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Viscosity solutions of the Hamilton-Jacobi
equation on a noncompact manifold

ALBERT FATHI

We study the continuous viscosity solutions of the evolutionary Hamilton—
Jacobi equation
o:U(t,x)+ H(x,0,U(t,x)) =0,

on [0, +oo[ x M, where H is a Tonelli Hamiltonian on the noncompact
manifold M. We establish that all such solutions are given by the Lax—Oleinik
formula. Moreover, we show that a finite everywhere Lax—Oleinik evolution
is necessarily continuous and a viscosity solution on ]0, +-o00[ x M.

The goal is also to provide a convenient reference for the evolutionary
Hamilton—Jacobi equation for Tonelli Hamiltonians on noncompact manifolds.

1. Introduction

This work was started in February 2017 in Rome, following a conversation with
Piermarco Cannarsa, Andrea Davini, Antonio Siconolfi and Afonso Sorrentino.
We discussed the problem of the Lax—Oleinik evolution u (see Definition 8.2)
of a continuous function # on a noncompact manifold. Although on a compact
manifold, it was known that the Lax—Oleinik evolution of a continuous function
is always locally concave and a solution of the Hamilton—Jacobi equation in
evolution form, at that moment, the situation on a noncompact manifold was
not clear, even assuming the continuity of the Lax—Oleinik evolution. The main
problem was that it was not clear that the inf in Definition 8.2 of  was attained.
After about a month, to my astonishment, I realized that no condition beyond
finiteness was necessary; see Theorem 1.1.

This brought back the problem of uniqueness of a solution of the Hamilton—
Jacobi equation in evolution form given an initial condition. In May 2016 in

Work begun under support of ANR-12-BS01-0020 WKBHIJ. This material is also based upon work
supported by the National Science Foundation under Grant No. 1440140, while the author was in
residence at the Mathematical Sciences Research Institute in Berkeley, California, during the Fall
of 2018. During that stay the author was a Clay Senior Scholar.

MSC2020: 00A0S.

Keywords: Hamilton—Jacobi equation.



112 ALBERT FATHI

Shanghai, Kaizhi Wang, Lin Wang and Jun Yan, while discussing [11], brought to
my attention that, contrary to my belief, the uniqueness of a continuous solution
of the Hamilton—Jacobi equation in evolution form given an initial condition on a
noncompact manifold was not known at that time (and therefore the Lax—Oleinik
formula could not be established) unless the solution was uniformly continuous.
The best results on this problem were those contained, for example, in Hitoshi
Ishii’s lecture notes [10], on whose methods this present work heavily relies. The
difficulty here is that the maximum principle could not be applied directly, since
it requires some compactness. In 2018 and 2019, I was able to show directly the
Lax—Oleinik formula for arbitrary continuous solutions (see Theorem 1.2) and
therefore I obtained the uniqueness as a consequence.

Beyond the new results mentioned above, the goal of this work is to provide a
convenient reference for the evolutionary Hamilton—Jacobi equation

wU+H(x,0,U)=0

for a Tonelli Hamiltonian H on a possibly noncompact manifold, thus extending
the results of the survey [7].

We will assume that the reader is familiar with [7], which is well adapted
to our manifold setting. Other classic treatments of viscosity solutions of the
Hamilton—Jacobi equation are [2; 1].

We consider a connected manifold M endowed with a complete Riemannian
metric. We will denote by ||-||, the induced norm on either 7, M or T,) M, the
fibers above x of the tangent TM or cotangent 7*M bundle of M. We will denote
by d the Riemannian distance on M obtained from the Riemannian metric. It
might be useful to recall that, due to the completeness of the Riemannian metric,
bounded sets for d are relatively compact. Therefore the distance d is also
complete.

We endow R x M,Rx M x M, and M x M with the product Riemannian
metrics, and Riemannian distances, where the Riemannian metric on R is the
usual one.

Throughout the paper H : T*M — R will denote a continuous function which
we will call the Hamiltonian.

We will study (continuous) viscosity subsolutions, supersolutions and solutions
of the evolutionary Hamilton—Jacobi equation

U@, x)+H(x,0,U(t,x)) =0, (1-1)

on a subset of R x M.

In fact, the main results of this work will be proved for Tonelli Hamiltonians
(Definition 3.1). The statements use the (negative) Lax—Oleinik semigroup 7, ,
t > 0 (see Definition 8.1).
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The main results are given in the next two theorems.

Theorem 1.1. Assume u: M — [—00, o] is a function such that its Lax—Oleinik
evolution u : [0, +00[ x M — [—00, +00], (t, x) — T, u(x) is finite at some
point (T, X), with T > 0 and X € M. Then the function i is continuous and
even locally semiconcave on 10, T[ x M. Moreover, the function i is a viscosity
solution of the evolutionary Hamilton—Jacobi equation (1-1) on 10, T[ x M.

Note that we do not assume any continuity property on u. As we already said
the result above is surprising, even when u is continuous.

Theorem 1.2. Suppose H : T*M — R is a Tonelli Hamiltonian. Assume that, for
some T > 0 the function U : 10, T[ x M — R is a continuous viscosity solution
of the evolutionary Hamilton—Jacobi equation (1-1). Define u : M — [—0o0, 00]
by

u(x) =1lim i&lf U, x).
r—

ThenU =10on10, T[x M — R, where i1 : [0, +00[ x M — [—00, +00], (£, x)
T, u(x) is the Lax—Oleinik evolution of u.

Obviously, Theorem 1.2 implies that continuous viscosity solutions of the
evolutionary Hamilton—Jacobi equation (1-1) satisfy the Lax—Oleinik formula
and also the uniqueness given a continuous boundary condition on {0} x M.

Remark 1.3. (1) Discussions in June 2019 in Rome, with A. Davini, Hitoshi
Ishii and Antonio Siconolfi pointed to the fact that the results above hold true
even if H is not C2, but still satisfies the other Tonelli conditions see 3.1.

(2) The method of this work does not allow to extend the results to the case
when H is time-dependent. For example, the proof of Proposition 2.2 is not
adaptable to the time-dependent case.

2. Approximation by Lipschitz subsolutions

We will assume in this section that H : T*M — R is a continuous function,
which we will call the Hamiltonian. Our goal is to show that we can approximate
locally continuous viscosity subsolutions of the evolutionary Hamilton—Jacobi
equation (1-1) with U defined on an open subset of R x M by Lipschitz viscosity
subsolutions, under a coercivity condition on H.

These results are well-known when M is the Euclidean space (see Hitoshi
Ishii’s lectures [10] for example), but the arguments in [10] can easily be adapted
to the manifold setting as we now proceed to do.
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2.1. Sup-convolution in one variable. The usefulness of sup-convolution to
improve regularity of viscosity subsolutions is already well established. As said
above, our treatment in this section follows closely [10] which dealt with the
Euclidean space case.

Letu: V — R, be a continuous function, where V is an open subset of R x M.
Assume K C V is compact subset. By continuity of # and compactness of K,
we can find an open subset O; C V, with K C Oy, such that

m = supy, lu| < +oo. 2-1)

Again by compactness of K, we can find § > 0 and an open neighborhood O, C O
of K, with compact closure O, C Oy, and such that [t — 3, ¢+ §] x {x} C Oy,
for every (¢, x) € O;.

For € > 0, we define u. : 0, > R by
2
ue(t,x) = max u(r+s,x)— —. (2-2)
€

s€[—8,+3]
Note that u. is continuous by continuity of u and compactness of [—§, +3].
We summarize the properties of u, in the following proposition.
Proposition 2.1. (1) For every € > 0, we have ue > u.

2) Forevery ) < e < €', we have u. < u.
€ €

3) Ift,x)e 05, and sc € [—8, +8] is such that uc (¢, x) = u(t +s., x)—(se)z/e,
then |s¢| < ~/2em, where m is given by (2-1).
(4) For every (t,x) € 0,, we have u.(t,x) — u(t, x), when ¢ — 0. The

convergence is uniform on Oj.

(5) If V2em < 8, for each (t,x), (t',x) € Oy, with |t — '] < § — /2em, we

have

24/2em + |t — 1| - v 2em+ 8
€ - €

lue(t', x) —ue(t, x)| < It —1'| It —1'].

Moreover, if /2em < &, for every x € M, the map t — u(t, x) is Lipschitz
on every connected component of Oy N {x} x R with Lipschitz constant

<22m/e.
Proof. Parts (1) and (2) are obvious. For part (3), we notice that
ue(t, x) = u(t +se, %) = (s8)°/€ = u(t, x).
Therefore

(se)?/€ < ult +se, x) —u(t, x) < 2supy, |ul =2m.
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For part (4), note that by part (3), we have

sup_ |ue(t, x)—u(t, x)| <sup{lu(t+s, x)—u(t, x)|| (¢, x) € O, |s| <~ 2em}.
(x,1)€0, _
By compactness of O, and continuity of u, the right hand side of the inequality

above tends uniformly on 0, to0as e — 0.
For (5), we choose s, such that u.(z, x) = u(t + s, x) — (se)z/e. By (3), we
have |s¢| < +/2em. Therefore, we get

Ise +1—1'| <|se|+ |t —1t'| <V2em+8—~2em=3$
Therefore, by the definition of u., we obtain

C (setr—1)? (se+1—1")?

€

uc(t', x) > u(t' + (se+1—1'), x) =u(t+se,x)—

Subtracting this inequality from the equality u. (¢, x) = u(t + s¢, x) — (s¢)? /€
yields
t—1t 2 2
we(t, ¥) —u(f', 3y < SELTON ()
€ €
_ Qsett—1)(t—1)
N €
_ 4/
SHM+V 1l

|t —1']

It —1'],

€
<2¢km+n—ﬂ|
o €

where we used |s¢| < +/2em, for the last inequality. By symmetry, we obtain

V2em + |t —1'|
€

lue(t', x) —ue(t, x)| < It —1']. (2-3)

Assume ¢, t’, x are such that [z, 1] x {x} C O,. For every n € 10, § — ~/2em|,

we can pick a monotone sequence t = fy, 1, ..., t, =t', with |t; ;1 — t;| < n, by
applying (2-3) for #;, t; 11 instead of ¢, ¢/, and adding the inequalities, we obtain
e (1, x) = ue(t, x)| < @u ).
We can then let n — 0, to conclude that
) — e < 22 O

Proposition 2.2. Let H : T*M — R be a continuous Hamiltonian. Suppose
u:V — Ris a continuous function, defined on the open subset V C R x M,
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which is a viscosity subsolution on V of the evolutionary Hamilton—Jacobi
equation (1-1).

Then, for every compact subset K C V, we can find a sequence of continuous
functions i, : K — R such that ii,, — u uniformly on K and, for all n except a
finite number, the function il,, is a viscosity subsolution on the interior K of K,
not only of the evolutionary Hamilton—Jacobi equation (1-1), but also of

|0,u(t, x)| + H(x, 0 u(t, x)) = C/n, (2-4)

for some C < 400 independent of n. In particular, if H is coercive above each
compact subset of M, then each i, is locally Lipschitz on K.

Proof. We choose 01, m, §, and O, D K like it is done above in the beginning
of Proposition 2.1. We set i1, = uy;, : O» — R, where uy/, is defined by (2-2)
with € = 1/n. Hence

U,(f,x) = min  u(x, +s) —ns>.
s€[—8,46]

By part (4) of Proposition 2.1, we get the uniform convergence of i, to u.

We pick an integer ng such that /2m/ny < 8. We now check the fact that ii,, is
a viscosity subsolution of both Hamilton—Jacobi equations on O, for all n > ny.
Assume (fy, xg) € O, and that ¢ : V — R is C! is such that 4, < ¢ with equality
at (1, xo). Since /2m/n < \/2m/ngy < §, by Proposition 2.1(5), we know that
t + i, (x t) is locally Lipschitz with local Lipschitz constant < 2+/2mn. This
implies

10 (20, x0)| < 2v/2mn. (2-5)
We now choose s, € [—§, +8] such that
u(to + sp, Xo) — ns; = iy (fo, x0) = @(to, Xo).

For s small enough and y close to xg, we have (fy +s, y) € O,. Therefore, since
s, € [—8, +38], by the definition of i,, for s small enough and y close to xg,
we get

u(to+5 455, y) —ns> <, (to+s,y) <@to+s5, ).

Subtracting from this inequality the equality u(#g + s,, x0) — ns,% = ¢(ty, X0),
we get

u(y, to+s+s,) —uto+sp, x0) < @(to+s, y) — ¢(to, Xo).
Since u is a viscosity subsolution on O > (fy + sy, Xg), of (1-1), we must have

09 (to, x0) + H (x0, 3x¢(ty, X0)) < 0. (2-6)
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Therefore u,, is a viscosity subsolution of (1-1). Using the inequalities (2-5)
and (2-6), we also obtain

[0 (2o, x0)| + H (x0, 0x¢(to, X0)) < 4v2mn.
Therefore i, is a viscosity solution of (2-4) with C = 4+/2m. U

Corollary 2.3. Let H : T*M — R be a continuous Hamiltonian that is coercive
above each compact subset of M and convex in the momentum p; i.e., for each
x € M, the map T)M — R, p — H(x, p) is convex. Letu:V — R be a
continuous functions defined on the open subset V.C R x M which is a viscosity
subsolution of the evolutionary Hamilton—Jacobi equation (1-1).

For every open set V' C V whose closure V' is compact and contained in 'V,
we can approximate uniformly u on V' by a C* subsolution of the evolutionary
Hamilton—Jacobi equation (1-1).

Proof. By Proposition 2.2 above, we can make a first approximation by a
subsolution u; : V' — R of (1-1) that is locally Lipschitz on V’. The function
up : V' — R, (¢, x) — uy(t, x) — et is therefore a locally Lipschitz viscosity
subsolution of

ov+ H(x, 0,v) = —e¢.

Note also that the variable ¢ is bounded on the compact subset V' of R x M.
Therefore, by choosing appropriately €, we can assume u, uniformly as close to
u; as we wish. We can now consider the Hamiltonian H : T*(R x M) defined by

H(t,s,x, p)=s+H(x, p),

where we use the identification T*(Rx M) =T*Rx T*M =R xR x T*M. The
function u, is a locally Lipschitz viscosity subsolution of

H(t, x,d; xv(t, X)) = —€.

The Hamiltonian H is convex in the momentum (s, p). We can now invoke
[7, Theorem 10.6, page 1219] to approximate uniformly u#, on V' by a C®
viscosity subsolution u3 : V' — R of

H(t, x,dy nou(t, x)) = 0.

This means that u3 is both a uniform approximation of # and a viscosity subso-
lution of the evolutionary Hamilton—Jacobi equation (1-1). U

Corollary 2.4. Let H : T*M — R be a continuous Hamiltonian that is coercive
above each compact subset of M and convex in the momentum p; i.e., for each
x € M, the map T)M — R, p — H(x, p) is convex. If u; : V.— R and
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uy 1 V. — R are continuous functions defined on the open subset V C R x M
which are viscosity subsolutions of

0;v+ H(x, 0,v) =0, (2-7)
then u = min(u1, up) is also a viscosity subsolution on 'V of (2-7).

Proof. Since H is convex, the corollary is well known when u; and u, are locally
Lipschitz. In fact, since u; and u; are locally Lipschitz, they are differentiable
almost everywhere and satisfy for almost every (¢, x) € V, the inequalities

oruq(t, x)+ H(x, 0yui(t, x)) <0and o,ur(t, x) + H(x, d,us(t, x)) <0.

But the subset D C V where the three locally Lipschitz functions u, 11, u are
differentiable is of full measure and, for every (¢, x) € D, we have either d(; xyu =
dg.xyuy or dy yyu = dg xyu2. Therefore, 0;u(t, x) + H(x, dyut, x)) = 0 almost
everywhere on V. Since the Hamiltonian H (z, x, s, p) = s + H(x, p) is convex
in (¢, p) by [7, Theorem 10.2, page 1217], we conclude that u = min(uy, u;)
is also a viscosity subsolution on V' of (2-7), when both u; and u, are locally
Lipschitz.

The result for general continuous functions follows from this locally Lipschitz
case and the stability of viscosity solutions (see [7, Theorem 6.1, page 1209],
for example) using the approximation result obtained in Proposition 2.2. U

Corollary 2.5. Let H : T*M — R be a continuous Hamiltonian that is coercive
above each compact subset of M and convex in the momentum p; i.e., for each
x € M, the map TXM — R, p — H(x, p) is convex. Suppose the family of
functionsu; 'V — M,i € I, where V. C R x M is an open subset, is such that its
infimum u = inf; ¢ u; is continuous and everywhere finite on V. If each u;,i € 1
is a viscosity subsolution (resp. solution) of the evolutionary Hamilton—Jacobi

o,v+ H(x, d,v) =0. (2-8)

on 'V, then u is also a viscosity subsolution (resp. solution) of the evolutionary
Hamilton-Jacobi (2-8) on V.

