =U.

Proof. Let Z be a complement of V¢ in UY as F,-vector spaces, and
let Z be an F,-base of Z. For each z € Z, there exists u(z) such
that z = N(u(z)). Let M(z) be the F,[G]-submodule of W generated
by u(z). Then M(z) is a free F,[G]-submodule. Moreover, its fixed
submodule M (2)¢ is the F,-vector subspace generated by z. By the
Exclusion Lemma, the set of modules M (z), z € Z, is independent.

_ Set V = @.czM(z). Then V is a free F,[G]-submodule of U and
V¢ = Z. By the Exclusion Lemma V +V =V ®V and (Vo V)% =
Vee Ve =U"

Now let u € U be arbitrary and let M be the cyclic F,[G]-submodule
of U generated by u. Then (M+V +V)¢ c U% C V4V. Moreover, for
anym € M+V+V\(M+V+V)%, (c—1)m-Y(m) e (M+V+V)% C
US = (V4 V)% = N(V + V) by the freeness of V and V. By the
Inclusion Lemma, then, M C V +V. Hence U =V & V.

1.2. Milnor k-groups.

Recall that if a € K,,E we write & for the class of « in k,,E. For
v € K, E, let [(y) denote the dimension over F,, of the F,[G]-submodule
(3) of k,,E generated by 4. Because (0 — 1)P" 1 =1+0+---+ o1
in F,[G], we may use ipNg/r and N interchangeably on k,, E.

Our proof of Theorem [4] depends on Lemma/[6l This lemma, in turn,
requires for its induction two basic extension lemmas, the first for the
case p > 2, n = 1, and the second for the case p = 2, n = 2. (The
case p = 2, n = 1 is clear.) It is in only these two basic lemmas that
Theorem [3]is used in this paper.

Lemma 4. Suppose E/F is a cyclic extension of degree p > 2 and
v € Ky E with 2 < 1(v) < p. Then there exists o« € K, E such that

(Na) = (3)°.

Proof. Let | = I(v) and suppose 2 < [ < i < p. We show by induction
on ¢ that there exists «; € K,,,F such that

(o -1 @) = (3)°.
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Then setting « := ¢, the proof will be complete. If 7 = [ then o; = v
suffices. Assume now that [ < i < p and our statement is true for 7.

Set ¢ := Ng/pey. Since igé = Na; = (0 — 1)P'a, and @ < p, we
conclude that ig¢ = 0. By the injectivity of ig from Theorem [I], ¢ = 0.
Therefore there exists f € K,,,F' such that ¢ =pf in K, F.

We calculate
Ngjp(a; —ipg(f)) =c—pf =0.
By Theorem 3], there exists w € K,,, E such that
(0 —Dw =a; —ip(f).
Hence (0 — 1)%w = (6 — 1)ay. Since i > 2,
(o =1)@) = (o = 1) @) = ()N
and we can set ;11 = w.

Lemma 5. Suppose p =2 and E/F is a cyclic extension of degree 4.
Suppose v € K, E with 3 < 1(v) < 4. Then there ezists « € K, E such
that

Proof. The case I(y) = 4 is clear. Assume then that [(y) = 3, and set
B := (o0 —1)y. Then
(02— 1)B = (0 — 1)*7 = 0.

By Theorem [I] applied to E/E, B € ig(knE)). Let b € K,,E; such
that igh = 3.

Set C .= NEl/Fb Then
igt =ig(oc+1)b=(0° — 1)y = igNg/5,7,
and since I(y) = 3, ()Y = (¢). Now Ng/py = ¢+ 2e for some
e € K, FE,and ey :=2e € K,,,E;N2K,,E. Then ig(é;) =0 € k,, E, and

by the injectivity of ig from Theorem [1 e; = 2¢g for some g € K, E}.
Hence

NE/E1’7:C+29a gEKmEl-

Now Ng/py = Ng,jr(c+2g9) = 2¢ + 2Ng,/pg. Set 0 := b+ g. We
calculate

NE/F6 =2c+ 2NE1/F97
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so that Ng/p(y—¢6) = 0. By Theorem [3] there exists an a € K, F with
(0 —1)ae = — 9. Then

lENE/FO_é = (0' - 1)30_4 = (O' — 1)2(7 — 5) =
ZENE/EI(")/ — (5) = ZE(C+ 2g —2b— 29) =
ipt = (o —1)%3.

Because ((o — 1)%y) = ()¢ our statement follows.

Our full extension lemma is then

Lemma 6. Suppose that E/F is a cyclic extension of degree p", n € N,
and let 3 € ky E\ kyEn—1. Then there exists x € K, E such that

(0 =)'y = (0 — 1" "'y = igNg/rX.

