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for elements of an algebra
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1. Introduction

We introduce a notion of deformation of expressions for elements of an algebra.
Deformation quantization [Bayen et al. 1978a; 1978b] deforms the commutative
world into a noncommutative world. In contrast, our formalism involves the
deformation of expressions of elements of algebras from one commutative world
into another.

2. Definition of �-functions and intertwiners

Let CŒw� be the space of polynomials in one variable w. For a complex parame-
ter � , we define a new product on this space:
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We see easily that �� makes CŒw� into a commutative and associative algebra,
which we denote by .CŒw�;�� /. If �D0, then .CŒw�;�0/ is the usual polynomial
algebra, and � 2 C is called a deformation parameter. What is deformed is not
the algebraic structure, but the expression of elements.

Intertwiners and infinitesimal intertwiners. It is not hard to verify that the
mapping
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gives the intertwiner from .CŒw�;�� / onto .CŒw�;�� 0/. Its differential
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is called the infinitesimal intertwiner.
Defining wn

�� by I �
0
wn we get

wn
��DPn.w; �/D

X
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4kk! .n�2k/!
�kwn�2k : (2-3)

Let Hol.C/ be the space of all entire functions on C with the topology of uniform
convergence on each compact domain. Hol.C/ is known to be a Fréchet space
defined by a countable family of seminorms. It is easy to see that the product
�� extends naturally to f;g 2 Hol.C/ if either f or g is a polynomial. By the
inductive limit topology CŒw� is a complete topological algebra with uncountable
basis of neighborhoods of 0. We easily see the following:

Theorem 2.1. For a polynomial p.w/, the multiplication p.w/�� is a contin-
uous linear mapping of Hol.C/ into itself. By polynomial approximations, the
associativity f �� .g��h/D .f ��g/��h holds if two of f;g; h are polynomials.
Hol.C/ is a topological CŒw� bimodule.

Star-exponential functions and �-expressions. We now study the deformation
of the exponential function eaw. Although the ordinary exponential function
eaw is not a polynomial, the intertwiner I �

0
given by (2-2) extends to give

I �0 .e
2aw/D e2awCa2�

D ea2� e2aw; � 2 C: (2-4)

Using Taylor expansion, we get

e2aw
�� e2bw

D e2.aCb/wC2ab� ; e2aw
��f .w/D e2awf .wC a�/; (2-5)

for every f 2 Hol.C/. We have also associativity,
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2bw
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�� e2bw/��f .w/;

for every f 2 Hol.C/. Computation via intertwiners gives
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s2� 0 esw:

We denote by esw
� the family fe

1
4

s2� eswI � 2 Cg and call this the �-exponential
function.

Associated with polynomials and exponential functions f .w/, we construct a
family of functions

ff� .w/I � 2 Cg; f� D I �0 .f .w//; (2-6)
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which is denoted by f�.w/. We view f�.w/ as an element of the abstract algebra.
Given f we refer to the object (2-6) as a �-function. Using the notation W � W� we
write

Wf�.w/W� D f� .w/:

We view Wf�W� as the � -expression of f�. Then we have Wesw
� W� D e

1
4

s2� esw . We
call the right-hand side the � -expression of esw

� . The product formula (2-1) gives
the exponential law
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� W��� We

tw
� W� D We

.sCt/w
� W� ; for all � 2 C: (2-7)

Note that Wetw
� W� is the solution for every � of the differential equation dg.t/=dtD

w��g.t/ with the initial condition g.0/ D 1. It is easy to see the exponential
law etw

� es D etwCs
� holds for the ordinary exponential function es . The formula

Wetw
� W� D

P
n tn=n! Wwn

�W� also holds.
For every f 2 Hol.C/, the formula (2-5) gives

We2sw
� W���f .w/D e2swCs2�f .wC s�/: (2-8)

Using this, we have several basic properties of �-exponential functions:

Proposition 2.1. Associativity holds in every � -expression:

erw
� �.e

sw
� �f /D e.rCs/w

� �f D erw
� �.f �e

sw
� /:

If f .w/ 2 Hol.C/ satisfies Weisw
� W���f .w/D 0, then f .w/D 0.

As We2niw
� W� D e�n2�e2niw , if Re �>0, then We2niw

� W� tends to 0 very quickly.
Using this we have:

Proposition 2.2. If a power series
P1

nD0 anzn has a positive radius of con-
vergence, then We`iw

� W���
P1

nD0 anWe
niw
� W� is an entire function of w for every

` 2 Z.