Proof. Since the space of continuous functions C(V, R) endowed with the
compact-open topology is metric and separable, we can find a sequence (i,),eNs
with i, € I, such that the sequence (u;,),en 1S dense in the subset {u; |i € I} C
C(V, R) for the compact open topology. Therefore

u=infu; = inf u; .
iel neN

For m € N, let us define U, : V — R by

Uyn = min u;,.
0<n<m
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If each u;, i € I is a viscosity subsolution of (2-8) on V, Corollary 2.4 implies
that each U, is also a subsolution of (2-8) on V. Note that U,, is nonincreasing
in m and U, \ u. Since we are assuming that u is finite and continuous on V,
by Dini’s theorem, the nonincreasing convergence U, \ u is uniform on every
compact subset of V. Therefore by the stability theorem for viscosity solutions,
the function u is a viscosity solution of (1-1) on V.

If each u;, i € I is a viscosity solution of (2-8) on V, then u = inf;<; u; is a
supersolution of (2-8) on V; see for example [7, Proposition 8.1, page 1213]. [J

2.2. Maximum principle.

Theorem 2.6 (maximum principle). Let H : T*M — R be a Hamiltonian that
is continuous, coercive above each compact subset of M and convex in the
momentum p. Fora < b € Rand K C M a compact subset, if the continuous
functions u, v : [a, b] x K — R are respectively a subsolution and a supersolution
of the evolutionary Hamilton—Jacobi equation (1-1) on Ja, b[ x K then the
maximum of u — v on [a, b] x K is achieved on [a, b] x 0K U{a} x K. Therefore

max u—v = max u—nv.
a,b]x K [a,b]xdKU{a}x K

Proof. 1t is not difficult to see that by the approximation result of Proposition 2.2,
we can assume u locally Lipschitz in K x la, b[. As usual, for €,5 > 0, we
introduce the function u. s : [a, b[ x K — R by

ucs(t,x)=u(t,x)—e(t—a)— %

Note that u. s <u and that u. 5(¢, x) - —o0 as t — b, uniformly in x € K. Since
t— —e(t—a)—38/(b—1t)is C!, with derivative r > —e — 8/ (b —t)> < —e, the
function u. 5 is a viscosity subsolution of

atue,S + H(x, axue,é) = —€, (2'9)

on Ja, b[ x K. Therefore by the doubling of variables argument (see [7, Theorem
7.1, page 1210], for example), using that u. s is locally Lipschitz on Ja, b[ x K,
we conclude that u. s — v cannot have a local maximum in ]a, b[ x K. Since
ues(t, x) — —oo ast — b, the function u, s — v attains its maximum at a point
in [a, b[ x 0K U {a} x K. Using that u. s < u, we obtain

Ues — V< max u—v
[a,b]xdKU{a}x K

on K x [a, b[. Letting §, € — 0, we obtain # — v < MaXy p|x9KUfa}xK ¥ — U ON

K x [a, b[. Continuity of both u and v yields

max u—v < max u—v. O
K x[a,b] la,b]xdKU{a}x K
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For viscosity solutions, we obtain:

Corollary 2.7. Let H : T*M — R, (x, p) — H(x, p) Hamiltonian that is contin-
uous, coercive above each compact subset of M and convex in the momentum p.
Fora <b eRand K C M a compact subset, assume that the two continuous
functions u, v : [a,b] x K — R are viscosity solutions of the evolutionary
Hamilton—Jacobi equation (1-1) on ]a, b[ x K. Ifu=vonla,b]xdKU{a} x K,
thenu=vonla,b] x K.

3. Tonelli Hamiltonians and their Lagrangians

Definition 3.1. A Tonelli Hamiltonian H on the complete Riemannian manifold
(M, g) is a function H : T*M — R satistying the following conditions:

(1*) The function H is C2.

(2*) (uniform superlinearity) For every K > 0, we have

C*(K)= sup Kl]plx—H(x,p) < oo.
(x,p)eT*M

(3*) (uniform boundedness in the fibers) For every R > 0, we have
A*(R) =sup{H (x, p) | lIpll < R} < +o0.

(4*) (C? strict convexity in the fibers) For every (x, p) € T*M, the second
derivative along the fibers, 3> H /dp*(x, p), is (strictly) positive definite.

Note that both A* and C* are nondecreasing functions, and that (2*) implies

If M is compact, the third condition is automatically satisfied, and the second
condition is equivalent to

H(x, p)
——— — 400 as ||pllx = +oo.
lpllx
We thus recover the usual definition of a Tonelli Hamiltonian in the case of M

compact.

We note that the uniform superlinearity implies that a Tonelli Hamiltonian is
coercive.

We should emphasize that, in the noncompact case, the Tonelli condition
depends on the choice of the complete Riemannian metric on M.

Example 3.2. (1) The easiest example of a Tonelli Hamiltonian is Hy: T*M — R
defined by

Ho(x, p) = 3l pll3.
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In fact, in this case,

AG(R) = sup (Ho(x, p) | I plls < R} = 1R,

Ci(K)=sup Kllpl.—Hox,p)= sup Klpl.—sllpl;=3K>
(x,p)eT*M (x,p)eT*M

(2) Let V: M — R be a C? function and let X : M — TM be a C2 vector field
on M. We define the Hamiltonian Hx y : T*M — R by

Hyx,y(x, p) = 3llpl} + p(X () + V (x).
For every x € M, we have

sup  Hy,v(x, p) = 3R>+ RIX ()]« + V (x).
peTiM
Iplx=R

Therefore

A% y(R) = 3R* + sup (R X () [« + V (x)).
xeM

In particular, we get

A% y(0) =sup V(x) and sup | X (x)|, + inf V(x) < A% (D).
’ xeM xeM xeM ’

For every x € M, we have

sup K| plly — Hx,v(x,p)= sup K|plls—3lpli—p(Xx)—V(x)
peTiM peTiM
Ipllx=R Ilpl=R

=KR—IR*+R|X )|y — V(x).
Therefore, for every x € M, we have

sup K| plly — Hy,v(x, p) = 3(K + | X () [.)* — V(x),
peT:M

and

Cx.v(K) = sup K||pllx — Hx,v (x, p) = sup 3(K + [ X (D)II3) — V (x).
xeM xeM
In particular, we get —inf,cp V(x) < C;‘(’V(O). Therefore, the Hamiltonian
Hyx v is Tonelli if and only if ||V ||eoc = sup,ecp |V (x)| < 400 and || X |0 =
sup, cp7 1 X ()15 < +00.

In the sequel, we will assume that H : T*M — R is a Tonelli Hamiltonian on
the complete Riemannian manifold M. We now need to introduce the (Tonelli)



122 ALBERT FATHI

Lagrangian L : TM — R associated to the Hamiltonian H. It is defined by the
Fenchel formula

L(x,v)= sup p(v)—H(x,p) (-
pETIM

Since H is Tonelli, note that the sup in the definition of L is achieved at the
unique point p € 7'M, where v =9, H (x, p).

Moreover, from the Fenchel formula (3-1) above, we obtain the Fenchel
inequality

p(v) <L(x,v)+H(x,p) forallxeM,veT M,peTM, (3-2)
with equality if and only if v =0, H (x, p).

This Lagrangian L is everywhere finite, and enjoys the same properties as H
(see [9], for example):

(1) The Lagrangian L is at least C2. In fact, it is as smooth as H.

(2) (uniform superlinearity) For every K > 0, we have

C(K)= sup K]|vl|x—L(x,v)<oo. (3-3)
(x,v)eTM

(3) (uniform boundedness in the fibers) For every R > 0, we have
A(R) = sup{L(x, v) | [v]| = R} < +o0. (3-4)
(4) (C? strict convexity in the fibers) For every (x,v) € TM, the second
derivative along the fibers, 9%L /0 v2(x, v), is (strictly) positive definite.
Again (2) implies
Y(x,v) e TM, L(x,v) > K|v|| — C(K). (3-5)
A Tonelli Lagrangian on the complete Riemannian manifold (M, g) is a

function L : TM — R which satisfies condition (1) to (4) above. As is well-
known, we can define a Hamiltonian H : T*M — R by the same Fenchel formula

H(x,p)= sup p(v)—L(x,v).
velyM

Again the supremum above is attained precisely when p = d,L(x, v). This H is
a Tonelli Hamiltonian whose associated Lagrangian is precisely L.

Example 3.3. We give the Lagrangians of the Hamiltonians in Example 3.2.
(1) The Lagrangian Ly : TM — R associated to the Tonelli Hamiltonian Hj :
T*M — R is |

Lo(x, v) = S |lvll;,

and Ag(R) = R?/2, Co(K) = K?/2.
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(2) The Lagrangian Ly y : TM — R associated to the Hamiltonian Hy y :
T*M — R is

Lyy(x,v)=3v=X@I: - V) =3vli— (v, X))+ IX@): - V&).
For every x € M, we have

sup Ly,y(x,v) = 3R>+ RIX@)|x+ 51X —V(x)
velyM
lolle=R . )
=R+ X @)[)* = V().
Therefore

Axv(R) < J(R+11Xls0)? — inf V(x).

A similar computation gives

Cx.v(K) = 3 K* + sup (K | X (1)l + V (x))
xeM
< 3K*+ KXo + sup V(x).
xeM
4. Action, minimizers, Euler-Lagrange flow

Again in the sequel, we fix a Tonelli Hamiltonian H : T*M — R on the complete
Riemannian manifold (M, g) and we will denote by L : TM — R its associated
Tonelli Lagrangian.

We need to use the calculus of variations for Lagrangians: minimizers, ex-
tremals, Euler—Lagrange equation and flow. An introduction to these concepts can
be found in [3; 5; 6], for example. We recall certain notions for the convenience
of the reader and to fix notation.

Definition 4.1 (length, action). Let y : [a, b] — M be an absolutely continuous
curve.

o Its Riemannian length £, (y) is

b
te(y) = / 171, ds.
e Its action L(y) (for L) is
b
L) = f L(y(s). y(s)) ds.

Note that since L is bounded below by —C (0) the integral above makes always
sense (it can be +00). In fact, since L + C(0) > 0, we set

b b
/ L(y(s),y(s))ds = —C(O)(b—a)+/ L(y(s), 7(s)) +C(0)ds.
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From the definition of the distance d on the Riemannian manifold (M, g), we
also have

d(x,y) = irylfﬁg(y),

where the inf is taken over all absolutely continuous curves y : [a, b] — M with

y(@=x,yb)=y.
Here are some basic estimates relating action of curves to their length.

Lemma 4.2. Let y : [a, b] — M be an absolutely continuous curve. For every
K € [0, oo, we have

L(y) = Klg(y) = C(K)(b—a) = Kd(y(a)y (b)) —C(K)(b—a)  (4-1)

and

L(y)+ CK)(D—a)

d(y(a),y (b)) < €e(y) = X (4-2)
In particular, for every € > 0, we have
d(y(a), y (b)) <L (y) <el(y)+€eC(1/e)(b—a). (4-3)

Proof. We use the inequality (3-5), to obtain
L(y(s), y(s)) = Klly () lly s — C(K),
from which it follows by integration that
L(y) = K€g(y) — C(K)(b—a).

Both inequalities (4-1) and (4-2) follow easily. Moreover, inequality (4-3) follows
from (4-2) with K = 1/e. U

The estimates above yield a modulus of continuity for curves with bounded
Lagrangian. Recall that a modulus of continuity is a nondecreasing function
n : [0, +00[ = [0, +o0[ that is continuous at 0 and satisfies n(0) = 0.

Lemma 4.3. For every finite K, T > 0, we can find a modulus of continuity
nk.r : [0, +o0o[ — [0, +o00[ such that, for every absolutely continuous curve
y:la,bl > M,withb—a <T and L(y) < K, we have

dy(t"), y (@) <Ly(y|lt, ') <nk.r(t'—t]) forallt, i €la,b].

Proof. Since L > —C(0), for any curve y : [a,b] — M,and alla <t <t <b,
we obtain

—CO)t—a)+L(y|lt,t' D)= CO)(b—1") <Ly [0, D +L(y [z, ' D+Ly [, b])
=L).
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Therefore
Ly|lt, 1D <L(y)—CO)(b—1")—C0)(t —a) <L(y)+|CO)®—a).

Hence, by (4-3) of Lemma 4.2, if L(y) < K and b —a < T, for every € > 0, we
get

dy (), y(0) <Ly 1lt,1']) < (K +|CO)T)+eC1/e)(t" —1).

It is not difficult to see that we can take modulus of continuity the function ng r
defined by
nK,T(S)Zinlgé(KJrIC(O)IT)+6|C(1/€)|S- U
€>

Once action is defined, the notion of minimizer can be introduced.

Definition 4.4 (minimizer). A minimizer (for L) is a curve y : [a, b] — M such
that

b b
[L(3)=/ L(S(S),S(S))dszl(y)=/ L(y(s),y(s))ds,

for every absolutely continuous curve § : [a, b] — M such that §(a) = y(a) and
§(b) =y (D).

It is not difficult to show that the restriction to any subinterval [c, d] C [a, b]
of a minimizer y : [a, b] — M is itself a minimizer.
Examples 4.5. (1) If Lo : TM — R is given by Lo(x,v) = 2||v||)2(, then y :
[a, b] — M is a minimizer if and only if y is a geodesic of M with £,(y) =
d(y(a), y(b)). Such a minimizer satisfies

d(y(a), J/(b))z‘

Ly) = b—a)

(2) (Maiié Lagrangian) Let X be a C? vector field on the complete Riemannian
manifold M. Define the Lagrangian Ly : TM — R by

L(x,v) = 3llv=X @]
This Lagrangian is Tonelli. Since L > 0, the solution curves of the vector field

X are minimizers. In fact, they are the only minimizers for Ly with zero action.

(3) For areal number p >4,if L, : TM — R s given by L, (x, v) 2||v||2
—||v||x, then L is a Tonelh Lagranglan We note that Lagrangian L :TM — R
deﬁned by L p(x,v) =- ||v|| % 18 not Tonelli since 32 L(x,0)is 1dent1cally 0 for
every x e M. If y : [a, b] — M is a curve, we have

b
L) =/ @12 + L1761 ds.



126 ALBERT FATHI

Since the functions ¢ — ¢> and ¢ > t” are strictly convex, Jensen’s inequality

implies
|]_()/) 1 1 b ) 1 1 b ) 14
23 <—b a/a 1y ()l s) ds +_p h—a a/a 1V () llys) ds

_ 1 (dy@,y®)\ 1 (dy@.y®)Y
~ - + - - b

-2 b—a p b—a

with equality if and only if ||y (s)ll, (s identically equals d(y (a), y (b))/(b —a).
Hence, the curve y is a minimizer if and only if it is a length minimizing geodesic
of M. Therefore the action of a minimizer y : [a, b] — M is given by

L( )_d(J/(Cl),V(b))2 d(y(a), y(D))r
V=50 —a (b —a)p—!

2

v

O

Minimizers play a crucial role. Like all minima of a function, minimizers
must be critical points for the action functional L. These critical points are called
extremals.

More precisely, an extremal (for L) is a curve y : [a, b] — M such that the
derivative D, [L|£, at y vanishes, with

& ={8:[a,b] > M |d(a) =y (a),5(b) =y (b)}.

By the classical calculus of variations, the curve y is an extremal if and only if
it satisfies the Euler—Lagrange equation, given in local coordinates by

d (0L ) oL ) 4d
E(%(VU), V(t))) = a(y(t), y(1)). (4-4)
This last ODE (4-4) defines a second order ODE on M. Therefore there exists a
flow ¢; on TM, called the Euler-Lagrange flow, such that y : [a, b] — M is an
extremal if and only if its speed curve s — (y (), y (¢)) is an orbit of ¢;. Moreover,
for any (x, v) € TM, the projected curve y, ,,(t) =7 ¢, (x, v), where 7w : TM — M
is the canonical projection, is an extremal with (yy (1), Yx.0 (1)) = ¢ (x, v).
Hence, if two extremals have the same position and speed at a time ¢, then they
coincide on their common interval of definition.
We now state Tonelli’s theorem; see [3; 5; 6] for a proof.