Proof. We shall first prove our statement in the case p > 2. If n =1
then our statement follows from Lemma [4]

Assume therefore that n > 1. Let H := H,,_1, and write [g(v) for
the dimension over F, of the F,[H]-submodule of k,, E generated by 7.
From Theorem [I] we see that [y () > 2. Therefore Lemma [ tells us
that there exists an element o € K,,,F such that

n n—1 n—1 p—1 o1 lH('y)—l
(c—1)"77 54:(0” —1) @:(al’ —1) 5 4 0.
Set s :=1(y) —p""'(lu(7) — 1). Then
(0’ . 1)pn7pn—1+3710—é — (O' _ 1)pn—1(lH(’\/)71)+371/7 # 0

Furthermore, this element belongs to (k,,E)%. Set A := (¢ — 1)%a.
Then B
(0 — 17" PN = (0 — 1P g

whence [(\) = p™ — p"~ L.

Y

Now we consider [y (A). On one hand,

n—1 p—1 _
<ap _ 1) A=0,

and on the other,
(0 — 17" DX = (¢ — 1) X £0.

We deduce that [g(A\) = p—1 > 2. Applying Lemma [4] again, there
exists y € K,,F with

n—1+

(0 —1P" "'y =(oc—1)7" "X
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In particular, I(x) = I(\) + p"~! = p".
Summarizing, we have obtained
igNgpx = (0 — 17" "Iy = (0 = )" 7" = (g — )PP g,
Because
(o — 1)pn—p"*1+s—1@ = (0 — l)p"*l(lH(v)—l)Jrs—w = (0 — 1)”7)_17,
we have established our equality in the case p > 2.

Now we shall consider the case p = 2. The case n = 1 is trivial, and
the case n = 2 is handled by Lemma [5l Assume therefore that n > 3.
Let H := Gal(F/E,_3), and write [y(v) for the dimension over Fy of
the cyclic Fy[H]-submodule of k,, E generated by 7.

Because 7y ¢ k,,F,_1, we have ly(vy) > 3. From Lemma [ we see
that there exists o € K, F such that

o 3 o I (7)—1
<02 2—1) @:(02 2—1>H -

-1 a=(c—1)2 WDy
Let s:=1(y) — 2" 2 (Ig(y) — 1). Then we have
= 1)2”72n—2+571 a=(o— 1>2n—2(1H(7)71)+371 5 4 0.
(

Furthermore, this element belongs to (k,E)¢. Set A := (¢ — 1)%a.
Then

Hence

(o — 1)2%2"*2715\ = (0 — 1)2"72"*%5710—6’

whence [(\) = 2" — 272,
Now we consider [y (A). On one hand,
271,2 3 2n72n72*
<a —1) A=(o-1) A=0,
and on the other,
9 2 _
(azn — 1> A # 0.
We deduce that {5 (\) = 3. By Lemma [5] there exists x € K., with
n—2 3 n—2 2 _
(02 — 1) X = <02 — 1) A

Equivalently, (o — 1)2""2" 7y = (0 — 1)2" '\, and therefore I(y) =
[(A\) +272 =2,
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Summarizing, we have obtained
Ny = (0~ 171 = (o — 172713

_ (a . 1)2n—2”*2+s—1d _ (0 . 1)1(7)_17
as required.
Remark. Observe that since ()¢ is a one-dimensional F,-vector space
and N is additive, the equality (Na) = (3)¢ holds if and only if any
6 € ()¢ \ {0} is expressible as N3 for some 3 € k,,E.
Lemma 7 (Submodule-Subfield Lemma). Suppose E/F is a cyclic

extension of degree p", and let U be a free F,[G]-submodule of k,,E.
Then for each i in {0,1,...,n— 1} we have:

U = (o —1)""PU=0Un ie(Ng/gknE) = U Nig(kn E;).

Proof. Suppose & € Ui, Then (0% —la=(o —_1)pio7 =0, so l(«a) <
p'. Since U is free, @ = (0 — 1)?" 743 for some 3 € U. In particular,
a=(c—1"""(—1)P Iz

Hence Ui ¢ (o — 1)P"?'U. Now suppose @ = (0 — 1)?"?'5. Then
since

(0 - 1);0"—]3 ’7 = ZENE/E1’77
we have (O’ — 1)pn7sz C Uﬂ@E<NE/ElkmE) cUn ZE(kmEz)
Now suppose that @ € U Nig(k,F;). Then & € Ui and hence all
of the inclusions are equalities.