On the other hand we note the following:

Proposition 2.3. If `�3 and � 6D0, the radius of convergence of the power seriesP1
nD0 tn=n! Wwn`

� W� in t is 0. That is, etw`�
� cannot be defined as a power series

for `� 3.

Applications to generating functions. As is well known, exponential functions
contribute to construct generating functions. We now show how �-exponential
functions relates to generating functions.

The generating function of the Hermite polynomials is given by
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This is the Taylor expansion formula of We
p

2tw
� W�1.

Noting that etaw
� D

P
.tn=n!/.aw/n� and setting
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;

we see Hn.w/DW.
p

2w/n�W�1. Hence it is easy to see that Hn.w/ is a polynomial
of degree n. For every � 2C, we define the �-Hermite polynomials Hn.w;�/ by
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; (2-9)

where
Hn.w; �/D WHn.w;�/W� and Hn.w;�1/DHn.w/:
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where H 0n.w; �/D @H.w; �/=@w.
The exponential law yieldsX
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On the other hand, differentiating both sides of (2-9) with respect to w gives
p

2nHn�1.w;�/DH 0n.w;�/. Differentiate again and use the equality above to
get
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the Hermite polynomial Hn.w;�/ is obtained via the formula
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The orthogonality of fHn.w; �/gn is shown under the condition Re � < 0 as
follows:Z

R
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Hm.w; �/dw:

If n 6Dm, one may suppose n>m without loss of generality. Hence this vanishes
by the integration by parts n times. For the case nDm, we set
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The generating function of the Bessel functions Jn.z/ is known to be

eiz sin s
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Keeping this in mind, we define �-Bessel functions by
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Replacing s by sC�=2 gives
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and basic symmetric properties hold. First we see Jn.aw;�/D .�1/nJ�n.aw;�/.
Replacing w by �w in the first equality gives Jn.�aw;�/D J�n.aw;�/. Since
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Setting s D 0, we see in particular 1D
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The exponential law of left-hand side of the defining equality gives that
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and
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If a2C b2 D 1, then
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The generating function of the Legendre polynomials Pn.z/ is
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is viewed as the Taylor expansion of the left-hand side. Using the Laplace
transform, we rewrite the left-hand side, and we see
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This implies also that
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Replacing the exponential function in the integrand by the �-exponential
function, we define �-Legendre polynomial by

1
p
�

Z 1
0

1
p

s
e�s.1�2t.wCa/Ct2/
� ds D

1X
nD0

Pn.wC a;�/tn:

As We�s.1�2t.wCa/Ct2/
� W� D e�s2t2

e�s.1�2t.wCa/Ct2/, we assume that Re � < 0
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As the variable z is used formally in (2-10), the same formula as in (2-10) holds
for �-exponential functions; i.e.,
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By means of this trick we see that
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Generating functions for Bernoulli numbers, Euler numbers and Laguerre
polynomials will be mentioned in later sections, for there are some other problems
for the treatment.

Jacobi’s theta functions, and imaginary transformations. For arbitrary a 2 C,
consider the �-exponential function et.wCa/

� . Since Wet.wCa/
� W� D e

�
4

t2

et.wCa/,
we see, by supposing Re � < 0, that this is rapidly decreasing on R. Hence bothZ 1

�1

Wet.wCa/
� W� dt and

1X
nD�1

Wen.wCa/
� W�

converge absolutely on every compact domain in w to give entire functions of w.
In this section, we treat first a special case �.w;�/ D

P
n e2inw
� under the

condition Re � > 0. If we set q D e�� , the � -expression �.w; �/D W�.w;�/W� is
given by �.w; �/D

P
n2Z qn2

e2niw . This is Jacobi’s elliptic � -function �3.w; �/.
Furthermore, Jacobi’s elliptic theta functions �i ; i D 1� 4 are � -expressions of
bilateral geometric series of �-exponential functions as follows (cf. [Andrews
et al. 1999]):

�1.w;�/D
1

i

1X
nD�1

.�1/ne.2nC1/iw
� ; �2.w;�/D

1X
nD�1

e.2nC1/iw
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�3.w;�/D

1X
nD�1

e2niw
� ; �4.w;�/D

1X
nD�1

.�1/ne2niw
� :

(2-11)

This was fact mentioned in [Omori 2007], but no further investigation of this
fact has been made.