Theorem 4.6 (Tonelli). Suppose L : TM — R is a Tonelli Lagrangian on the
complete Riemannian manifold M. For everyt > 0 and every x, y € M, there
exists an absolutely continuous curve y :[0,t] > M, withy(0) =x,y(t) =y
which is a minimizer.

Any minimizer is as smooth as L and is a solution of the Euler—Lagrange
equation.
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There is a fundamental relation between the Euler-Lagrange flow for the
Lagrangian L : TM — R and the Hamiltonian flow of the associated Hamiltonian
H :T*M — R of L. Recall that L is obtained from H by (3-1). As we already
observed, it is also true, in the Tonelli case, that H can be obtained in the same
way from L

H(x, p)= sup p(v)—L(x,v). 4-5)
velyM

Again, since L is Tonelli, the supremum in the definition of H (x, p) is attained
at the unique v € T,y M such that p = 9, L(x, v). In particular, we have

H (x,0,L(x,v)) =0d,L(x,v)(v) — L(x,v).

Recall that the Hamiltonian flow of H is the flow ¢/ on T*M obtained from the

ODE on T*M given in local coordinates by
. O0H ) oH

X =—"), = ——
ap P ax

The Hamiltonian H is invariant under the flow ¢}
In fact the flow ¢, on TM and ¢ on T*M are conjugated by the Legendre
transformation £ : TM — T*M given by

L(x,x)=(x,0,L(x,v)).

In particular, the function H o £ in invariant by the Euler-Lagrange flow.
Expressed in the variables (x, v), it is called the energy of the Lagrangian.

Definition 4.7. The energy E : TM — R of the Lagrangian L : TM — R is
defined by

E(x,v)=HoL(x,v)
= H(x, d,L(x, v))
= sup,cr, p (0L (x,v), u) — L(x, u)
=dyL(x,v)(v) — L(x,v). (4-6)

As said above, E is constant along any orbit of the Euler—Lagrange flow.

Definition 4.8. Let y : [a, b] — M be an extremal of L. Its energy E(y(s),
y(s)), s € [a, b], is constant along its speed curve. Therefore, we can define the
energy E(y) for the extremal y : [a, b] — M by E(y) = E(y(s), y(s)), for any
s € la, b].

We will give later estimates for speeds of extremals. We first define the
minimal action to join x to y in time ¢.
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Definition 4.9 (minimal action /). For x,y € M and ¢t > 0, we define the
minimal action /,(x, y) to join x to y in time ¢ by

t
e, ) =inf /0 Ly ()7(s)) ds,

where the infimum is taken over all absolutely continuous curves y : [0, t] — M,
with y(0) =x and y(¢) = y.

We will also set ig(x, x) =0 and ho(x, y) = 400, for x # y. These last two
definitions are the natural ones in view of Lemma 4.11.

It is useful to introduce the function H : [0, 4+00[ x M x M — R defined by

H(tv-xvy) =ht(x’ )’)

Since L is bounded from below by —C (0), we obtain that H(z, x, y) =h,(x, y)
is always finite, for t > 0.

By Tonelli’s theorem (Theorem 4.6), for ¢ > 0, the infimum in the definition of
h; is always attained. We can also use the definition of 4, to give a characterization
of minimizers:

Proposition 4.10. For any x, y € M and every t > 0, we can find an absolutely
continuous curve y : [0,t] — M, with y(0) =x, y(t) =y and

hi(x,y) =L(y) = il]}f/O L(y(s)y(s))ds.

Any such curve is a minimizer. Moreover, an absolutely continuous curve § :
la, b] = M is a minimizer if and only if

b
hy—a(8(a), 5(5)) = f L(5(s). §(s)) ds.

A first estimate of 4, (x, y) is given by the next lemma.

Lemma 4.11. Foreveryt > 0, every x,y € M and every K > 0, we have
—C(K)t+Kd(x,y) <h(x,y) <tA(d(x, y)/1). (4-7)

In particular, we have —C (0)t < h;(x, y), hi(x, x) < A(0)t, and hg(y,y)(x, y) <
A(Dd(x, y).

Proof. A minimizing geodesic yy y : [0,¢] — M joining x to y has length
Le(¥x,y) = d(x,y) and a speed of constant norm. But integrating the speed
yields the length; hence

18(s)llssy = d(x, y)/t for s € [a, b).
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By the uniform boundedness of L in the fibers (inequality (3-4)), we thus get

L(yx,y(s), Yx,y(8)) = A(d(x,y)/1) foreverys € [a, b],

and again by integration

L(y) < tA(@).

Therefore, we also obtain second inequality in (4-7).

For the first inequality of (4-7), we now observe that, by inequality (4-1) of
Lemma 4.2, for any absolutely continuous curve y : [0, t] - M, with y(0) = x
and y(t) = y, we have

Kd(x,y) —C(K)t <L(y).
Taking the infimum of the above inequality over all such curves y yields the
desired inequality. ([
Examples 4.12. We estimate the function /, for some examples.

(1) If Lo : TM — R is given by Lo(x, v) = %||v||)26, from Example 4.5(1), we
obtain
d(x,y)?

2t
(2) For areal number p >4,if L,: TM — Ris given by L,(x,v) = %||v||)2€ +
%llv”f, from of Example 4.5(1), we obtain

ht(-xv )’) =

d(x,y)*  d(x,y)?
e,y = S SR

(3) If Lxy : TM — R is given by
Lyy(x,p)=23lv—X@):= V&) =3vli— (v, X&)+ X @) - V),

where V : M — R is a C2 function and X is a C? vector field on M. From
Example 3.3(2), we know that

Axv(R) < J(R+11X|lo)* — inf V(x).
xeM

Therefore by Lemma 4.11, we get

(d(x, y) + 111X l0)?
2t

Again by Example 3.3(2), we know that

hi(x,y) < —t inf V(x).
xeM

Cx,v(K) < 3K*+ K| X|loo + sup V (x).
xeM
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Therefore by inequality (4-1) of Lemma 4.2, we have

h(x,y) > Kd(x,y) — 3tK* —tK|| X |loc — t sup V (x).
xeM

Since this is true for every K > 0, taking the supremum over all K > 0 yields

—1sup, ey V(X) ifd(x,y) <t Xlloos

he(x,¥) 2 3 d(x, ) — 1] X ||oo)?
2t

We now give some more properties of A (x, y).

—tsup,cpy V(x) otherwise.

Proposition 4.13. (1) For everyt,t > 0 and every x, y € M, we have
hipr(x,y) = inf hi(x, 2) +he(y, 2),
zeM

and this infimum is attained.

(2) If y : [a, bl = M is a minimizer, for every a’, b’ € [0, t], witha' < b’, we
have

b/
hy o (y(d), y (b)) = / L(y(s), y(s))ds.
3) If y : [a, b] — M is a minimizer, we have
hp—a(y(a), y (b)) = KLg(y) — C(K)(b—a)
> Kd(y(a),y (b)) —C(K)(b—a) (4-8)

and

hp—a(y (@), y (b)) + C(K) (b —a)
e .

d(y(a), y (D)) < £g(y) < (4-9)

In particular, for every € > 0,
d(y(a),y (b)) =Lg(y) <€hp_a(y(a), y (b)) +eC(1/e)(b—a).  (4-10)
Proof. Part (1) follows from the following facts:
e Ify:[0,t+7]—> M,
L) =Ly 110, tD + Ly |Tt, 1 +1D.

e If y1 :[0,] = M and y; : [0, t'] — M are curves with y;(¢) = ¥,(0), the
concatenation y, * y; : [0, 7 +t'] — M, defined by
yi(s) for0 <s <1,
2*kyi(s) = ,
ya(s—t)fort <s<t—+t,

is a curve joining y; (0) to y»(¢") whose action L(y»*y1) equals L(y;)+L(y»).
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Part (2) follows from Proposition 4.10, since we already observed (after
Definition 4.4) that y |[a’, b'] is also a minimizer.

Parts (3) and (4) follow from inequalities (4-1), (4-2) and (4-3) in Lemma 4.2
and Proposition 4.10. U

To estimate the speed of extremals, we start with two lemmas, providing first
an estimate of the partial derivative of L with respect to v, and then of the energy
(Lemma 4.15).

Lemma 4.14. For every K > 0 and every (x, v) € TM, we have
[0y L(x, V)[lx = A([lv]lx + 1) + C(0),
0vL(x, V)Vl = K[vllx — C(K) — A(0).

Therefore D(R) — +00 as R — 400, where D : [0, +oo[ — [0, +o0] is the
function defined by

D(R) =inf {13, L(x, V)|l | v € TuM, [[vlx = R}.
The function D is nondecreasing and D(0) = 0. Moreover, we have
[0vL(x, v)|lx = D([[v]lx),
forevery (x,v) € TM.
Proof. By convexity of L(x, v) in v, we have
L(x,v4+u)— L(x,v) > 9,L(x,v)(u). 4-11)

taking the sup over u with ||u|, <1, we obtain

10, L(x, v)|lx < max L(x,v+u)—L(x,v).

lulle<1

But we know that L > —C(0) and maxy,, <1 L(x, v +u) < A(||lv]lx + 1), by
inequality (3-4). Therefore we get

[0vL(x, V)[lx = A([[v]lx + 1) + C(0).
Setting u = —v in (4-11), we obtain
L(x,0) = L(x,v) = —dyL(x, v)(v),
from which we get
[0y L (x, V)l llvllx = 8y L(x, v)(v)

> L(x,v)—L(x,0)
> K|vllx — C(K) — A(0),
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where we again used (3-4) and (3-5).
The function D is obviously nondecreasing. We then note that

D)= inf ||d,L(x,v)|| > 0.
(x,v)eTM

Since L is superlinear in v, for every x € M, the function L(x, -) achieves a
minimum on 7, M, at which 9, L(x, - ) vanishes. Therefore D(0) = 0.

We now show that D(R) — +o00 as R — +o00. Since D is nondecreasing
limg_, 4o D(R) exists in RU {4o0}.

Given K > 0, for any v € Ty M, with |[v]|, > R, we have

_CHO+AO _ ICK) +AO)]

18,L(x, )|« > K >
’ ! vl R

Therefore D(R) > K — |C(K)+ A(0)|/R, and limg_. 1o D(R) > K. Since
K > 0 is arbitrary, we indeed get limz_, +o0 D(R) = +00. ([

Lemma 4.15. We have
AQlv|lx) +2C0) > E(x,v) > [|0,L(x, v)|lx — A().

Therefore E(x,v) > D(||v|x) — A(1), where D is the nondecreasing function
defined in Lemma 4. 14.

Proof. We use again the convexity of L expressed by (4-11), with u = v to obtain
L(x,2v) — L(x,v) > d0,L(x, v)(v).
Subtracting L(x, v) from both sides, we get
L(x,2v) —2L(x,v) > d,L(x,v)(v) — L(x,v) = E(x, v).
Since L(x,v) > —C(0) and L(x,2v) < A(2||v||x), we obtain
E(x,v) = AQ2|vllx) +2C(0).
Since E(x, v) = sup,cr, p v L(x, v)(u) — L(x, u), we have

E(x,v)> sup 9,L(x,v)(u)— L(x,u).

flullx <1

This last inequality, together with L(x, u) < A(1), valid for |u||, <1, yields
E(x,v) = [0y L(x, v)[lx — A(L). g

We now give the estimate on the speed of an extremal. It uses the preservation
of energy along a solution of the Euler—Lagrange equation.
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Proposition 4.16. Suppose L : TM — R is a given Tonelli Lagrangian. There
exists a nondecreasing function 1 : [0, +o0o[ — [0, 400l such that for every curve
y :la, b] — M which satisfies the Euler—Lagrange equation, we have

su v (t < inf ||y(t .
te[fb]”)/( My =< ”(,e[a,b]”’/( Myo)

Therefore
Sup]lll?(t)lly(;)i nleg(y)/ (b —a)l.

tela,b

Proof. Consider the nondecreasing function D introduced in Lemma 4.14. Since
D(0) = 0, we can introduce a nondecreasing function ¢ defined on [0, +oo[ by

¢(p) =sup{R > 0| D(R) < p}.

Since D(R) — 400 as R — 400, the function ¢ is finite everywhere. We also
have ¢(D(R)) > R, since {(D(R)) =sup{R’ | D(R') < D(R)}.

Consider now a solution y : [a, b] — M of the Euler—Lagrange equation.
Define spmin, Smax € la, b] by

7 (Smi . y= inf ||y (¢ ,
”V( mm)”y(.smm) te[a,b]”y( )”y(t)

”)}(smax)”y(smax): sup ”)./(t)”y(t)-

t€la,b]
By Lemma 4.15, we get

A(2||)}(smin)||y(smin)) +2C(0) > E[y (Smin), )./(Smin)]
and
E[y (Smax), ¥ (Smax)] = D (”)./(Smax)”y(smax)) —A().

We have E[y (Smin), ¥ (Smin)] = E (¥ (Smax)» ¥ (Smax)), by the conservation of
energy. Therefore

AQIY Smin) Iy (smim)) +2C(0) + A1) = D (117 (Smax) ly (smar)) -

Since ¢ is nondecreasing and ¢ (D(R)) > R, we obtain

g (A(2||7}(srnin)||y(smm)) +2C(0) + A(l)) = ”)./(smax)”y(smax)-

To finish the proof of the first inequality of the proposition, it suffices to define
the nondecreasing everywhere finite function 7 : [0, +oo[ — [0, +oco[ by n(R) =
C(AQ2R)+2C(0) + A(D).

The second inequality follows from the nondecreasing character of n and

b
b=a) min 1760 < [ 17Ol ds =60 0
s€la, a
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Corollary 4.17. If L : TM — R is a given Tonelli Lagrangian, we can find
nondecreasing functions 1, 1 : [0, +o0[ — [0, 400[ such that any minimizer
y :la, b] > M satisfies

(hb—a()/(a), V(b)))

sup ly Dllyn=1n b—a

tela,b]
and

sup lyOll, =1
rela,b]

Proof. By (4-9), we have
Le(y) < hp—a(y(a), y (b)) +C(1)(b—a).

Therefore, using the function 5 from Proposition 4.16, since a minimizer satisfies
the Euler—Lagrange equation, we obtain

(d(y(a), J/(b)))
b—a ’

hp—a(y (@), )/(b)))

/(1 <n|Cd
sup [y ( )”y(t)_’?( 1+ >

t€la,b]

This finishes the proof of the first inequality, with 7(s) = n(s + C(1)).
To prove the second one, we recall, from (4-7) in Lemma 4.11, that

ho—a(y (@), y () _ A<d(y(a), y(b)))

b—a - b—a

Therefore

d v (b
sup 119yt < 77<A<M)>

t€la,b) b—a
The function ¢ — 7(t) = 1 o A(¢) is finite everywhere and nondecreasing. [

For a subset S C M, recall that its diameter diam S, for the Riemannian
distance d on M, is defined by

diam S = sup{d(x, y) | x, y € S}.
The next result, a straightforward consequence of Corollary 4.17, provides us
with the criterion for compactness of a set of minimizers.
Proposition 4.18. Suppose S C M, with diam S finite, and ty > 0. Any minimizer
y :la, b] - M such that y(a), y (b) € S and b — a > 1ty satisfies

sup ||y (D)lly ) < n(diam S/1),
t€la,b]

where 1) is the nondecreasing everywhere finite function from Corollary 4.17.
Therefore, the set of minimizers y : [a, b] — M such that y(a), y (b) € S and
b —a > ty is equi-Lipschitz.
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An important property of /;(x, y), namely its local semiconcavity in (x, y),
is proved in [8, Theorem B.19, page 50]. It is not difficult, using the proof of
Theorem B.19 in [8], to show that H(¢, x, y) is locally semiconcave in (¢, x, y)
on |0, +oo[ x M x M.

Proposition 4.19. The function H is locally semiconcave on 10, +00[ x M x M.
Moreover, for every compact subset C C M x M, and every ty > 0, the family of
functions h, : C — R, t > ty is equi-semiconcave.

Another useful reference on semiconcavity and the Hamilton—Jacobi equation
is [4].

Example 4.20. If Ly : TM — Ris given by Lo(x, v) = %llv”i, from part (1) of
Example 4.12, we obtain
_d(x,y)?

H(t,x,y) = n

Therefore, from the previous proposition we obtain that 4 is locally semiconcave
on M x M. Moreover, since s — 4/s is C* on ]0, +00[, we obtain that d is
locally semiconcave on M x M \ Ay, where Ay = {(x,x) | x € M} is the
diagonal in M x M.