Remark. Alternatively one can derive the first equality in the lemma
above, as follows. If U is a free F,[G]-module, then U is also a free
Fp[H;]-module. But then H?*(H;,U) = {0}. Hence U™ = N;(U) :=

the image of the norm operator N;. Thus U%: = U=V a5 vequired.

2. E/F CyCLIC OF DEGREE p

Proposition. Theorem[4] holds for n = 1.

Proof. We first construct submodules Yy and Y; of k,,E. Let Z be an
F,-basis for the subspace ig(Ng/pk,, E). For each basis element y € T,
let ay € K, F satisfy ig(Ng/pay) = y. Then (@) is a cyclic submodule
of dimension p, hence isomorphic to F,[G], with

(@,) = (0 = 1)""Yay) = (Nay,) = (7).
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Set Y := > 7(a,). By the Exclusion Lemma, Y; = @yer(q,) and so
Y is a free F,[G]-module. Moreover,

V¥ =(oc—-1)"'Y; =NY, = ®yez(¥) = ie(Np/pknE).

The rank of Y; is equal to the dimension of ig(Ng/pk,£), and by the
injectivity of i from Theorem [Il we conclude

rank Y, = dimg, Ng/pk,, E.

Now let Z be any F,-module complement of Ng,pk,, £ in k,, F', and
set Yy := igpZ. By the injectivity of iz from Theorem [, we obtain

rank Yy = dimg, ky F'/Ng pkn E.

By the Exclusion Lemma, Yy + Y, = Yy & Y;. Moreover, Yy, + Y
contains (k,, E)°:

(knE)¢ =ip(knF) = ipg((Ng/rknE) ® Z)
= ig(Ng/pknE) @Yy = YE @Y, CY,d Y.

If p = 2, we already have enough to prove the proposition, as follows.
Let ¥ € kp,E. If (0 — 1) = 0 then ¥ € (k,,E)¢ C Yy @Y as above.
Otherwise, observe that since p = 2, the operator ¢ — 1 is equivalent
to igNg/p on kyE. Let 3 = igNg/py. Then (0 — 1)y = = Y.
Since Y is free there exists @ € Y; such that (¢ — 1)a = 3. Then
(c—1)(y—a) =0,s0l(y—a) <landy—a € (k,E)¢ C Y1®Y,. Since
a € Yy, we conclude that 4 € Y} & Yy as well. Hence k,,E =Y, @Y.

If p > 2, we instead prove by induction on [(vy) that each ¥ € k,, E
lies in Y) &Y, whence we will obtain the proposition. The case [(y) = 1
follows from (k,,£)¢ C Y, @ Y,. Suppose now that for each 3 € k,,E
with [(3) < i < pwe have 8 € Y;®Yp, and assume that [(y) = i+1 > 2.
By Lemma [4] there exists an « € K,,, ' with

(Na) = (7)¢.
Hence (0 —1)"y = cNa for some ¢ € Z. Now cNa = ipNg/r(ca) € Y,°.
Since Y] is free, there exists @ € Y} such that (o — 1)P"'0 = cNa. Set
A= (0 — 1)y € Yy, so that (o — 1)!=1(3 — X) = 0. Hence
I(v—X) < I(v) and by induction ¥ = (3 —\)+ A € Y1 @Y;. Thus again
we conclude that k£, F =Y, ®Y,.
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3. PROOF OF THEOREM [

We proceed by induction. The case n = 1 is the preceding propo-
sition. Assume then that Theorem [ holds when degree of E/F is
< p" !, and suppose that E/F is a cyclic extension of degree p" with
n > 2.

3.1. Constructing the Y.

Let Z be an F,-basis for ig(Ng, pky, E). For each basis element §j € T
construct a free F,[G]-module (&), such that ipNg,pay, = 7. We see by
the Exclusion Lemma that the modules (&,), y € Z, are independent.
Set Y,, := Byer{ay,). Hence Y, is a direct sum of cyclic F,[G]-modules
of dimension p", and Y,¢ = ip(Ng/rky,E). By the injectivity of ip
from Theorem [2]

ranke ¢ Y, = dimg, Y,¥ = dimg, Ng/pkn E.

n

By induction, we have a F,[G,,_1]-module decomposition
kmEn—l = ?n—l S ?n—Z b---D Y/E)

into direct sums Y; of cyclic F,|G,—1]-modules of dimension p’, i =
0,1,...,n—1. Let ¢ denote the image of ¢ under the natural projection
G — Gy,—1. Because ig, Ng, ,/r acts on k,, F,_; as (0 — 1)?7""" =1 and
iE,_, is injective, we see that Ng,_,,r annihilates the sum }7”_2 DB
Y,. Therefore

18, (Ng,_/phkmEn_1) = ?nG—nfl-

Now consider k,,F as an Fy[H,_1]-module. By the injectivity of
ip from Theorem [T, the images of Y;, i = 0,...,n — 1, under iy are
direct sums of cyclic modules of dimension p' and are independent.
Because the modules Y; are direct sums of cyclic F,[G,,_1]-modules,
the images 1 Y, are direct sums of cyclic Fp[G]-modules. Set Y; := 1 =Y,
for i <n —1. Observe that rankg g, Y; = ranke g, Y.