The exponential law eawCs
� D eaw

� es for s 2 C gives that the �i.w;�/ are
2�-periodic. (Precisely, �1.w;�/ and �2.w;�/ are alternating �-periodic, while
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�3.w;�/ and �4.w;�/ are �-periodic.) Furthermore the exponential law (2-7)
gives the trivial identities

e2iw
� ��i.w;�/D �i.w;�/; .i D 2; 3/;

e2iw
� ��i.w;�/D��i.w;�/; .i D 1; 4/:

For every � such that Re � > 0, �-expressions of these are given by using
We2iw
� W� D e��e2iw and (2-8) as follows:

e2iw���i.wC i�; �/D �i.w; �/; .i D 2; 3/;

e2iw���i.wC i�; �/D��i.w; �/; .i D 1; 4/:
(2-12)

�i.wI �/ is a parallel section defined on the open right half-plane, but the ex-
pression parameter � turns out to give the quasi-periodicity with the exponential
factor e2iw�� .

Noting that .e2iw
� �1/��3.w;�/ D 0 in the computation of �� -product, we

have

Proposition 2.4. If f 2 Hol.C/ satisfies f .wC�/D f .w/ and

W.e2iw
� �1/W���f D 0;

then f D cW�3.w;�/W� ; c 2 C.

Proof. By periodicity, the Fourier expansion theorem gives

f .w/D
X

ane2inw;

but by the formula of �-exponential functions, this is rewritten as

f .w/D W
X

cne2inw
� W� :

This gives the result, for the second identity implies cnC1 D cn. �

Two different inverses of an element and �-delta functions. The convergence
of bilateral geometric series for a �-exponential functions is responsible for
somewhat strange features. If Re � > 0, the �-expressions of

P1
nD0 e2niw

�

and �
P�1

nD�1 e2niw
� both converge in Hol.C/ to give inverses of the element

W.1�e2iw
� /W� , and �3.w; �/ is the difference of these inverses. We denote these

inverses by using short notations:

.1�e2iw
� /�1

�C D

1X
nD0

e2niw
� ; .1�e2iw

� /�1
�� D�

1X
nD1

e�2niw
� ;

.1�e�2iw
� /�1

�C D

1X
nD0

e�2niw
�
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Apparently, this breaks associativity:�
.1�e2iw

� /�1
�C�� .1�e2iw

� /
�
�� .1�e2iw

� /�1
��

6D .1�e2iw
� /�1

�C��

�
.1�e2iw

� /�� .1�e2iw
� /�1

��

�
:

Similarly, �4.w;�/ is the difference of two inverses of 1C e2iw
� :

.1C e2iw
� /�1

�C D

1X
nD0

.�1/ne2niw
� ; .1C e2iw

� /�1
�� D�

1X
nD1

.�1/ne�2niw
� :

Note also that

2eiw
� �

X
n�0

.�1/ne2inw
� and 2e�iw

� �

X
n�0

.�1/ne�2inw
�

are both �-inverses of 1
2
.eiw
� C e�iw

� /. We denote them by

.cos�w/�1
�C and .cos�w/�1

��:

Then, we see that

2i�1.w;�/D .cos�w/�1
�C� .cos�w/�1

��:

Every �i.w;�/ is written as a difference of two different inverses.
Next, we note the similar phenomenon as above for the generator of the

algebra:

Proposition 2.5. If Re �>0, then for every a 2 C, the integrals

i

Z 0

�1

Weit.aCw/
� W� dt; �i

Z 1
0

Weit.aCw/
� W� dt

converge in Hol.C/ to give inverses of aCw.

Denote these inverses by

W.aCw/�1
�CW� D i

Z 0

�1

Weit.aCw/
� W� dt;

W.aCw/�1
��W� D�i

Z 1
0

Weit.aCw/
� W� dt; Re � > 0:

The difference of these two inverses is given by

.aCw/�1
�C�.aCw/

�1
�� D i

Z 1
�1

eit.aCw/
� dt; Re � > 0: (2-13)

The right-hand side may be viewed as a ı-function in the world of �-functions.
We set

ı�.aCw/D
1

2�

Z 1
�1

eit.aCw/
� dt; Re � > 0; (2-14)
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and call (2-14) the �-ı function. We see easily that .aCw/�ı�.aCw/ D 0.
Note that .aCw/�1

�CCciı�.aCw/ gives the inverse of aCw for any constant c.
In the ordinary calculus,

R1
�1

eit.aCx/ dt D 2�ı.aC x/ is not a function
but a distribution. By contrast, in the world of �-functions, the �-expression
Wı�.aCw/W� of ı�.aCw/ is an entire function:

Wı�.aCw/W� D
1

2�

Z 1
�1

e�
1
4

t2�eit.aCw/ dt

D
1
p
��

e�
1
�
.aCw/2 ; Re � > 0; a 2 C: (2-15)