Since H is locally semiconcave, it is locally Lipschitz. Therefore, it has a
derivative almost everywhere in ]0, +o0o[ x M x M. We proceed to express this
derivative.

We need to use the notion of upper and lower differentials (called also upper
and lower derivatives)—-see [2; 1; 4; 6; 7] for more details on this notion and its
relationship with viscosity solutions.

Notation 4.21. If w : N — R is a function on the manifold N and n € N, the
set of upper-differentials (resp. lower-differentials) of w at N is denoted by
DYw(n) C TFN (resp. D"w(n) C TN).

Proposition 4.22. Since H is locally semiconcave on 10, +oo[ x M x M, for
every (t,x,y) €10, +00o[ x M x M the set of superderivatives D™ H(t, x, y) C
T(f’x,y)(]o, +oo[ XM x M =RxTM x Ty*M is not empty. If y : [0,t] > M
is a minimizer, with ¥ (0) = x and y (t) = y, we have

(—E(¥), =3, L(y(0), 7(0)), 3, L(y (1), (1)) € DY H(z, x, ),

where E(y) = E(y(s), y(s)), s € [0, t] is the energy of the minimizer y.
In particular, we have

—E(V) S D;FH(I’X’ J’),
—3,L(y(0), 7(0)) € DI H(, x, ), (4-12)
dL(y (), y(t)) € DY H({, x, y).
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The proof that (—3,L(y (0), y(0)), 3, L(y (¢), y(¢))) € DV h,(x, y) is given in
[8, Theorem B.20, page 53]. We leave it to the reader to check the superderivative
int.

Corollary 4.23. For (t, x, y) €10, +00[x M x M, the function H is differentiable
at (t,x,y) € 10, 400l x M x M if and only if there exists a unique minimizer
y :[0,t] > M, withy(0) =x and y(t) = y.

Moreover, for each (t, x,y) € 10, +00[ x M x M, the set of superderivatives
DT H(t, x, y) is the convex hull of the set of covectors

(—E), =3,L(y(0), 7(0)), 3, L(y (1), y (1)),
where y : [0, t] — M is an arbitrary minimizer with y (0) = x and y (t) = y.

Proof. If H is differentiable at (¢, x, y) € ]0, +00o[ x M x M and y : [0, t] > M
is a minimizer, with ¢ (0) = x and y(¢) = y, then, by Proposition 4.22 above
0yH(t, x,y) = d,L(y(t), y(t)), since L is strictly convex the speed y(t) is
completely determined by 9, H (¢, x, y). Therefore, since a minimizer satisfies the
Euler-Lagrange equation, the curve y is completely determined by 9, H(z, x, y).

This proves half of the first statement of the corollary. To prove the second
part, we recall that DT H(z, x, y) is the convex hull of dH(z, x, y) where any
point in dH (¢, x, y) is a limit of a sequence of derivatives DH(¢;, x;, y;), where
(i, xi, yi) — (t,x,y) as i — oo, and H is differentiable at each (;, x;, y;).
By Proposition 4.22, the derivative DH.(¢;, x;, y;) is given by a minimizer y; :
[0,t;] > M with y(0) = x; and y(t;) = y. If 1 is the nondecreasing finite
everywhere function obtained in Corollary 4.17, we have

d(y(0), y (#))

; ) for all s € [0, #;].
i

17: () i) < ﬁ(
Since (t;, x;, yi) = (¢, x, y), with t > 0, we have sup; d(y(0), y (t;))/t; < +o0.
Let C be the value of this supremum. We see that the norm of the speed
l7: ()14 (s) 18 bounded by 7(C), independently of i and s € [0, t;]. Extracting a
subsequence if necessary, we can assume that (y;(0), 3, (0)) converges to some
(x, v) with v € T, M. If we call y the solution of the Euler—Lagrange equation
with (y(0), y(0)) = (x, v), we obtain that y : [0, ] — M is a minimizer, with
y(0) = x and y(¢) = y. But we have

DH(t;, xi, yi) = (—E¥i), =3, L(i(0), :(0)), 3y L(y; (1), ;).

which tends to (—E(y), —9,L(y(0), ¥ (0)), 3,L(y (¢), y(¢))). This proves the
last part of the corollary.

To finish the proof of the corollary, it suffices to show that if there is a unique
minimizer y : [0, t] — M, with y(0) = x and y(t) = y, then H is differentiable
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at (t,x,y). By what we just proved, this uniqueness condition implies that
DT H(t, x,y) = dH(¢, x, y) is reduced to one point. Since H is semiconcave,
this implies that H is differentiable at (¢, x, y). O

Corollary 4.24. For (t, x, y) € 10, +00[ x M x M, the following statements are
equivalent:

(1) The function H is differentiable at (t, x, y).

(ii) The partial derivative 0, H(t, x, y) exists.

(iii) The partial derivative 0,H(t, x, y) exists.

(iv) There exists a unique minimizer y : [0, t] — M, with y(0) =x and y (t) = y.

If any one of these statements is true, we have
9 H(t, x,y) =—E(y),
OH(t, x, y) = —08,L(y(0), y(0)), (4-13)
IyH(r, x, y) = 9 L(y (1), y (1)),

where y : [0, t] — M is the unique minimizer with y(0) = x and y (t) = y.

Proof. Of course (i) implies (ii) and (iii). From Corollary 4.23, statements
(i) and (iv) are equivalent. To finish proving that (i), (ii), (iii) and (iv) are all
equivalent, it remains to show that (ii) or (iii) imply (iv). We will show that (ii)
implies (iv). In fact, if 9, H(¢, x, y) exists and y : [0, t] — M is a minimizer
with y(0) = x and y (t) = y, by equality (4-12) of Proposition 4.22, we have
0y H(t, x, y) = —0,L(y(0), y(0)). Therefore not only the position at time O of
y is unique, but also its speed y (0) is unique. Since such a minimizer y satisfies
Euler-Lagrange, we conclude that y is unique.

The last part of the corollary follows from (4-12). U

Corollary 4.25. We can find a nondecreasing everywhere finite function 0 :
[0, +o0o[ — [0, +o00] such that at every point (t, x, y) € 10, +0o[ x M x M, where
the derivative DH(t, x, y) exists, it is bounded in norm by 0 (H(t, x, y)/t).

Proof. We first estimate 0, H (¢, x, y). By Proposition 4.22,if y : [0,¢f] > M is a
minimizer, with v (0) = x and y (t) = y, we have 0, H(¢, x, y) = 3, L(y (0), y (0)).
Therefore by Lemma 4.15, we get

[0 H(z, x, Ml = AUy Oy + 1) + C(0).
Combining with Corollary 4.17, since L(y) = H(¢, x, y), we obtain
0xH(t, x, Yl = A@IH(, x, y)/t]+ 1) + C(0).
Therefore if we define the nondecreasing function 6; : [0, +00[ — [0, +00[ by

01(R) =max (0, A(n[R]+ 1) + C(0)),
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we obtain

”axH(tv xv )’)”x S QI(H(tv xv y)/t)‘
In the same way, we obtain

8y H(z, x, Y)|lx = O1(H(z, x, y)/1).

To estimate 9, H(t, x, y) = —E(y(s), y(s)), we use Lemma 4.15 and Corollary
4.17:

10, H (2, x, y)| = E(y(0), (0))]
< max(A(1), AC[y (0)[ly ) +2C(0))
<max(A(l), AQA[H(z, x, y)/1]) +2C(0)).
Hence, if we define the nondecreasing function 6 : [0, +oo[ — [0, +o0o[ by
62(R) = max(0, A(1), A27[R]) +2C(0))),

we obtain
|0, H(t, x, )| <O (H(, x,y)/1).

Therefore
IDH (. x, V)G ey < 200 (H(t, X, 9) /)7 + 02(H (1, x, y) /).

Since the functions 8; and 6, are both finite everywhere, nonnegative and nonde-
creasing, so is the function 6 defined by

6(R) =/261(R)> + 62(R)?.

This function satisfies the inequality [|DH(z, x, ¥) | (r,x,y) < O(H(t, x,y)/t). U
Proposition 4.26. If we fix y € M, the function H, : 10, +00[ x M, defined by
Hy(t, x)=H{, y,x)=hi(y, x),

is a viscosity solution of
0Hy+ H(y,0,H,)=0.

Proof. From Proposition 4.19, we know that #, is locally semiconcave. There-
fore, since the Hamiltonian H is convex in p, it suffices to check the evolutionary
Hamilton—Jacobi equation at every point (¢, x) where H, is differentiable. If
(t, x) is such a point and y : [0, 1] — M is a minimizer with y (0) =y, y () = x,
by Corollary 4.24, we have

OHy (1, x) = 0 H(t, y, x) =, L(y (1), y (1))
WHy (@, x)=0H(t, y,x) =—E(y ), y)) =—H(y (1), 9, L(y (1), y (1))).
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Therefore

My (. x) + H(y, 0,Hy (1, x))
=—H(y (@), 0, L(y(@),y(®))+ H(y (@), d,L(y (1), y()))
=0. O

5. Action and viscosity (sub)solutions

Again in the sequel, we fix a Tonelli Hamiltonian H : T*M — R on the complete
Riemannian manifold (M, g) and we will denote by L : TM — R its associated
Tonelli Lagrangian.

A first relation between action and viscosity subsolution is given in the next
Proposition 5.5. To state it, it is convenient to recall the notion of evolution
domination by a Lagrangian introduced in [7, Definition 14.2, page 1232].

To do it in an appropriate way, we first recall that for a curve y : I — M,
where [ is an interval in R, the graph Graph(y) C R x M of y is

Graph(y) ={(t, y () |t € I}.

Definition 5.1 (evolution domination by a Lagrangian). We will say that the
function U : S — [—o00, +o00], where S C R x M is evolution-dominated by L
on S, if, for every absolutely continuous curve y : [a, b] > M witha <b e R
and Graph(y) C S whose action L(y) = fabL(y (s), y(s)) ds is finite, we have

b
U®,y®) =Ula, V(a))+/ L(y(s),y(s))ds. (5-1)

We will say that such a U : § — [—0o0, +00] is strongly evolution-dominated
by L on S, if for every (¢, x), (', x") € S, with r < ¢/, it satisfies the stronger
condition

U, x)<U@, x)+hy—(x, x). (5-2)

Remark 5.2. (1) If U(a, y(a)) is finite, the inequality (5-1) is equivalent to

b
U(b,V(b))—U(a,)/(a))S[L(V)=f L(y(s), y(s))dt.

2) If SC R x M is of the form S = I x M, where [ is an interval in R, then
U:IxM— [—00, +00] is evolution-dominated by L if and only if it is strongly
evolution-dominated by L.

Proposition 5.3. Let U : S — [—00, +00] be evolution-dominated by L on the
subset S CR x M.
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(1) Assume y : [a, b] — M is an absolutely continuous function curve, with
Graph(y) C S, whose action is finite. If U (ty, y (t)) < 400 (resp. U (ty, y (tp)) >
—0o0), then U(t, y(t)) < 400 fort € [tg, b] (resp. U(t, y(t)) > —oo fort €
la, to]).

(2) Let S C XR — M be such that S = 1 x W, where I is an interval in R and
W C M is open and connected. If for some (xg, ty) € I X M we have U (xg, tp) <
400 (resp. U (xg, tg) > —00) then U < 400 everywhere on (I N Jty, +00[) x W
(resp. U > —o0 everywhere on (I N ]—o0, ty) x W).

3) IfU : S — [—o0, +0o0] is strongly evolution-dominated by L on S and,
for some (xg, ty) € S, we have U (xg, ty) < +00 (resp. U(xg, ty) > —o0) then
U < 400 everywhere on S N (Jty, +00[ x M) (resp. U > —o00 everywhere on
SN (]—o0, o[ x M)).

Proof. For part (1) we note that the evolution domination of U by L on S, for
t € lty, b], we get

fo
U, y@) < U(to,V(to))Jrf L(y(s), y(s))ds.
t

Since ftto L(y(s), y(s))ds is finite, the inequality U (ty, y (fy)) < +oo implies
U(t,y(@)) <+4oofort €y, b].

For part (2), since W is open and connected in the manifold M, given ¢ >
and x €, we can find a smooth curve y : [fg, t] — W with y(fy)) = x¢ and
y(t) = x. Since L is continuous and y is C!, the action L(y) of y is finite.
Moreover Graph(y) C I x W, the evolution domination condition implies
U(t,x) <Uf(ty, x0) +L(y) < +o0.

For part (3), it suffices to observe that, for (¢, x) € SN (Ify, +oo[ x M),
we have |h;_; (xo, x)| < 400 and the strong L domination implies U (¢, x) <
U (to, x0) + hi—1 (x0, X). O

Proposition 5.4. Suppose U : O — R is finite-valued and evolution-dominated by
L on the open subset O C R x M. Then U is locally bounded on O. The function
U is locally strongly evolution-dominated by L; that is, for every (ty, xo) € O
there exists a neighborhood V C O of (ty, xo) such that the restriction U |V is
strongly evolution-dominated by L on V.

Proof. Fix a compact neighborhood of the form [#) — 2§, ty+25] x B(xg,3r)C O
of (ty, x9) € O. For any x € B(xo,2r) and t € [ty — 8, to + 8], the minimizing
geodesic yy, x : [fo — 28, t] — M joining x to x is contained in B(xo, 2r) and,
by Lemma 4.11, its action L(yy, ) is less than

d(xg, x) 2r
(t—(10—26)) A (t_(to—_%)) <354 (?)
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Since the function is evolution-dominated by L on O D [fy — 26, ty + 28] X
B(xo, 3r), we obtain

U(t,x) <U(to— 26, x0) + L(yxy.x) < U(to— 268, x0) +35A(2r/6).

This shows that U is bounded above on the compact neighborhood of (g, xg)
given by [f9 — 8, to + 8] x B(xo, 2r). In the same way the minimizing geodesic
Yx.xo - It to +28] — M joining x to xo is contained in B(xg, 2r) and has action
L(yx.x,) less than (o428 —t) A(d (x, x0) /(to+25 —1)) <36A(2r/§). Therefore

Uty + 28, x0) < U(t, x) +38A(2r/8),

which implies that U is bounded below on [#g — 8, fg + 8] X l_?(xo, 2r). We then
set

K =2sup{|U(t, x)| | (t,x) € [to— 8, tg+ 8] x B(xg, 2r)} < +o0.

Fix (¢, x), (t', x") € [to — 8, to + 8] x B(xo, 2r), with ¢’ < ¢.
We obviously get

Ult',x)=U(t,x) <K <hp_;(x,x") forhy_;(x,x')>K. (5-3)

If hy_,(x, x") < K, pick a minimizer y : [f, '] - M, with y(t) = x, y (') = x’
and hy_;(x, x") =L(y) < K, since |[t' — ]| < 26, from Lemma 4.3, we obtain

Loy |12, 1) < i as(t' —1)),

where nk 25 : [0, +00[ — [0, +00[ is a modulus of continuity; i.e., the function
Nk 2s is continuous at 0 and 7k 25(0) = 0. Therefore, we can find € > 0, with
€ < 8, such that ng 25(s) <r for all s < 2e. Hence, if we further assume that

(t,x), (t', x") €[ty — €, 1o+ €] x B(xo, 1),

we obtain £,(y |[t,t']) <r and y([t,1']) C B(xo, 2r). Since the graph of y is
contained in [fy — §, ty + 8] x B(xp, 2r) C O and U is evolution-dominated by
L on O, we get

U@, x)=U(t, x) < hy—(x, x).

Together with (5-3), this shows that U is strongly evolution-dominated by L on
[to — €, tg+ €] x B(xo, ). O

The reader will notice that the proof of the next proposition, giving the con-
nection between evolution domination and viscosity subsolution, is very similar
to the (standard) proof of Proposition 14.3 in [7], once we have Corollary 2.3.
We provide a complete proof for the reader’s convenience.
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Proposition 5.5. Let H be a Tonelli Hamiltonian on the complete Riemannian
manifold M. Suppose U : O — R is a continuous function defined on the open
subset O. Then U is a viscosity subsolution of

U+ H(x,0,U)=0, (5-4)
on O if and only if it is evolution-dominated by L on O.