Set W := Y Hn=1 By the Submodule-Subfield Lemma,
W=(—1)"""Y, =Y, NighnEn_1.

Since Y, is a direct sum of cyclic F,[G]-modules of dimension p", W is
a direct sum of cyclic modules of dimension p"~! and hence is free as an
F,[G—1]-module. Because W C igk,,E,_1, we may consider the image
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P of the projection map pr: W — ipY,_; from W to the summand
1gY,_1 in the decomposition

igkmEn 1 = igYp 1 ® Yy o ®--- O Y

Observe that W = P as F,[G,,_1]-modules. Indeed, since W is a free
F,[G,—1]-module, each w € W \ {0} may be written as (¢ — 1)*w for
some 0 < s <p" ! —1and w e W with [(w) = p"~'. We have

(- 17" pr(@) = (- 17" £0,

since all other components of @ are killed by (7 — 1)?" ' ~'. (Since
n>2 p" ! —12>p"2) Therefore (¢ — 1)*pr(w) = pr(w) # 0. We
conclude that the kernel of the projection map is (0), as required.

Since MG-1 = (g — 1)*""'~'M for free F,[G,_1]-modules, we have
further obtained that W& -1 = P%-1_ Observe that
WGt = (¢ — 1) 'W C i5(Ne, 1 pkmBn1) = (ipY,_1)%.

By the Free Complement Lemma, there exists a free F,[G,,—1]-module
complement Y,,_1 in igY,,_; of P. Since W =Y, Nigk,,E,_1, we obtain
Y& = WC-1 = pln-1 By the Exclusion Lemma, P%-1nY " = {0}
implies that Y, _+Y, = Y,,_1®Y,,. Then, since P“+Y% | = (igY, 1),
we obtain (Y,,_; + Y,)¢ = (igY,_1)¢. By induction and the injectivity
of iE,

rank,:p[gnfl] Z.E}}n—l = dimpp (Z'E?n_l)G = dimpp NEnfl/kaEn—l-
Since Yncil b YnG = (Z.E?n_l)G,
1Y, =dimg, Y, = dimg, Ng, /rkmEn—1/Ng/pknE.

Finally, by the Exclusion Lemma, Y;,_;+Y,, is independent from Y,, o+
---+ Y. Hence we have a submodule

Y=Y, Y, 10 --®dYyCk,F

with ranks satisfying the claims of Theorem (4l

ranke ¢

n—1

3.2. Showing k,,FE = &Y.

We prove first that Y1 = ipk, F,_;. Theorem [ tells us that
YH:H C igkn,FE,_1, and we have the decomposition igk,,FE, 1 =
IEYn 1D Y, 2@ - DYy Therefore it is sufficient to show that

igYo, CYM1 =y Ly 41,
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Because igY,_1 = Y,_1 + P it is enough to show that
PCYH14Y, (4 +Yo=WH+Y, 1+ -+ Y.

But by the definition of the projection, P C W +Y,,_o+---+Y,. Hence
PCW+Y, 1+ +Yy, and we conclude that Y1 = ipk, . E, ;.

We adapt the proof of the Inclusion Lemma to show that k,,E C Y,
by induction on the socle series V; of k,, /. Our base case is Vpn-1.
Observe that V.1 is the kernel of (o — 1)*""" = ¢”" — 1, which is
(ky E)n=1. Hence Vyn-1 C Y.

For the inductive step, assume that V; C Y for all ¢ < ¢t for some
p" b <t < p" and let ¥ € V;\ V;_;. Hence l(y) = t. Therefore
v & igk,F,_1, and by Lemma [6] there exists x € K,,E such that

(0 —1)"'5 = igNg/px € Y,
Since Y,, is a free F,[G]-module, there exists 7 € V), such that
igNgpp = (0= 1) 0= (e — 1) 'y = (0 — 1) 7.

Set § := (0 —1)P"~'v €Y, CY. Then (6 —1)""'(3 = §) = 0 and hence
I(v —§) < t. By induction 4 —§ € Y, and since § € Y, we see that
v €Y as well.
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