Jacobi’s imaginary transformations. By (2-15), we see that the series

Q�1.w;�/D
X

n

.�1/nı�

�
wC

�

2
C�n

�
; Q�2.w;�/D

X
n

.�1/nı�.wC�n/;

Q�3.w;�/D
X

n

ı�.wC�n/; Q�4.w;�/D
X

n

ı�

�
wC

�

2
C�n

�
;

converge in the � -expression for Re � > 0. These may be viewed as �-periodic
or �-alternating periodic �-delta functions on R. As e2�in D 1, we have the
identities

e2iw
� �

Q�i.w;�/D Q�i.w;�/ .i D 2; 3/;

e2iw
� �

Q�i.w;�/D� Q�i.w;�/ .i D 1; 4/:

By a slight modification of Proposition 2.4, we have �i.w;�/ D ˛i
Q�i.w;�/,

˛i 2 C. Note that ˛i does not depend on the expression parameter � . Taking the
� -expressions of both sides at � D � and setting w D 0, we have ˛i D

1
2

.

Proposition 2.6. We have �i.w;�/ D
1
2
Q�i.w;�/ for i D 1 � 4. The Jacobi

imaginary transformation is given by taking the � -expression of these identities.

This may be proved directly as follows. Since f .t/ D
P

n e2.nCt/iw
� is a

periodic function of period 1, the Fourier expansion formula gives

f .t/D
X
m

Z 1

0

f .s/e�2�ims dse2� imt

and

�3.w;�/D f .0/D
X
m

Z 1

0

�X
n

e2.nCs/iw
�

�
e�2�ims ds:

Since e�2�ims D e�2�im.sCn//, we have
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f .0/D
X
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X
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X
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1

2

X
m

ı�.wC�m/:

Hence (2-15) gives

�3.w; �/D
2�

2
W

X
n

ı�.wC�n/W� D

r
�

�

X
n

e�
1
�
.wC�n/2

D

r
�

�
e�

1
�
w2
X

n

e��
2n2��1�2�n��1w

D

r
�

�
e�

1
�
w2

�3

�
�w

i�
;
�2

�

�
: (2-16)

This is a remarkable explicit relation between two different expressions (view-
points).

In particular, Jacobi’s theta relation is obtained by setting w D 0 in (2-16):

�3.0; �/D

r
�

�
�3

�
0;
�2

�

�
: (2-17)

This will be used to obtain the functional identities of the �-zeta function in a
forthcoming paper.

Calculus of inverses. We first note that the method of constant variation creates
many inverses of a single element. By the product formula .aCw/�, a 2 C, is
viewed as a linear operator of Hol.C/ into itself. If � 6D 0,

.aCw/�� f .w/D 0

gives a differential equation .aCw/f .w/C �
2
@wf .w/ D 0. Solving this, we

have
.aCw/�� Ce�

1
�
.aCw/2

D Ce�
1
�
.aCw/2

�� .aCw/D 0:

The method of constant variation gives a function ga.w/ such that

.aCw/��ga.w/D ga.w/�� .aCw/D 1:

Thus, we have

ga.w/D
2

�

Z 1

0

e
1
�
..aCwt/2�.aCw/2/w dt CCe�

1
�
.aCw/2 ; � 6D 0: (2-18)

This breaks associativity:�
e�

1
�
.aCw/2

�� .aCw/
�
�� ga.w/ 6D e�

1
�
.aCw/2

�� ..aCw/�� ga.w//:
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If bCw has also two different �-inverses, then by providing a 6D b, the four
elements

1

b�a

�
.aCw/�1

�˙� .bCw/
�1
�˙

�
(with independent ˙ signs) give respectively �-inverses of .aCw/�.bCw/.
Thus, we define �-inverses with independent ˙-sign by

.aCw/�1
�˙�.bCw/

�1
˙ D

1

b�a

�
.aCw/�1

�˙� .bCw/
�1
�˙

�
: (2-19)

Direct computation of the �-product shows that, for any a; b 2 C; a 6D b,�
.aCw/�1

�C�.aCw/
�1
�

�
�
�
.bCw/�1

�C�.bCw/
�1
��

�
D 0:

Half-series algebra. It is well known that if a formal power series satisfiesP1
nD0 anzn D 0, then an D 0. This is proved by setting z D 0 to get a0 D 0,

and then taking @zjzD0 to get a1 D 0 and so on. Hence this method cannot be
applied to formal power series

P1
nD0 aneniw

� .
We suppose Re � > 0 throughout this subsection. A formal power series

z`
P1

nD0 anzn, ` 2 Z, is called convergent if
P1

nD0 anzn has a positive radius
of convergence. Proposition 2.2 shows that for a convergent power series of this
form,

f .w/D We`iw
� �

1X
nD0

aneniw
� W�

is an entire function of w. Hence if f .w/D 0, then Proposition 2.1 gives

1X
nD0

aneniw
� W� D 0;

and a0 D 0 by taking w! i1. Thus the repeated use of Proposition 2.1 shows
all the an vanish.