Proof. Assume that U is a viscosity subsolution of (5-4). We prove that

b
U(b,)/(b))—U(a,)/(a))S/ L(y(s), y(s))dt, (5-5)

holds for an absolutely continuous curve y : [a, b] — M, with Graph(y) C O.
If U is smooth, the Fenchel inequality (3-2) between L and H yields

o, U(t,x)(v) <L(x,v)+H(x,0,U(t,x)) forallve T, M.
Since the viscosity subsolution U of (5-4) is smooth on O, we have
U (t,x)+ H (x,0,U(t, x)) <0 everywhere on O.
We combine the two inequalities to obtain
U@, x)+0,U(t,x)(v) <L(x,v) forall (t,x,v) with (t,x) € O, ve T M.
Therefore, since Graph(y) C O and y is absolutely continuous, we obtain
aU, y()+o.U(t,y@®)(y(@) <L(y(),y()) foralmostalls € [a,b].

By integration, this proves the desired inequality.

For U just continuous, since y([a, b]) is a compact subset, we can use
Corollary 2.3 to reduce, by an approximation argument, this continuous case to
the smooth case.

Let us now assume that U satisfies (5-5) for every absolutely continuous curve
y :la, b] = M, with Graph(y) C O. To prove that U is a viscosity subsolution
of (5-4), consider a C! function ® : O — R, with ® > U and ®(z, x) = U(z, x),
for some (t,x) € O. Ifve Ty M,lety : [t —1,t] - M be a smooth curve with
y(t) = x and y(¢) = v. Since y is continuous and O is open for € > 0 small
enough, we have Graph(y |[t — €, t]) C O. Using ® > U and inequality (5-5),
we get

Q@ y(1) - Pt —€,y(t—€) <U,y1) —Ul—€,y(—¢€)

5/ L(y(s), () dr.
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Dividing by € and letting € — 0 yields
0P, x)+0,P(t, x)[v] < L(x,v),
or equivalently
0, D(t, x)+ 9, P(t, x)[vl — L(x,v) <0.
Taking the supremum over all v € 7, M, we obtain

9 ®(r, x)+ H(x, 9. ®(r, x)) < 0. U

6. A construction of viscosity solutions

Again in the sequel, we fix a Tonelli Hamiltonian H : T*M — R on the complete
Riemannian manifold (M, g) and we will denote by L : TM — R its associated
Tonelli Lagrangian.

We will give a rather general way to obtain viscosity solutions on open subsets
of R x M of the Hamilton—Jacobi equation (1-1).

We start with a nonempty subset K C R x M. Besides being nonempty, we
do not impose any other property on K. We set

tk.inf = inf{z | (¢, x) € K},

We consider a function U : K — [—00, +00[. We do not assume U continuous
or even measurable; the only restriction (for convenience) is that U does not take
the value +00. See Remark 6.1(1), however. We can define the function U on
1tk jinf, +00[ X M — [—00, +00[ by

U(t,x) =inf{UF, %)+ h,_;(% x) | (7, %) € K and f < 1}. (6-1)

Note that this definition makes sense for ¢ > tx ins, since for such a ¢ the set
{f| (f,%) € K and f <t} is not empty.

Remark 6.1. (1) Suppose that we have a function U : K — [—00, +00], which
may assume the value +o0. If U is not identically +oo, define K s as

Kf={(t,x) | U(t, x) # +00}.

Then K s is not empty and Uy = U | K s never takes the value +00. We can then
define 0f ting(K f), +00[ x M — [—00, +00[ as above by

O (¢, x) = inf{U (7, ) + h,_(%. x) | 7. %) € Ky and T <1}.
If 7k int = 1k, int OF equivalently

txinf =1nf{t | (t, x) € K and U (¢, x) # 400}, (6-2)
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then we have

Ust,x)=U(t, x) =inf{U (7, §) + h,_;&, x) | (1, %) € K and 7 < 1}.
(2) A special case of the construction above is the Lax—Oleinik evolution; see
Definition 8.2 and Remark 8.4(3) below.

Theorem 6.2. Let U : K — [—00, +00[ be a function defined on the subset
KCRxM.
Define the function U on |tins x, +00[ X M — [—00, 400 by

U(t,x) =inf{U(, %) +h,_7(Z,x) | (7, %) € K and T <1}, (6-3)

where tg inr =1nf{t | (¢, x) € K'}. This funct{on U , s strongly evolution-dominated
by L on ltins k, +00[ X M. Moreover, ifUA(T, X) is finite for some X € M and
some T € ltg inf, +00[, then the function U is

(1) finite everywhere on ltk inf, T[ X M;

(ii) bounded on every compact subset of tins.x, T X M;
(iii) continuous, locally semiconcave on ltg ins, T X M \ K;

(iv) a viscosity solution of the evolutionary Hamilton—Jacobi (1-1) on
Itk int, TLX M\ K.

Proof. To prove the strong evolution domination, note that for (¢, x), (¢/, x) €
ltint.k» +00[ x M, with ¢’ < ¢, if t < ¢/, then < ¢. Therefore, for (7, X) € K,
with 7 < ¢/, from (6-1), we get

l}(tv .X') 5 U(f’ i) +ht—[~(i’ -x) 5 U(;a i) +h[’—[~(i’ -x/) + hl‘—l/(-xlv X).
Again from (6-1), taking the inf over all (7, X) € K, with f < ¢/, we obtain
Ut,x) U, x)+hi—p(x', x),

which means that U is strongly evolution-dominated by L on ]t x, +00[ X M.
For the rest of the proof, we assume that U (T, X) is finite for some X € M
and T € Jtk inf, +00I.
Property (i) is a consequence of (ii). We now prove (ii). Let C be a nonempty
compact subset of [finr x, T[ X M. By the strong L evolution domination on
Itk ints T X M, we have

U(T, X) <U(t,x)+hr_i(x, X) fort € ltinrx, T[.

Since (¢, x) — hy_;(x, X) is finite and continuous on |7, T[ x M, which implies
that it is bounded from above on the compact subset C C ]7, T[x M. We conclude
that U is bounded from below on C.
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It remains to show that U is bounded from above on C. By compactness of C,
we have finr. c = inf{t | (t, x) € C} > tint. k. In particular, we can find (7, ) € K
with tinf,c > fZ tinf, k - From (6-1)

U(t,x) <U@ %)+ h,_;(Z,x) fort>7.

Note that we are assuming that U does not take the value +oo, hence U (7, X) <

+00. Since C is a compact set contained in |7, T[ x M and (¢, x) — h,_7(X, x)

is finite and continuous on ]z, +o0o[ x M, this function (¢, x) — h,_;(X, x) is

bounded on the compact set C. Hence U (¢, x) is bounded from above on C.
To prove (iii) and (iv), we first prove a lemma.

Lemma 6.3. Under the hypothesis of Theorem 6.2, suppose that U (T, X) is
finite for some X € M and T € ltg inf, +00[. Assume that § > 0 and (1o, xg) €
Itint. x, T X M are such that

[to — 8, 1o+ 81 X B(x0,8) C Vint.k» T[X M\ K.

We can find € > 0, with 2¢ < &, such that, for all (¢, x) € [ty —¢€, ty+€] x B(xo, €),
we have

Ut,x) =inflU, x") +hi_p (X', %) | (¢, X') € [to — 8, tg — 2€] x B(x0, )}
Proof. For all € > 0, with 2¢ < §, the inequality
Ut,x) <inf{U ", x') + h—p (', x) | (t', x') € [tg — 8, tg — 2€] x B(x0, 8))}

follows from the just established strong L domination of U. Therefore, it
suffices to show that, we can find € > 0, with 2¢ < §, such that, for all (¢, x) €
[to — €, to+ €] x B(xg, €) and all n € 10, 1], we have

inf(U(t', ')+ ey (x', x) | (¢, x') € [tg— 8, to — 2€] x B(x0, 8)} < U (t, x) +n.
From the already established part (ii), the function U is bounded on the

compact subset [tg — 8, fo + 8] X B(xo, 8) of Jtinr.x, T x M \ K. Therefore
A=1 +25up{|f](t, )| | [to — 8, to + 8] x B(xg, 8)} < +00. (6-4)

Denote by 14,25 the continuity modulus provided by Lemma 4.3. Hence, for
every absolutely continuous curve y : [a, b] > M, withb—a <2§ and L(y) < A,
we have

dy), y(0)) < gy Ilt, ') <naos(|t' —t]) forallt, ¢’ ela,b]l. (6-5)
Since 14 25 is a modulus of continuity, we can pick € > 0, with 3e < § such that

Na2s(e) <8/3 for0<a <3e. (6-6)
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Fix now (¢, x) €€ [ty — €, to + €] X B(xo, €) and n € ]0, 1]. By the definition of
U, (6-1), we can find (7, X) € K such that

UG, %) +h, (% x)<U@t, x)+0. (6-7)

Pick a minimizer y : [f, t] — M, with y (f) =X and y () = x. Since (¢, y ()) € K,
which is disjoint from [fg — 8, fg + 8] X B(xo, 8), and (¢, y (1)) € [to — €, ty +
€] x B(xo, €) C ltg — 8, to+8[ x B(xo, 8), we can find s € 7, [ with (s, ¥ (s)) €
3 ([to — 8, to + 81 x B(xo, 8)). We have

fo—8<s<t<ty+e<ty+8and y(s) € B(xg, ). (6-8)
Since y is a minimizer and y () = X, y (t) = x, we have
he_1E,x) = h,_i{(y (D), y ()

= hy_i(y (D), y(s)) + hi—s(y (s), y (1))

=h_y(X, ¥ () + hi—s(y (5), x),
which, by (6-7), implies

U, 5) +hy i (%, y () + hi—s(y (), y () U, x) +1.
But, again by the definition (6-1) of U, we have
Us, y($) S UG D) +hy (3, 7 (5)).

Combining the last two inequalities, we obtain

U(s, y(8)) +his(y(s), y(®) < U, x) +1, (6-9)

Claim We have s < fy — 2e.
From this claim, we can finish the proof of the Lemma.
In fact, combining the claim and (6-8), we have (s, y(s)) € [fo — &, tg — 2€] x
B(xo, 8). Therefore, using (6-9), we obtain
inf{U (¢, ')+ hi—p (X', y () | (¢, x') € [tg — 8, 1o — 2€] x B(xo, 8)}
<U(s, ¥ () +his(y(s), y (1))
<U@Et.x)+.
It remains to prove the claim. Since (s, ¥ (s)) € d ([to — 8, to + 8] x B(xo, 8))
and s < 19+ 8, either s = g — & or y(s) € dB(xo, 8). In the first case, we

get s = fp — 8 < t — 2¢ and the claim holds. In the second case, we have
d(xg, y(s)) =4. But y(t) =y € B(xp, €), hence, using 3¢ < §, we get

d(y(t),y(s))>8—e€>38/3.
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We now observe that (6-9) implies
Ly [[s, 1]) =hy—s(y (s), y @) < U1, x) = U(s, y(s)) +1 < A < 00, (6-10)

since n < 1, both (t, x), (s, y(s)) are in [tg — &, to + 6] X B(xo,8) and A is given
by (6-4). Furthermore, we have s < ¢ and s, t € [tp — 8, tp + 6], which yields
0 <t —s <26. Therefore, by the property (6-5) defining 14 25, we get

d(y (), y(s)) <nas(t—s).

Since d(y(t), y(s)) > §/3, it follows from by the definition of €, (6-6), that
t —s > 3e, which implies

s <t—3e <(tg+€)—3e =1y)—2e. O

End of the proof of Theorem 6.2. To prove (iii) and (iv), we fix (f, xo) in the
open subset [¢x inf, I'[ X M \ K, we then pick § > 0 such that

[to — 8, 10 +8] x B(x0,8) C Mtint.x. T[ x M\ K.
By Lemma 6.3, we can find € > 0 such that

U(t,x) =inf(U, x) + h_p(x', x) | (t', x) € [to — 8, tg — 2€] x B(x0, 8)},
(6-11)
for all (¢, x) € [to — €, to + €] x B(xo, €). The map

[(t,x), (', x>t —1', ', x)
is smooth and takes values in ]0, +00[ x M x M on the compact set
([to — e, 1o+ €] x B(xo, e)) X ([to — 8,1t —2€] x B(xo, 8)) .

Since, by Proposition 4.19, the map (s, x’, x) > hy(x’, x) is locally semicon-
cave on 0, +oo[ x M x M, we conclude that [(z, x), (t/, x)] = h;—y(x', x)
is locally semiconcave on a neighborhood of ([to —€,fpt¢€]x E(xo, e)) X
([to — 8,19 — 2€] x B(xo, 8)). Hence, since [79—3, fo—2€]x B(xo, 8) is compact,
we conclude that the family of maps

(t’ -x) = hl‘—l’(x/v x)v (t/v -x/) € [tO _55 tO - 26] X B(XOa 6)

is uniformly locally semiconcave on a neighborhood of the compact set [y — €,
to + €] x B(xo, €); see [8, Appendix A]. Therefore, so is the family (¢, x) —
U, x)+h_p (X', x), (t', x') € [tg— 8, to — 2€] x B(xp, 8), which by equality
(6-11) implies that the finite function U is locally semiconcave (and therefore
continuous) on a neighborhood [ty — §, fo + ] x B(xo, r). See [8, Proposition
A.16, p. 34-35].
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We then observe that by Proposition 4.26, since H does not depend on the
time ¢, for each (¢/, x) € [ty — 8, tg — 2€] x B(xg, §), the function (z, x)
U, x") + h_p(x', x) is a viscosity solution of the evolutionary Hamilton—
Jacobi (1-1) on ]ty — 2¢, +00[ x M. Since we already now that U is finite and
continuous on a neighborhood of [7g —€, fH+ €] X B(xo, €), by Corollary 2.5 and
equality (6-11), we conclude that Uisa viscosity solution of the evolutionary
Hamilton—Jacobi (1-1) on a neighborhood of [fy — €, 1y + €] x B(xo, €). O

Proposition 6.4. Assume C C M is a closed subset and a < b € R. Suppose
U : [a, b] x C — R is continuous and strongly evolution-dominated by L on
[a,b] xC. Set K ={a} x CU[a,b] x 0C CRx M. Call U the function defined
on la, +oo[ x M by (6-1) using the restriction U | K :

Ut,x)=inflU{, XY +h—v (&', x) | (', x)eK,t' <t} fort>aandx e M.
X (6-12)
The function U : [a, b] x C — R defined by

(1. x) = U(a,x) fort=aandxeC,
a 0(t,x) fort >aandx € C,

is continuous, strongly evolution-dominated by L and > U on [a, b] x C, with
UlK=U|K.

Moreover, this function Uisa locally semiconcave viscosity solution of the
evolutionary on Hamilton—Jacobi (1-1) on la, b x C.

Proof. We first note that the inequality U > U on Ja, +00[ x M follows from
the definition of U and the strongly L evolution domination of U on [a, b] x C.
This obviously implies that 0 > U on [a b] x C.

Since, by Theorem 6.2, the function U is strongly L evolution-dominated on
la, +o0o[ x M, we obtain that ﬁ is strongly L evolution-dominated on ]a, b] x C.
From the definition of U, we conclude that U is strongly L evolution-dominated
on[a,b] xC.

Since by Theorem 6.2, the function U is continuous on la, +oo[ x M\ K D
la, b] x €. We have to show continuity at every point of K ={a}xCUla, b] x0C.
Let us start with continuity at (a, x) with x € C. Using that 4 > U is strongly
L evolution-dominated on [a, b] x C, we get

Ut,y) <Ut,y) <Ua, )+ hi—a(y. y) <U(a, y) + (t —a) A(0).

By continuity of U, we obtain the continuity of U at every point of {a} x C. It
remains to show that U is contlnuous at (tg, xo) witha <ty < b and xo € 9C.
We will show at the same time that U (t9, x9) = U (t9, x0). Fix t' € ]a, ty[. Since
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A
N

U=U>Uonla, b] x C, for all (t,x) €1t', b] x C, we have
Ut,x) < U(t,x) = U(t,x) < U, x0) + hy—p (x0, %), (6-13)

where the last inequality follows from the definition of U, since 1’ < ¢ and
(', x0) € la, to[ x 3C C K. If we apply this inequality with (¢, x) = (f9, xo), we
obtain

U (19, x0) < U (to. x0) < U(t', x0) + hyy—r(x0, X0) < U (', x0) + A0) (19 — 1').

If we let ¢’ — 1o, by continuity of U, this last inequality yields 4 (to, x0) =
U (1o, xo)-
If, in equality (6-13), we keep t’ € la, to[ fixed and we let (¢, x) — (9, X0),
by continuity of U and &, we obtain
Uto, x0) < liminf OU(t,x) < limsup U, x)
(#,%)=>(10,%0) (t,)=> (10,%0)

<U({', x0) + hi—p(x0, x0) < U, x0) + AO)(t — ).