The product of two convergent power series is a convergent power series. If
z`
P1

nD0 anzn (`2Z) is a convergent power series, its inverse
�
z`
P1

nD0 anzn
��1

obtained by the method of indeterminate constants is also a convergent power
series. We denote by HC the space of power series We`iw

� �
P1

nD0 aneniw
� W� made

by convergent power series z`
P1

nD0 anzn. We call HC the half-series algebra.
Its fundamental property is this:

Theorem 2.2. .HC;�� / is a topological field of periodic entire functions of w
of period 2� .
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Proof. The proof is completed by showing the uniqueness of the inverse. It is
reduced to showing that

1X
nD0

aneniw
� W���

1X
kD0

bkekiw
� W� D 0;

and a0 6D 0 gives
P1

kD0 bkekiw
� W� D 0. The repeated use of Proposition 2.1 gives

all bn D 0. �

Euler numbers. Recall the generating function of Euler numbers,

2

ezC e�z
D

ez

1C e2z
C

e�z

1C e�2z
D

1X
nD0

E2n

1

.2n/!
z2n; jzj< �:

The left-hand side is a convergent power series obtained by the method of
indeterminate constants. Hence Proposition 2.2 gives

eeiw
�
� �

�
1C

1X
kD0

2kekiw
�

1

k!

��1

C e�eiw
�

� �

�
1C

1X
kD0

.�2/kekiw
�

1

k!

��1

D

1X
nD0

E2n

1

.2n/!
e2niw
� ; (2-20)

where

e˙eiw
�

� D

1X
`D0

.˙1/`

`!
e`iw
� :

On the other hand, by using the formal power series of .iw/n�, we can compute
the inverses �

1C

1X
kD0

.2iw/k�
k!

��1

;

�
1C

1X
kD0

.�2iw/k�
k!

��1

by the method of indeterminate constants. Hence we have also

eiw
� �

�
1C

1X
kD0

.2iw/k�
1

k!

��1

C e�iw
� �

�
1C

1X
kD0

.�2iw/k�
1

k!

��1

D

1X
nD0

E2n

1

.2n/!
.iw/2n

� : (2-21)

It is clear that the replacement .iw/k� by ekiw
� gives (2-20). It is interesting to

compare the left-hand side with eiw
� .1C e2iw

� /�1
�CC e�iw

� �.1C e�2iw
� /�1

�C. We
are naturally led to the following:



184 HIDEKI OMORI, YOSHIAKI MAEDA, NAOYA MIYAZAKI AND AKIRA YOSHIOKA

Conjecture. By using another expression parameter � 0 such that Re � 0 > 0 and
Re.��� 0/ > 0, the � 0-expression of eiw

� .1C e2iw
� /�1

�CC e�iw
� �.1C e�2iw

� /�1
�C is

an entire function of w. Denote this by

Weiw
� .1C e2iw

� /�1
�CC e�iw

� �.1C e�2iw
� /�1

�CW� 0 D

1X
nD0

a2n.�; �
0/W.iw/2n

� W� 0 ;

and regard the right side as a � 0-expression of the �-function
P

n a2n.�; �
0/.iw/2n

� .
Then, the replacement .iw/2n

� by e2inw
� gives

W

X
n

an.�; �
0/eniw
� W� 0 D W

1X
nD0

E2n

1

.2n/!
e2niw
� W��� 0 :

Bernoulli numbers. Recall here the generating function of Bernoulli numbers:

z
�1

2
C

1

ez�1

�
D

z

2

� 1

ez�1
�

1

e�z�1

�
D

1X
nD0

B2n

1

.2n/!
z2n:

One computes z

ez�1
and �z

e�z�1
by the method of indeterminate constants as�X

n

zn

.nC 1/!

��1

D

X
B2n

1

.2n/!
z2n
�

1

2
z;

�X
n

.�z/n

.nC 1/!

��1

D

X
B2n

1

.2n/!
z2n
C

1

2
z;

as in (2-20), the right-hand side is a convergent power series. Hence we have

1

2

�X
n

eniw
�

.nC 1/!

��1

C
1

2

�X
n

�eniw
�

.nC 1/!