Letting again " — 1y, we conclude that lim ) (15, x0) ﬁ(z, x) = Ulty, x9) =
0 (to, x0). Therefore we finished both the proof of the continuity of O=0 , and
the equality 0 |K=U|K.

The fact that U is a locally semiconcave viscosity solution of the evolutionary
Hamilton—Jacobi equation (1-1) on Ja, b[ x C follows also from Theorem 6.2,
sinceﬁ:ljon ]a,b[xé. O

Theorem 6.5. Suppose O C R x M is an open subset. If U : O — R is a
continuous viscosity solution of the evolutionary Hamilton—Jacobi equation (1-1)
on O, then it is locally semiconcave.

Moreover, for every (t, x) € O, we can find (', x') € O, with t' < t, such that

Ut,x)=U{", x")+h—p (X', x).

Proof. Fix (ty, x¢) € O. Since U is a viscosity solution on O, from Proposition 5.5
we obtain that U is dominated by L on O. By Proposition 5.4, we can find a
neighborhood V of (#y, x) in O on which U is strongly dominated by L. Without
loss of generality, we can assume that V = [t — n, to + n] X B(xo, n) C O, for
some 1 > 0. We set R = {19 — n} x l_?(xo, n) Uty —n, to+n] x 8l§(x0, n).

By Proposition 6.4, the function U [to — 0., to+ n] x B(xo, r) — R defined
by

Ul(t, x) ift =a and x € B(xg, 1),

(6, X)=Vinf{lU@', x") + hi_p(x',x) | (', x") € R, 1’ <1} .
if t > a and x € B(xg, 1),

C»
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is continuous, is a locally semiconcave Vlscos1ty solution of the evolutlonary
on Hamilton—-Jacobi (1-1) on Jtg — n, typ + n[ x B(xo, r) and satlsﬁes U=u
on ﬁ = {tp — n} X B(xo n) Ultgo—n,to+n] x BB(xo n). Since U U on

={ty—n}x B(xo mUlto—n, to+n]x 3B (x, 1), Corollary 2.7 of the maximum
pr1nc1ple 1mphes U=Uon [to —n, to+ 1] X B(xo, r). But, by Proposition 6.4,
the function U is locally semiconcave on g — n, to + n[ x B(xo n). This proves
the first part of the theorem.

To prove the remaining part of the theorem, we use the equality U=Uon
[to — ., to + n] x B(xo, r) and the definition of U to find a sequence (f,, x,,) €
R ={to—n} x B(xo, n) Ulto — 1, to +n] x dB(xo, n), with t’ < t, such that

U (to, x0) < U(ty,, x,) + hyy—y (x;,, x0) = Ul(tg, x0)  asn — +00. (6-14)

Since K is compact, extracting if necessary, we can assume that (¢,, x,) —
(', x) € R and

U(t;;a 'xr/l) + ht()—t,/l (x;p xO) S U(t()’ xO) + 1
By continuity of U and convergence of (f,, x;,), we have
m = sup, U (to, x0) — U (1, x,) + 1 < +o0.

Therefore

hi—y (x,,, x) <m forall n.
Using the left side of the inequality (4-7) in Lemma 4.11, we obtain
—C(K)(to — 1) + Kd(xo, x,,) < hyy—y (x;,, x0) <m forall n and all K > 0.
Taking the limit as n — +o00 and reshuffling, we get
Kd(xog,x) <C(K)(tg—t')+m forall K > 0.

We now claim that t' < 7). We already know that ¢ < #, since ?,, < ty, for all n.
Suppose then by contradiction that ¢ = fy. The inequality above then implies

Kd(xg,x)<m forall K >0.

From m < +o00, we conclude xo = x’. Hence (¢, x") = (¢p, xo). This is a
contradiction, since (¢, x') € R = {to—n} x B(xo, n)U[to—1, to+n]x B (x0, 1).
Now that we know that ¢’ < £y, using the continuity of (s, x, y) — h,(x, y) for
(s, x,y) €]0, +oo[ x M x M we can pass to the limit in (6-14) to obtain

U(t07 X()) = U(t/a-x/)-i_h[o—l/(xlv xO)' D
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7. Calibrated curves, backward characteristics and differentiability

We again fix a Tonelli Hamiltonian H : T*M — R on the complete Riemannian
manifold (M, g) and denote its associated Tonelli Lagrangian by L : TM — R.

Definition 7.1 (calibrated curve). Let U : S — [—00, +0¢] be a function defined
on the subset S CR x M. A curve y : [a, b] — M is said to be U-calibrated
for the Lagrangian L if it is an absolutely continuous curve, with Graph(y) C S,
whose action L(y) = f: L(y(s), y(s))ds is finite and

b
U, yb) =Ula,y)+Ly)=Ula,y(a) +f L(y(s), y(s))ds.

Remark 7.2. (1) For such a U-calibrated curve y : [a, b] — M, since its action
is finite, if either U(a, y(a)) or U (b, y (b)) is infinite they are both equal and
infinite.

(2) It is not difficult to check that the property of being calibrated is stable
by concatenations of curves; i.e., if y; : [a,b] > M and y, : [b,c] — M are
U -calibrated, with y;(b) = y»(b), then so is the concatenation y = y; x ; :
la, c] - M, defined by

y1(t) fortela,b],

v = {yz(t) for 1 € [b, c].

(3) More generally, a curve y : [a, b] — M is said to be piecewise calibrated
if we can find a finite sequence a =ty < t; < --- < t; = b such that each
restriction y | [t;, t;i+1],i =0, ..., £ — 1 is U-calibrated. Of course, by part (2),
any piecewise U -calibrated is U -calibrated.

(4) Suppose u : O — R is a function defined on the subset O C M and ¢ € R.
If we define U : R x O — R by

U(t,x)=u(x)—ct,

it not difficult to see that the absolutely continuous curve y : [a, b] — M is
U -calibrated if and only if y ([a, b]) C O and

b
u(y (b)) —u(y(b) = / L(y(s), y(s)) +cds;

i.e., the curve y is (u, L, c)-calibrated as defined, for example, in [6].

Definition 7.3 (local backward characteristic). Let U : § — [—o0, +00] be a
function defined on the subset S C R x M. A local backward U -characteristic
ending at (¢, x) € S is a U-calibrated curve y : [t —€,t] = M, with € > 0 and
y() =x.
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More generally, a curve y : [a,t] — M is called a local backward U-
characteristic if it is a local backward U -characteristic ending at (¢, y (¢)) € S.

Theorem 6.5 obviously implies the following one:

Theorem 7.4. Suppose O C 10, +oo[ x M is an open subset. If U : O — Risa
continuous viscosity solution of the evolutionary Hamilton—Jacobi equation (1-1)
on O, then for every (t, x) € O, we can find a local backward U -characteristic
ending at (t, x).

In fact, the notion of U -calibrated curve, or of local backward U -characteristic
is useful when U is evolution-dominated as can be seen from Proposition 7.5
below, whose proof is quite similar to the case of stationary solutions of the
Hamilton—Jacobi equation. Again the proof is given for the reader convenience.
Notice that no continuity assumption has to be made on the function U which is
evolution-dominated by L. Note also that by Proposition 5.5, we can apply this
proposition when U : O — R is continuous and a viscosity subsolution of the
evolutionary Hamilton—Jacobi equation (1-1) on the open subset O C R x M.

Proposition 7.5. Suppose that the function U : S — [—00, +00] is evolution-
dominated by L on S CR x M and y : [a, b] - M is a U-calibrated curve.

(1) One of the following statements holds.
e U(t,y(t)) =400 foreveryt € [a, b].
e U(t,y(t)) = —o00 foreveryt € |a, b].
o |U(t,y ()| <400 foreveryt € [a, b].

(2) For any subinterval [a’,b'] C [a, b], the restriction y |[a’, b'] is also U-
calibrated.

(3) If S is an open subset of R x M and |U (¢, y (t))| is not identically +00, the
curve y : la, b] = M is a local minimizer of the action and, therefore, an
extremal of L.

Proof. Note that the action of y is finite (as required in Definition 7.1). To
prove (1), assume for example U (¢, v (tp)) = +oo for some #y € [a, b], then
by Proposition 5.3, we must have U (¢, y (t)) = +o0, for t € [a, to[. Therefore
Ul(a, y(a)) = +o00. Since y is U-calibrated, we also obtain U (b, y (b)) = +o00.
Hence U (t, y (t)) = +o00 everywhere on [a, b[, again by Proposition 5.3. The case
U (tg, v (tp)) = —oo for some 1y € [a, b] is similar and leads to U (¢, y (t)) = —0o0
everywhere on [a, b].

To prove (2) we first observe that, since L is bounded from below, the action
L(y |[a’, b']) is also finite for any subinterval [a’, b'] C [a, b]. In the case where
U is identically either +00 or —oo, this implies the U-calibration of y |[a’, b'],
for [a’, b'] C [a, b]. By 1), it remains to consider the case |U (¢, y (1))| < +o00,
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for every t € [a, b]. In that case, from the Definition 5.1 of evolution domination,
we obtain

U, y@)—Ula, y@) = / L(y(s), y(s))dr,

b/
U(b',V(b’))—U(a/,V(a’))Ef L(y(s),y(s))dr,

b
U, y®B)—UW®, y@®")) < fb L(y(s), y(s))dt,

But if we add the three inequalities above we obtain

b
U, y(b)-Ula,y(a) < / L(y(s), y(s))drt,

which is an equality. Therefore all three inequalities are equalities.

To prove (3), we observe that, when S is an open subset of R x M, any curve
8 : [a, b] = M close enough to y (in the C° topology) has a graph Graph(s)
which is also included in S. If §(a) = y (a) and §(b) = y (b), the U-calibration
of ¥ and the Definition 5.1 of evolution domination yield

b
U,y ) —-Ula,y(a)) = / L(3(s), 8(s)) dt,

for any absolutely continuous curve § : [a, b] — M, with §(a) = y(a) and
8(b) =y (b). But, since y is U-calibrated, by the definition of calibration, the left
side of the inequality is fabL(y (s), y(s)) dt. This proves the local minimization
property. By Tonelli’s theorem such a local minimizer is as smooth as L (or H)
and is an extremal of L. O

Theorem 7.6. Suppose O C R x M is an open subset. If U : O — Ris a
continuous viscosity solution of the evolutionary on Hamilton—Jacobi (1-1) on O,
then for every (t, x) € O, we can find a U -characteristic extremal y :la, t] - M
ending at (t, x) and such that either a = —o0 or y extends to a continuous
extremal y : [a, t] — M, with (a, y(a)) € 00.

By Theorem 6.5, we can find a U-calibrated curve y : [t — €, t] — O, with
y (t) = x. But this curve y is an extremal for the Lagrangian L. Therefore, we
can extend y to an extremal y : ]—oo, +00[ — M. Hence Theorem 7.6 follows
from the next lemma.

Lemma 7.7. Suppose O C 10, 400 x M is an open subset. If U : O — R is a
continuous viscosity solution of the evolutionary Hamilton—Jacobi equation (1-1)
on O. Assume that the curve y : ]—o00, +00[ — M is an extremal for L that is



154 ALBERT FATHI

U-calibrated on an interval [t — €, t] for some € > 0, then y is U-calibrated on
the maximal interval la, t] such that Graph(y |]a, t]) C O.

Proof. Consider the maximal interval ]a, ¢t] such that Graph(y |]a, t]) C O.
Define b as the infimum of the s € ]a, t] such that y : [s, t] is U-calibrated.
We have b <t — €. Suppose that b > a, then (b, y (b)) € O, and by continuity
of U, the restriction y |[b, t] is U-calibrated. By Theorem 7.4, there exists
a U-calibrated curve y : [b — n,b] — M, with n > 0 and y(b) = y(b). By
Remark 7.2(2), the concatenation y xy : [b—n, t] = M is also U-calibrated. By
Proposition 7.5(3), this U-calibrated curve % y is also an extremal for L. Since
yxy =y onl[t—e¢,t], witht —e <, we must have y xy =y on [b —n, t].
This implies that y |[b — 7, t] is U-calibrated, which contradicts the definition
of b. O

Theorem 7.8 (Lax—Oleinik). A continuous function U : [0, T[ x M — R that
is a viscosity solution of the evolutionary Hamilton—Jacobi equation (1-1) on
10, T[ x M satisfies the Lax—Oleinik formula

U(l’ x) = lnf U(O’ )’) +hl(y’ x)’
yeM

forallt > 0,x € M. The infinum is achieved for allt > 0,x € M.

Proof. Since U is a viscosity solution of the evolutionary Hamilton—Jacobi
equation (1-1) on ]0, T[ x M, by Proposition 5.5, it is evolution-dominated by
L on ]0, T[ x M. From Remark 5.2(2), it follows that U is strongly evolution-
dominated by L on ]0, T[ x M. By continuity of U on [0, T[ x M, we easily
obtain that U is strongly evolution-dominated by L on [0, T'[ x M. Therefore,
we have

U(tax) S lnf U(O’ y)—J’_ht(yvx)a
yeM

for all + > 0,x € M. To finish the proof of the first part of the theorem, it
suffices to show that, for a given (¢, x) € 10, T[ x M, there exists a U-calibrated
curve y : [0, ¢t] - M, with y(¢t) = x. Since, for a curve y : Ja, b] - M such
that Graph(y) C 10, T[ x M, we must have a > 0 and b < T, by Theorem 7.6
applied to the open set ]0, T'[ x M, we can find an extremal y : [a, t] — M that
is U-calibrated on Ja, t] with y(t) = x and (a, y(a)) € 9]0, T[ x M = {0} x M.
Hence a = 0, and the extremal y : [0, t] — M is U calibrated by continuity
of U. U

Corollary 7.9. Suppose U,V : [0, T[ x M — R are two continuous functions

that are viscosity solutions of the evolutionary Hamilton—Jacobi equation (1-1)

onl0, T[x M. IfU <V on {0} x M, then U <V everywhere on [0, T[ x M.
In particular, if U =V on {0} x M, then U =V everywhere on [0, T[ x M.
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8. The Lax—Oleinik semigroup and the Lax—Oleinik evolution

Definition 8.1. If u : M — [—o00, +0¢] is a function and ¢ > 0, the function
T, u: M — [—o0, +0o0] is defined by

T, u(x) = inf u(y) + h;(y, x).
yeM

We also set T\, u = u. The (negative) Lax—Oleinik semigroup is 7, , 7 > 0.
Definition 8.2 (Lax—Oleinik evolution). If u : M — [—o00, +00], we will denote
by i : [0, +00[ x M — [—00, +0¢] the function defined, for > 0, by

u(t,x) =T, u(x) = inf u(y)+h;(y, x)
yeM

and by (0, x) = u(x).
The function # is called the (negative) Lax—Oleinik evolution of u. We note
that # < +00 on ]0, +o0[ x M, if u is not identically +o0.

Proposition 8.3. For any function u : M — [—o00, +00], its Lax—Oleinik evolu-
tion i : [0, +oo[ x M — [—00, +00] is strongly evolution-dominated by L on
[0, +o0o[ x M.

Proof. This follows easily from the definition of & and Proposition 4.13(1). O

Remark 8.4. (1) If u is not identically +oc0, then (¢, x) < +oo for all ¢ in
10, +o0[ and x in M.

(2) If u(xp) = —oo for some xg € M, then i(t, x) = —oo for all ¢ in ]0, +o00[
and x in M.

(3) If u is not identically 4o0, then the set F,, = {x € M | u(x) # 400} is not
empty. If we set K ={0} x F,, and define U : K — [—o0, +00[ by U (0, x) =u(x),
for all (0, x) € K, then 7k jnf =0 and U = &1 on ]0, +00[ x M, where U is given
(see (6-1)) by
U(t,x) =inf{U(,X)+h,_;(x,x) | (f,X) € K and <t}
=inf{u(x) +h;(x,x) | x € F,}.

In particular, all the results given in Section 6 for functions of the type U hold
for Lax—Oleinik evolutions.

Theorem 8.5. Assume u : M — [—00, +00] is such that u(T, X) is finite for
some (T, X) €10, +00[ x M. Then u is finite, locally semiconcave and a viscosity
solution of the evolutionary Hamilton—Jacobi equation

0:i+ H(x,d,1n) =0,
on]0, T[ x M.



156 ALBERT FATHI

Proof. As explained above, this now follows from Theorem 6.2. (]
Examples 8.6. We give some examples of Lax—Oleinik evolution.

(1) For any Tonelli Lagrangian L : TM — R, we know that A;(y, x) > —C(0)t.
Therefore u(z, x) > infy; u — C(0)z. This implies that « is finite everywhere, on
10, +o0[ x M, for any function u : M —]—o00, +o0o[ which is bounded from
below and not identically equal to +oo.

(2) For any Tonelli Lagrangian L : TM — R, if M is compact, we know that
—C(0)t <h(y, x) <A(diam M/t). Since, for any function u : M — [—00, +00],
we have
u(t,x) = inf u(y) + h,(y, x),
yeM

we obtain
—C(0)t +i/111/]fu <u(t,x) < A(diam M /1) +i[1l1/[fu.

Hence, for a compact manifold # is finite everywhere on 10, +oo[ x M if and
only if u is bounded from below and not identically 4+oco. Therefore, for compact
M, the class of functions u for which i is finite on ]0, +00[ x M does not depend
on M.

(3) If AC M, we define E4 : M — {0, 400}

- 0 ifxeA,
Ealx) = .
oo otherwise.
Note that &, is identically 0, and Eg is identically 4-0co. Moreover, the function
E 4 is not identically 400 if A # &.
For a given Tonelli Lagrangian L : TM — R, and A # &, we obtain, from
(1), that E4 is finite everywhere on ]0, +oo[ x M, with

Ea(t, x) = inf h(y, x).
yeA

(4) If M =R" with the Euclidean metric, we consider the Lagrangian Ly(x, v) =
%ll v||?, where ||-|| is the usual Euclidean metric. We know from Example 4.12(1)
that 4, (x, y) = ||y — x||?/2t. For «, B > 0, consider the function ugp: M— R
defined by

la,p(x) = —at|x||”.
Its Lax—Oleinik evolution is given by
ly —x|?
2t

x> . Iyl? (y,x)
= + inf [ =— —a|y|lf + =2,
5 T g el :

figp(t, x) = inf —ay|? +
yeRn
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Therefore

(i) If B > 2 then ity g is identically —oo.
(ii) If B < 2 then ity g is finite everywhere.
@iii) If B =2, for (¢, x) € M, we have

finite iff <a/2,
Ugo(t,x)is 10 if (1, x) = (/2,0),

—o0  otherwise.
(5) If M =R" with the Euclidean metric, for a real number p > 4, we consider the
Lagrangian L ,(x, v) = %||v||2 + % lv]|?, where ||-|| is the usual Euclidean metric.
We know from Example 4.12(2) that &, (x, y) = ||y — x||?/2t + ||y — x||?/ ptP~ .
Therefore if, for 8 > 0, we consider the function

ug(x) = —lx)|”.

In this case, we have

dp (e, x) = inf —[IyIF + lly = xIP/2 + Iy = I/ pr" 7

hence iig is finite everywhere if 8 < p and is equal —oo everywhere for g > p.
It follows that, for a noncompact manifold M, the class of functions u for
which # is finite depends on the Lagrangian.

Some of the well-known properties of the Lax—Oleinik semigroup (7, );>0
(see [6]) are given in the following proposition.

Proposition 8.7. (1) (semigroup property) For everyt,t >0, we have T, ,, =

T, o T, . In particular, for everyt, t'>0andx,yeM,

T, u(x) < u@) +hy(x, ) < u(x) + AQO),
T () < T u(y) +hi(y, ),

thrt,u(x) <T,u(x)+h(x,x) <T,ulx)+A0).

(2) For everyu : M — [—00, 400], and every c € R, we have T; (u +c¢) =
T, (u) +c, for everyt > Q.

(3) Foreveryu,v: M — [—o0, +00] with u < v everywhere, we have T, u <
T, v, for every t > Q.

(4) Foreveryu,v: M — R, we have
—Nu—vlloo+ T v=T,u =T, v+|u— V|,

for everyt > 0.
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Here is a further observation on the Lax—Oleinik evolution.

Definition 8.8 (lower semicontinuous regularization). If u : M — [—o0, +00],
we define its lower semicontinuous regularization u_ : M — [—00, +00] by

u_(x) =liminfu(y) = sup inf u(y),
y—=>Xx Vv yeV

where the supremum is taken over all neighborhoods V of x. The function u_ is
the largest lower semicontinuous function which is < u.

Proposition 8.9. For every function u : M — [—00, +00], we have il = ii_ on
10, +o0[ x M.

Proof. Since u_ < u, we have ti_ < u. To prove the converse inequality, it
suffices to show that for (¢, x, y) € 10, +00[ x M x M, we have

u—(y) +hi(y, x) = inf u(z) +hi(z, x) = i(x).

By definition of #_(y), we can find a sequence y,, — y such that u(y,) — u_(y).
Since h,;( -, x) is continuous we obtain

u_(y)+hi(y,x) = lim u(y,)+h;(y,, x) > inf u(z) +h;(z,x). 0O
n——+4o00o zeM

We will now consider the Lax—Oleinik evolution of Lipschitz functions.
We start with a lemma connecting the Lipschitz property with the action and
the Lax—Oleinik semigroup.

Lemma 8.10. (1) For afunctionu: M — R, and a constant ¢ € R, the following
two conditions are equivalent:

e u(x)—u(y) <hg(y,x)+cs, foralls >0and x,y € M.
e u<T u+cs, foralls > 0.

(2) If a function u : M — R, for some ¢ € M satisfies u < T, u + cs, for all
s > 0, then so does T, u for all t > 0.

) If the function u : M — R is globally Lipschitz function, with Lipschitz
constant < A, then u < T, u + C(A)t, for all t > 0, where C(-) is the
function defined in (3-3).

4) If, for some c € R, the function v: M — R satisfies v < T, v+ ct, for all
t >0andx,y € M, then v is Lipschitz, with Lipschitz constant < A(1) +c,
where A(-) is the function defined in (3-4)

Proof. To prove (1), we note that the condition u(x) — u(y) < hy(y, x) +cs is
equivalent to u(x) < u(y) + hs(y, x) + cs. Therefore the two conditions in part
(1) are equivalent since T, u(x) = infycpr u(y) + hs(y, x).

Part (2) follows easily from parts (1), (2) and (3) of Proposition 8.7.
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To prove (3), using (4-9), we note that
u(x) —u(y) <id(x,y) < hg(y, x) +C()s.
To prove (4), we note that iy, y)(x, y) < A(1)d(x, y) by Lemma 4.11. Hence
v(y) —v(x) < hgee,y)(x, y) +ecd(x,y) <[A) +cld(x, y).

By symmetry, we conclude that the Lipschitz constant of v is < A(1) +c¢. U

We recall that a function u : M — R is said to be evolution-dominated by
L + c if it satisfies the equivalent properties of Lemma 8.10(1).
Proposition 8.11. The Lax—Oleinik evolution i of any (globally) Lipschitz func-
tionu : M — R is finite everywhere on [0, +00[ x M.

Moreover, for every constant A € [0, +00[, we can find a constant A such that
i has Lipschitz constant < A as soon as u has Lipschitz constant < M.

Proof. Assume that u : M — R has Lipschitz constant < A. By Lemma 8.10(3)
we have
u(x) < Tsu(x) + C(A)s,

for all s > 0. This implies that « is finite everywhere.
Lemma 8.10(2) yields

T ulx) <T; T, u(x)+ C(A)s, (8-1)

forallz, s € [0, +o0[, and x € M. Therefore, by Lemma 8.10(4), the Lax—Oleinik
evolution has a Lipschitz constant in x which is < A(1) + C(}).
To compute the Lipschitz constant in ¢, we note that, by the semigroup property,
we have
T u(x) < T u(x)+hg(x,x) < T u(x)+ A(0)s.

Combining this last equality with (8-1), we get
—C)s =T, u(x) —T; u(x) < A(0)s.
It follows that the Lipschitz constant in 7 of & is < max (|A(0)|, |C (A)|). This
finishes the proof of the existence of the constant A. (]
We next extend the results obtained above to uniformly continuous function.

Corollary 8.12. The Lax—Oleinik evolution i : [0, +00[ x M — R of a uniformly
continuous function u : M — R is finite everywhere and uniformly continuous.

Proof. By Lemma A.1 in the Appendix, there is a sequence of Lipschitz functions
u, : M — R such that ||u — u,||cc = 0 as n — 400. By Proposition 8.7(4), for
every ¢t > 0, and every n > 0, we have

—Nu—uplloo + Tty < T, u < T, up + llu — 1y || co-
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Therefore u is finite everywhere and ||t — i1, || oo < || —tty || oo = 0 as n — +00. By
Proposition 8.11, each function i, is Lipschitz. Therefore, again by Lemma A.1,
the uniform limit & of the Lipschitz functions #,, is uniformly continuous. [J

We then consider the case when u is Lipschitz in the large; see Definition A.2.

Corollary 8.13. For any finite constant K > 0, we can find a finite constant k
such that any function u : M — R Lipschitz in the large with constant K has a
Lax—Oleinik evolution i : [0, +oo[ x M — R, which is finite everywhere and
Lipschitz in the large with constant k on [0, +oo[ x M — R.

Proof. By Proposition A.4, we can find a Lipschitz function ¢ : X — R, with
Lipschitz constant K, such that ||u — ¢|ec = sup, ¢y [u(x) —@(x)| < K/2.

From Proposition 8.11, the Lax—Oleinik evolution ¢ is Lipschitz with a Lip-
schitz constant < A(K), where A(K) depends only on K. As in the proof of
Corollary 8.12, by Proposition 8.7(4), we have

i = Plloo < llu —¢lloc = K/2.

We can now apply again Proposition A.4 of the Appendix, to conclude that
i:[0,+00[ x M — R is finite everywhere and Lipschitz in the large with
constant k = max(A(K), K) on [0, +o0[ x M — R. U

Of course, in Corollary 8.13 the Lax—Oleinik evolution # of the Lipschitz
in the large function u : M — R is, as for all Lax—Oleinik evolutions, locally
Lipschitz on ]0, +o00[ x M, since it is everywhere finite on |0, +oo[ x M. We
will show in Theorem 9.5 that i is globally Lipschitz on [z, +o00[ x M, for every
to > 0.

Our goal now is the case to give properties of & near {0} x M when u is just
continuous or merely lower semicontinuous.

We start with a remark.

Remark 8.14. Suppose that U : [0, +oo[ x M — [—00, +00]. Denote by U*
the restriction of U to 10, +oo[ x M. If x € M, we can define
liminf U(¢, liminf U*(¢, and liminf U (0, y),

(#,y)—>(0,x) @5, (#,y)—>(0,x) t.) y—x ©.5)
where in the first case we take (¢, y) — (0, x) with t > 0 and y € M; in the case
of U* we take (¢, y) — (0, x) with t > 0 and y € M; and in the last case y — x
with y e M.

Of course we have

liminf U(t, y)< 11rn1nf U (t,y),
(t,y)—(0,x)

liminf U(t, y) < hmlnf U(O y).
(t,y)—(0,x)
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Since for any sequence (¢, y;) — (0, x), with t; > 0 and y; € M, either t; =0
for infinitely many i, or ¢; > O for infinitely many i, we conclude

liminf U(t,y) = min( hmlnf U*(t, y), 11m1nf U (0, y)) (8-2)
(#,y)—(0,x) —(0,x)

Theorem 8.15. Let L:TM — R be a Tonelli Lagrangian. If u: M — [—00, +00]
is a lower semicontinuous function such that its Lax—Oleinik evolution u :
[0, 400 x M, (¢, x) — T, u(x) is finite at some (T, X) € 10, +00[ x M, then it
satisfies the following properties:

(1) For every x € M, we have

lim inf u(t y)= liminf #*(¢,y) = u(x).
(,y)—>(0,x) (#,y)—>(0,x)

Therefore the function i is lower semicontinuous on [0, T[ x M.

(ii) For every x € M, we have

limsup #(t, y) =limsup u(y).
(t,)—(0.x) y—x

Therefore, if u is continuous on M then u is continuous on [0, T[ x M.
(iii) For every x € M, both limits lim,_, o u(f, x) = lim,_, o u* (¢, x) exist and

limi(t, x) = hm w (t, x) =ukx).
t—0 —0

For every x € M, the function t — u(t, x) + A(0)t is nondecreasing in t.

Proof. We first note that from Proposition 8.7(1), we have
u(t,y) <u(y)+ Az (8-3)

This obviously implies the equality in (ii). By the lower semicontinuity of u, this
also implies

liminf a*(z, y) <u(x).
(#,y)—(0,x)

Therefore, from (8-2), we conclude that

liminf #(z, y) = hmmf ut(t,y).
(t,9)—>(0,x) —(0,x)

To finish the proof of (i), it remains to show that

¢= liminf a*(,y) > u(x).
(t,y)—(0,x)

If £ = +o00, there is nothing to prove. Therefore we assume that £ < +o00. We
then choose a sequence (¢, y;) — (0, x), with #; > 0 such that

lim LAt(ll', yi)=4¢.
i—400
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We now note, again by Proposition 8.7(1), that for all (¢, y), (¢', y") € [0, +o00[ x
M, with t’ < t, we have

a(t,y) <a(t',y)+hi—pr(y',y). (8-4)
In particular, we get
ut,y) = u(T, X)+hr—(y, X), (8-5)
for all (¢, y) € [0, T[ x M. We then use
u(ti, yi) = inf u(z) + hy,(z, i)
zeM
to find a sequence z; € M such that
u(ti, yi) <u(zi) +hy (zi, yi) — £.

From (4-7), we know that &, (z, y;) > —C(0)t; — 0. Therefore, if z; admits x
as an accumulation point of the sequence z;, from the lower semicontinuity of u,
we would obtain

L= lim u(z;)+h;(z, y;) > liminfu(z;) > u(x).
1—>400 1—>400

It remains to consider the case when x is not an accumulation point of the
sequence z;. Therefore we can find € > 0 such that

d(x,z;) >¢ foralli. (8-6)
Since y; — x, neglecting the first terms of the sequence, we can assume
d(x,y;) <e foralli. (8-7)

For every i, we can now find a minimizer y; : [0, ;] — M, with y;(0) = z; and
¥i (ti) = yi. From (8-6) and (8-7), we can find #/ € 10, #;[ such that d (x, y; (t/)) =¢,
for all i. Since y; : [0, t;] — M is a minimizer, with y;(0) = z; and y; (t;) = y;,
we have

i (zis yi) = hy (zi, i) + hy g i (@), vi).
Therefore
u(zi) +hy (zi, yi) = u(@) +hy @i, vi () + hy g (i (@), yi)
> @], vi(t)) + hy, (i (), i)
Since the sequence y; (#/) is contained in the compact ball B(x,€e)andt; > 0<T,

from (8-5), we get

inf; a(t!, y; (1)) = k > —o0.
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Hence
u(Zi) + htl‘ (Zia )’1) Z K +hti7t;(yi(ti/)s yi),

which implies
€= lim u(z;)+hy(z,y) =+ lim b, (vi(t), yi). (8-8)
i——+00 i——+o00 !
For K > 0, we now use (4-8) and d(x, y;(t/)) = € to obtain

ho— (i (8, yi) = Kd(yi(t), yi) — C(K)(t; — 1))
> K(e —d(x, y1) — C(K)(t; = 1)).

Since y; — x and 0 <t/ <t; — 0, we obtain
. hm ht,’—t;(yi (tl/)v yl) Z KE-
1—>+00

Since € > 0 and K > 0 is arbitrary, we get
lim Ry (yi(t), yi) = +oo.
1—>+00

This contradicts (8-8), since £ < 400 and ¥ > —oo. This finishes the proof of
the equality in (i). The last part of (i) follows from this equality and the already
observed continuity of # on the open subset ]0, +T[ x M; see Theorem 8.5.
Note that this same continuity of & on ]0, +7[ x M, together with (i) and the
inequality in (ii), yields also the last part of (ii).

To prove the equality in (iii), we first note, using (i), that

u(x) = liminf #(z, y) <liminf a(z, x) < liminf a*(z, x).
(t,y)—(0,x) t—0 t—0

Moreover, from (8-3), we have
u(t, x) <u(x)+ A0y,

which yields
limsup 2™ (¢, x) <limsupu(t, x) < u(x).
t—0 t—0
The above inequalities on the lim inf’s and lim sup’s imply the equality in (iii).
The last statement in (iii) follows from the third inequality in Proposition 8.7(1),
which yields

a(t+t,x) <i(t,x)+AQ)¢ forallt,t' >0. O

Corollary 8.16. Let u : M — [—00, +00] be a lower semicontinuous function,
such that u(T, X) is finite for some (T, X) € 10, +00[ x M. Then for every
(t,x) €10, T[ x M, we can find a backward u-characteristic y : [0,1] — M
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ending at (t, x). In particular, for every (¢, x) € 10, T[ x M, we can find y € M
such that

w(t, x) =u(y) +hi(y, x).