��1

D

1X
nD0

B2n

1

.2n/!
e2niw
� : (2-22)

On the other hand, we have for every � 0 a formal power series

W
1

2

�X
n

.iw/n�
.nC 1/!

��1

C
1

2

�X
n

.�iw/n�

.nC 1/!

��1

W� 0 D

1X
kD0

B2k W
.iw/2k

�

.2k/!
W� 0 ;

where both sides are computed as formal power series of .iw/. It is clear that
the replacement .iw/2k

� by e2kiw
� in the right-hand side gives
1X

kD0

B2k

.e2kiw
� /

.2k/!
:

Hence, we have the same conjecture for

W
1
2
iw�

�
.eiw
� �1/�1

�C�.e
�iw
� �1/�1

�C

�
W��� 0 :
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3. Srar-functions made by tempered distributions

Throughout this section, we assume Re � > 0. Note that

Wı�.x�w/W� D
1
p
��

e�
1
�
.x�w/2

is rapidly decreasing. Suppose f .x/ has ejxj
˛

growth on R with 0<˛ < 2. Then
the integral

R
f .x/Wı�.x�w/W�dx is well-defined to give an entire function with

respect to w.
The next theorem is a key tool in extending the class of �-functions via the

Fourier transform:

Theorem 3.1. For every tempered distribution f .x/, the � -expression ofZ 1
�1

f .x/ı�.x�w/ dx

is an entire function of w whenever Re �>0. In particular,

ı�.a�w/D

Z 1
�1

ı.x�a/ı�.x�w/ dx:

Although the product ı�.x�w/�ı�.x�w/ diverges, the next one is important:

ı�.x�w/�ı�.x
0
�w/D ı.x�x0/ı�.x

0
�w/ (3-1)

in the sense of distributions. This is proved directly as follows:

ı�.x�w/�ı�.x
0
�w/D

� 1

2�

�2
“

eit.x�w/
� �eis.x�w/

� dt ds

D

� 1

2�

�2
“

eitxCisx0e�i.tCs/w
� dt ds

D

� 1

2�

�2
“

eis.x0�x/ei�.x�w/
� ds d�

D ı.x0�x/ı�.x�w/:

For every tempered distribution f .x/, we define a �-function f�.w/ by

f�.w/D

Z 1
�1

f .w/ı�.x�w/ dx D
1
p

2�

Z 1
�1

Lf .t/e�itw
� dt: (3-2)

where Lf .t/ is the inverse Fourier transform of f .x/. Since f .x/ is a tempered
distribution, one may writeZ

f .x/Wı�.x�w/W� dx D
1

2�

“
f .x/eitx

We�itw
� W� dt dx

under the existence of a rapidly decreasing function We�itw
� W� in the integrand.
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By the definition of the Fourier transform of tempered distributions, one may
exchange the order of integration. Letting Lf .t/ be the inverse Fourier transform
of f .x/, we have

W

Z
R

f .x/ı�.x�w/ dxW� D
1
p

2�

Z
R

Lf .t/We�itw
� W� dt D Wf�.w/W� : (3-3)

If another �-function is given by g�.w/ D
R

g.x/ı�.x�w/ dx, we define
their product by

f�.w/�g�.w/D

Z 1
�1

f .w/g.w/ı�.x�w/ dx

D
1
p

2�

Z � 1
p

2�

Z
Lf .t��/ Lg.�/d�

�
e�itw
� dt; (3-4)

if f .x/g.x/ is defined as a tempered distribution or the convolution product
Lf � Lg.t/ D .1=

p
2�/

R
Lf .t��/ Lg.�/d� is defined as a tempered distribution.

Hence (3-4) may be viewed as an integral representation of the intertwiner
I �

0
.f .x//D f�.w/. If f .x/ is a slowly increasing function (a function with a

value at each point x 2R and a tempered distribution), applying (3-4) to the case
g�.w/D ı�.a�w/ gives

f�.w/� ı�.a�w/D

Z
f .x/ı.a�x/ı�.x�w/ dx D f .a/ı�.a�w/: (3-5)

Applications. The function 1=.a�w/, for a 62R, is slowly increasing. Recalling
our assumption that Re � > 0, it is not hard to verify thatZ

1

a�x
ı�.x�w/ dx D

(
.a�w/�1

�C if Im a< 0;

.a�w/�1
�� if Im a> 0:

Define

Y�.w/D lim
"#0

Z 1
"

ı�.x�w/ dx; Y�.�w/D lim
"#0

Z �"
�1

ı�.x�w/ dx:

It is clear that

@w lim
"#0

Z 1
"

ı�.x�w/ dx D� lim
"#0

Z 1
"

@xı�.x�w/ dx D ı�.�w/D ı�.w/:

Using (3-1) we have

Y�.w/CY�.�w/D

Z
R

ı�.x�w/ dx D 1

and Y�.w/�Y�.w/D Y�.w/, Y�.w/�Y�.�w/D 0.
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Defining
sgn�.w/D Y�.w/�Y�.�w/;

we have sgn�.w/� sgn�.w/DY�.w/CY�.�w/D 1, sgn�.w/Csgn�.�w/D 0.
Since ı�.z�w/ is holomorphic in z, the Cauchy integral theorem implies that

every contour integral vanishes; but we see easily that, for every simple closed
curve C ,

1

2� i

Z
C

1

z
ı�.z�w/ dz D ı�.w/; Re � > 0:

Note that v.p. 1=x and Pf. x�m, for m 2 N, are tempered distributions rather
than functions; but their Fourier transform may be viewed as slowly increasing
functions. Hence we see that

v:p:
Z

R

1

x
ı�.x�w/ dx D

�i
p

2�

Z
R

r
�

2
sgn.t/e�itw

� dt D
1

2
.w�1
�CCw

�1
��/;

Pf:
Z

R

x�mı�.x�w/ dx D
�i

2

Z
R

1

.m�1/!
.�i t/m�1 sgn.t/e�itw

� dt

D .�1/m�1 1
2
.w�m
�C Cw

�m
�� /:

Periodical distributions. A tempered distribution f .x/ is said to be 2�-periodic
if it satisfies f .x C 2�/ D f .x/. For every distribution f .x/ with compact
support, the infinite sum

P
n f .xC2�n/ is a 2�-periodic tempered distribution.

The fundamental relation between 2�-periodic tempered distributions and Fourier
series is X

n

ı�.aC 2�nCw/D
X

n

ein.aCw/
� : (3-6)

A continuous function f .x/ on Œ��; �� extends to a (not continuous) 2�-periodic
function Qf�.x/ to give a 2�-periodic tempered distribution, where

Qf�.x/D
1

2�

X
n

�Z �

��

f .s/e�ins ds

�
einx
D

X
n

aneinx :

Hence
Qf��.w/D

Z
R

Qf�.x/ı�.x�w/ dx D
X

aneinw
� : (3-7)

4. Star-exponential function of w2
�

As we have seen, the �-exponential function esh�.w/
� is well-behaved if the order

of h.w/ is less than 2. In this section, we treat the �-exponential function of
quadratic formw2

�. As e�tx2

is a slowly increasing function of x for Re t �0, the
integral

R
R

e�tx2

ı�.x�w/ dx defines a semigroup e�tw2
�

� under the expression
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parameter Re � > 0. Noting that Ww2
�W� Dw

2C �=2 in the � -expression, we now
define the star-exponential function of w2

� by the real analytic solution of the
evolution equation

d

dt
ft D Ww

2
�W���ft ; f0 D 1; (4-1)

or explicitly

d

dt
ft D

�2

4
f 00t C �wf

0
t C

�
w2
C
�

2

�
ft ; f0 D 1:

To solve this, we set Wft W� Dg.t/eh.t/w2

by taking the uniqueness of real analytic
solution in mind. Then, we have a system of ordinary differential equations:8<:dh.t/=dt D .1C �h.t//2; h.0/D 0;

dg.t/=dt D 1
2
.�2h.t/C �/g.t/; g.0/D 1:

The solution Wetw2
�

� W� is given by

Wetw2
�

� W� D
1

p
1�� t

e
t

1�� t
w2

; whenever � ¤ 1; t� 6D 1 (double-valued): (4-2)

It is rather surprising that the solution has a branching singular point, and hence
this does not form a complex one parameter group whenever � 6D 0 is fixed.
Moreover, the solution is double-valued with respect to the variable t . This
solution is obtained also via the intertwiner I �

0
etw2

of (4-4). Here that there is
no restriction on � : one obtains etw2

�
� for every � .