Proof. Fix (t,x) € 10, T[ x M. From Theorem 7.6, we can find an extremal
y :[0, t]— M, with y (t) = x, which is &i-calibrated on 10, ¢]; i.e., for all s €10, ¢[,
we have

t
u(r, x) =u(s, )/(S))+/ L(y(0),y(0))do. (8-9)

Since (s, y(s)) — (0, y(0)) as s — 0, from part (i) of Theorem 8.15, we obtain
liminf, o (s, y(s)) > u(y(0)) = u(0, y(0)). Hence, if we let s — 0 in (8-9),
we obtain

u(t, x) = limiélfﬁ(s, y(5)) —l—/ L(y(o),y(0))do
s— 0

> (0, y(0)) + h, (y(0), x) > u(t, x).

Therefore all inequalities are equalities. Hence y is u-calibrated on the closed
interval [0, ¢]. O

We conclude this section with a proof that all continuous viscosity solutions
of the evolutionary Hamilton—Jacobi equation on an open set ]0, T[ x M are
given by a Lax—Oleinik evolution of a unique lower semicontinuous function.

Theorem 8.17. Assume U : 10, T[ x M — R, with T € ]0, +00] is a continuous
viscosity solution of the evolutionary Hamilton—Jacobi equation

U+ H(x,0,U)=0,

on 10, T[ x M. Then there exists a unique lower semicontinuous function u :
M — [—00, 400] such that U = it on 10, T[ x M. In fact, we have

u(x)= liminf U(t,y)=limU(z, x).
(t,y)—(0,x) t—0
Proof. If u exists, it follows from Theorem 8.15 that we must have
u(x)= liminf U(t,y)=1limU(z, x).
(#,y)—(0,x) t—0
This implies the uniqueness if u exists. To prove the existence, we define
u:M — [—o0, +00] by

u(x)= liminf U(z,y).
(#,y)—(0,x)

This function u is lower semicontinuous. We first show that # < U on ]0, T[ x M.
For this, we fix (¢, x) € 10, T[ x M. For any y € M, by definition of u#, we can
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find a sequence (#;, y;) € 10, T[ x M with
(ti, yi) = (0, y) and U(#;, y;) — u(y) asi— +o0.

Since U is a viscosity solution on [0, T[ x M, we know from Proposition 5.5
and Remark 5.2(2), that U is strongly evolution-dominated by L. Using that
t; > 0 < ¢, for i large, we must have

U(tv-x) 5 U(tia yl) ‘f‘ht—t;(Yi»x)-
If we let i — 400, we obtain
U(ta-x) Su(y)—i_hl(y’-x)

Since y € M is arbitrary, we conclude that U < i on 10, T[ x M.

It remains to show that &2 < U on ]0, T[ x M. The argument is almost identical
to the proof of last corollary. Fix (¢, x) € ]0, T[ x M. From Theorem 7.6, we
can find an extremal y : [0, t] - M, with y(¢) = x, which is U-calibrated on
10, t]; i.e., for all s € ]O, ¢[, we have

Ut x) = Us, () + f Ly (0).7(0)) do. (8-10)

Since (s, y(s)) — (0, y(0)) as s — 0, from the definition of u, we obtain
liminf,_.o U(s, y(s)) > u(y(0)). Hence, if we let s — 0 in (8-10), we obtain

t
Ut x) = limint UGs, y(5) + / Liy(o). (o)) do
§S—> O

> u(y(0)) + hi(y(0), x) > ia(z, x). O

9. Differentiability properties of the Lax—Oleinik evolution

Theorem 9.1 (differentiability theorem). Assume that the function U : O — R,
defined on the open subset O of R x M, is evolution-dominated by L. If the curve
y :la, bl - M, is U-calibrated for L, we have:

(1) Ift € la, b] then U is upper semicontinuous at (t, y(t)) and
(—E(y), 3, L(y (1), (1)) € DTU(t, y (1))
@i1) Ift € [a, b[ then U is lower semicontinuous at (t, y(t)) and
(—E(y), 0 L(y (@), y(®) € DU, y(1)).
(iii) For everyt € [a, b], if the function U is differentiable at (¢, y (1)), then

DU(t,y(0) = (—E(), %Ly (1), y (1) € T¢ )R x M =R x T} M.

y (@)

(iv) Ift € la, b, then U is indeed differentiable (hence continuous) at (t, y (t)).
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Proof. To prove (i), fix t € ]a, b]. By Proposition 5.4, there exists an open
subset O’ C O, with (¢, y(¢)) € O’, such that the restriction U | O’ is strongly
evolution domination by L. By continuity of y, we can then find [d¢’, '] C [a, D],
witha’ <t <¥b, and (s, y(s)) € O, for all s € [d’, b]. The strong L evolution
domination of U | O’ implies

Us,x) =U(d', y(@)) <hs—a(y(@),x) =H(s —a',y(d), x), 9-1)

for every (s, x) € O’, with s > a’. Applying this inequality with (s, x) = (¢, ¥ (1)),
and using that y |[d/, t] is U-calibrated, we obtain

t
// Ly(s),y()=Ut,y®)-Ud,y@) <Hit—d, y@),y®).

But fat, L(y(s),y(s)) >H(@—a', y(d), y(t)). Therefore the inequality above
is an equality. Subtracting this equality from the inequality (9-1), we get

UG, x)=Ut,y®) =H(s—d',y(@),x)—Ht—d', y@),y@®). (92

Since H is continuous, we first obtain from this inequality (9-1) the upper
semicontinuity. Moreover, inequality (9-1) together with the equality case at

(¢, y(t)) implies
D (H(t—c.y (1), y(c) C DU, y ().
But by Proposition 4.22, we have

(—E(), %Ly (1), (1)) € Df JH(t —c, y (1), y(0)).

The proof of (ii) is similar.

To prove (iii), we recall that if DU (¢, y(t)) exists then DTU(¢, y (1)) =
DU,y () ={DU(, y (1)}

To prove (iv), observe that, for z € Ja, b[, both DTU (¢, y (t) and D~ U (¢, y (t))
are nonempty by (i) and (ii). This implies that U is differentiable at (¢, x); see
for example [7, Proposition 3.3]. (]

Corollary 9.2. Assume L : TM — R is a Tonelli Lagrangian. Let U : [0, T[ x
M — R be evolution-dominated by L.

(1) If U is differentiable at (t, x), then there is at most one U-calibrated y :
[c,d] — M, witht €[c,d] and x = y ().

@{i) Ifyy:lcr,di]— M and y; :[ca, do] — M are U-calibrated curves such that
y1(t) =y2(t), with t € [c1, d1]1N[ca, do] and either t € ]y, di[ ort €]ca, do],
then y1 = y> on [c1, di]1N[c2, da].
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@{ii) If y1 : 10, c] = M and y, : [0, d] — M are two U-calibrated curves, with
¢ < d such that y\(t) = y»(t), for some t € [0, cl, if y1 and y, are not
identical on [0, c], then eithert =0 ort =c =d.

Proof. Part (i) follows from part (iii) of Theorem 9.1, since for any such minimizer
we have

U, x) =0, L(y (1), y(1)) =9, L(x, y (1)),

which shows that not only the position of the extremal y at time ¢ is fixed (= x)
but so is its speed at time 7.

Part (ii) follows from part (i). In fact, if either t € Jcy, di[ or t € |3, da[, then,
by part (iv) of Theorem 9.1, the function U is differentiable at (z, x).

To prove part (iii), we observe that part (ii) implies ¢ € {0, ¢} and ¢ € {0, d},
which implies either t =0 ort =c =d. U

The next corollary follows from the previous one applied to backward U-
characteristics.

Corollary 9.3. Assume L : TM — R is a Tonelli Lagrangian. Let
U:10,T[xM—>R
be evolution-dominated by L.

(1) If U is differentiable at (t,x) € 10, T[ x M, then there is at most one
backward U -characteristic y : 10, t] — M ending at (¢, x).

(ii) Ify :10,a]l — M is a backward U -characteristic, then U is differentiable
at every (t, y(t)), witht € 10, a[.

Proposition 9.4. Let u : M — [—00, +00] be a lower semicontinuous function
such that u(T, X) is finite for some (T, X) € 10, +oo[ x M. Then u is dif-
ferentiable at (t,x) € 10, T[ x M if and only if there is a unique backward
U-characteristic ending at (t,x). Moreover, the set of upper differentials
D™ii(t, x) is equal to the convex hull of all covectors (—E(y), 3,L(y(t), y (1)),
with y : [0, t] = M a backward ii-characteristic ending at (t, x).

Proof. By Theorem 6.5, we already know that u is locally semiconcave. We first
show that for a backward ii-characteristic y : [0, 1] — M ending at (¢, x), we
have (—E(y), 3,L(y (1), y (1)) € DTa(t, x).

Since y is calibrating for #, it is a minimizer; therefore we have

’H(t,)/(O),X)=fO L(y(s),v(s))ds,
and
u(t, x) =u(y(0)) +H(, y(0), x).
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By definition of i, we also have
a(t’, x) <u(y(0)) +H{', y(0), x"),

forall (', x") €10, +o00[ x M. This implies that D(J;’X)H(t, y(0), x) C DVii(t, x).

But by Proposition 4.22, we have (—E(y), 0, L(y (t), y (1)) € D(J;x)’H(t, y(0), x).

The rest of the proof is similar to the proof of Corollary 4.23. U
We now apply the results above to Lipschitz in the large functions; see A.2
for the definition.

Theorem 9.5. Assume that L : TM — R is a Tonelli Lagrangian. For every
finite constant K, ty > 0, we can find a constant . < 400 such that for any
u: M — R Lipschitz in the large with constant K , its Lax—Oleinik evolution i
is finite everywhere and (globally) Lipschitz on [ty, +00[ X M, with Lipschitz
constant < A.

Proof. Since ii =i on ]0, +00o[ x M, where u_ is the lower semicontinuous
regularization of # and u_ is Lipschitz in the large with the same constant
by Lemma A.3, without loss of generality, we can assume that u is lower
semicontinuous.

Since, from Corollary 8.13, the Lax—Oleinik evolution i is finite everywhere,
from Theorem 6.5, we obtain that it is locally semiconcave. Hence, the Lax—
Oleinik evolution # locally Lipschitz on ]0, +0oo[ x M. Therefore, we need
to show that the norm of derivative of # is bounded almost everywhere, on
[0, +00[ x M, by a constant that depends only on K and 7y, but not on .

From Corollary 8.16, for every (¢, x) € ]0, +o0o[ x M, we can find y € M
such that

u(t, x) =u(y)+h(y,x) =uly) +H,y, x). (9-3)
Since

HE, y,x)=h(y,x) <ulx)—u(y)+ A0 <K+ Kd(x, y)+ AQ)t.

We now use the fact that 2Kd(x, y) — CQK)t < h;(y, x) = H(¢, y, x), to get
Kd(x,y) < %[7—[ (t, v, x) + C(2K)t]. Combining with the inequality above, we
obtain

H(t, y,x) < K + L[H(, y, x) + C2K)t] + A(O)r.

Since H(t, y, x) = h;(y, x), the inequality above is equivalent to
H(t,y,x) <2K+CQ2K)t+2A0)t.

Therefore, we get

H(t’ty’ ) _ h’(yt’ 2 ZTK+C(2K)+2A(O) < 2I—K+C(2K)—|—2A(0). (9-4)
0
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By its definition, the Lax—Oleinik evolution # is strongly evolution-dominated
by L, as before, we have

ut',x")y <u(y)+H({, y,x") forall (¢, x") €10, +o0[ x M.
Subtracting from this last inequality the equality (9-3), we obtain
ut', x")y—i(t,x) <HE, y,x")—H(t,y,x) forall (', x") €]0, +oo[ x M.

If i is differentiable at (¢, x), since H is locally semiconcave, the inequality
above implies that (¢/, x") — H(¢', y, x') is differentiable at (¢, x), with

O:0(t, x) =0, H(t, y, x) and 0, (t, x) = 3, H(t, y, x).

By Corollary 4.24, this implies that H is differentiable at (¢, y, x). But by
Corollary 4.25 and (9-4), the derivative DH.(z, y, x) is bounded in norm by a
constant depending only on 2K 1, 'yc (2K) +2A(0). Therefore, the same is
true for the derivative of # at (¢, x). O

Appendix: Uniformly continuous and Lipschitz in the large functions

The following lemma is well-known.

Lemma A.1. Let N be a Riemannian manifold (not necessarily complete or
without boundary). Denote by d the distance on N associated to the Riemannian
metric. For any function u : M — R, the following conditions are equivalent:

(1) The function u is uniformly continuous (with respect to d).

(2) For every € > 0, we can find A < +00 such that
lu(x) —u(y)| < €+2nred(y, x).

(3) There exists a sequence of Lipschitz (for d) functions u, : M — R,n € N
such that u,, — u uniformly on M ; that is, the norm ||\ u —uy, || 0 approaches 0
asn — +00.

Proof. The implication (3) = (1) is well-known.
We now prove (1) = (2). Since u is uniformly continuous, we can find o > 0
such that
dix,y)<a=|u(y) —ulx)| <e.

For x, y € N fixed, we can find n € N such that no < d(x, y) < (n+ ). By
definition of the Riemannian distance, we can find a curve y : [0,£¢] — M,
parametrized by arc-length and such that y(0) = x, y(¥) = y, and d(x, y) <
L < (m+ Da. Wesetx; =y(ia), fori =0,...,n, and x,4+1 = y. Since
d(x;, xit1) <Ly |lia, i +Da]) =a,fori=0,...,n—1,and d(x,, x,41) <
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Lo(yna, £]) =€ —na < o, we get [u(x;) —u(xj41)| <€, fori =0,...,n.
Using n < d(x, y)/a, this yields

n n

lu(x) —u)| =D ulx;) —ulxiy)| < D lulx;) —ulxip)|

i=0 i=0
<(m+1De<e+ gd(x, y).
This proves (2) with A, = €/a.
It remains to prove (2) = (3). From (2), we get
ulx) —e <u(y)+xred(y, x).
Taking the infimum over y, we get

ux)—e< inAf/Iu(y)+A6d(y,x) <u(x).
Y€

The function u. : M — R defined by u.(x) = infyepr u(y) + Aed(y, x) has
Lipschitz constant < A., and satisfies ||ue — u]lco < €. U

We now recall the definition of Lipschitz in the large for a function, see [12,
Definition A.5].

Definition A.2. Let X be a metric space with distance d. A function u : X — R
is said to be Lipschitz in the large if there exists a constant K < 400 such that

lu(y) —u(x)| < K+ Kd(x,y) foreveryx,yeX. (A-1)

When the inequality above is satisfied, we say that u is Lipschitz in the large
with constant K.

Lemma A.3. Let X be a metric space with distance d. If u : X — R is Lipschitz
in the large with constant K , its lower semicontinuous regularization u_ is finite-
valued, Lipschitz in the large with the same constant K, and |u(x) —u_(x)| < K,
forevery x € X.

Proof. We can find a sequence x; — x such that u(x;) — u_(x). Taking the limit
in inequality (A-1), with y = x;, yields |u(x) —u_(x)| < K. We can also find a
sequence y; — y such that u(y;) — u_(y). Taking the limit in inequality (A-1),
with y = y; and x = x;, yields |u_(y) —u_(x)| < K + Kd(x, y). O

Proposition A.4. Let X be a metric space with distance d. For any function
u : X — R and any finite constant K > 0, the following two statements are
equivalent:

o The function u is Lipschitz in the large with constant K.

o There exists a Lipschitz function ¢ : X — R, with Lipschitz constant K, such
that ||u — @lloc = SUp,ep [u(x) —@(x)| < K/2.
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Proof. If u satisfies |u(y) —u(x)| < K + Kd(x, y), for every x, y € X. We get
—K 4+ u(y) <u(x)+ Kd(x, y). If we define the function ¢ : X — R by

K
e(y)=inf u(x) + —+ Kd(x, y),
xeM 2

we get —K/2+u(y) <¢(y) <u(y)+ K /2. Therefore ¢ is finite everywhere. It
is also Lipschitz with Lipschitz constant K < 400, and ||u — ¢|lcc < K /2.

To prove the converse, assume ¢ : X — R has Lipschitz constant < K, and
lu — @lloo < K /2, we have

lu(y) —u@)] < |u(y) =M+ 1e(y) — )|+ lpx) —u(x)]

K K
§5+Kd(x,y)+3=K+Kd(x,y). U
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