Generating function of Laguerre polynomials. L
.˛/
n .x/ is given as follows:

1

.1�t/˛C1
e�

t
1�t

x
D

X
n�0

L.˛/n .x/tn .jt j< 1/:

If ˛ D�1
2

, this is the � D�1 expression of e�tw2
�

� , that is,

We�tw2
�

� W�1 D
1

.1�t/
1
2

e�
t

1�t
w2

D

X
n�0

L.�1=2/
n .w2/tn:

Using these, we define the �-Laguerre polynomials Ln.w
2; �/D WLn.w

2;�/W� :

etw2
�

� D

X
n

L.�1=2/
n .w2;�/

1

n!
tn;

L.�1=2/
n .w2; �/D

dn

dtn

ˇ̌̌
tD0

1

.1�t�/
1
2

e
1

�.1�t�/
w2

e�
1
�
w2

:

(4-3)
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As t D 0 is a regular point, this is well defined, and the exponential law gives

L.�1=2/
n .w2;�/D

X
kC`Dn

L
.�1=2/

k
.w2;�/�L

.�1=2/

`
.w2;�/:

Setting xDw2, we have
d

dt

x˛�1

.1�t�/˛
e

1
�.1�t�/ D

d

dx

1

�

x˛

.1�t�/˛C1
e

1
�.1�t�/ :Using

this, we see that

dn

dtn

ˇ̌̌̌
tD0

1

.1�t�/
1
2

e
1

�.1�t�/
w2

e�
1
�
w2

D

�
��n dn

dxn

�
x

1
2
Cne

1
�

x
��

x�
1
2 e�

1
�

x :

It follows that setting x D w2

L.�1=2/
n .x; �/D

1

n!

�
��n dn

dxn

�
x

1
2
Cne

1
�

x
��

x�
1
2 e�

1
�

x :

As in the case of Hermite polynomials, this formula is used to obtain the
orthogonality of fL.�1=2/

n .x; �/gn by restricting x to the real axis and supposing
Re � < 0. Namely, we want to showZ

R

x
1
2 e

1
�

xL.�1=2/
n .x; �/L.�1=2/

m .x; �/ dx D ın;m:

First note that Ln.x; �/ is a polynomial of degree n, andZ
R

x
1
2 e

1
�

xL.�1=2/
n .x; �/L.�1=2/

m .x; �/ dx

D

Z
R

1

�n

1

n!

�
dn

dxn
x

1
2
Cne

1
�

x

�
L.�1=2/

m .x; �/ dx:

If n 6Dm, one may suppose n>m. Hence this vanishes by integration by parts
n times.

For the case nDm, recalling that L
.�1=2/
n .x; �/ is a polynomial of degree n,

and applying dn=dxn to both sides of the second equality in (4-3), we have

dn

dxn
L.�1=2/

n .x; �/D
1

n!

dn

dtn

ˇ̌̌̌
tD0

dn

dxn

1

.1�t�/
1
2

e
t

1�t�
x

D
1

n!

dn

dtn

ˇ̌̌̌
tD0

tn

.1�t�/
1
2
Cn

e
t

1�t�
x :

But the last term does not contain x, for it must be of degree 0. Hence

dn

dxn
L.�1=2/

n .x; �/D
1

n!

dn

dtn

ˇ̌̌̌
tD0

tn

.1�t�/
1
2
Cn
D 1:

In spite of double-valued nature of etw2
�

� , one can treat Wetw2
�

� W� as a continuous
function on any continuous curve C that does not hit singular points. In particular,
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one can treat the integral Z
C

Wetw2
�

� W� dt

without ambiguity. The uniqueness of real analytic solutions gives the exponential

law e
sw2
�

� �e
tw2
�

� D e
.sCt/w2

�
� :

1
p

1��s
e

s
1��s

w2

��
1

p
1�� t

e
t

1�� t
w2

D
1p

1��.sC t/
e

sCt
1��.sCt/

w2

:

Indeed this holds through calculations such as
p

a
p

b D
p

ab;
p

a=
p

aD
p

1D˙1:

Similarly, we have the exponential law es�e
tw2
�

� D e
sCtw2

�
� with an ordinary

scalar exponential function es .

Intertwiners are 2-to-2 mappings. Recall that the intertwiner I �
0

� is defined by
e

1
4
.� 0��/@2

w . For the case of exponential functions of quadratic forms, this is
treated by solving the evolution equation

d

dt
ft .w/D @

2
wf .w/; f0.w/D ceaw2

:

Setting ft D g.t/eq.t/w2

, this equation is changed into8<:dq.t/=dt D 4q.t/2 q.0/D a;

dg.t/=dt D 2g.t/q.t/ g.0/D c:

Solving this we get g.t/eq.t/w2

D
c

p
1�4ta

e
a

1�4ta
w2

. Plugging in t D 1
4
.� 0��/,

we obtain

I �
0

� .ceaw2

/D
cp

1�.� 0��/a
e

a
1�.�0��/a

w2

:

To reveal its double-valued nature, we rewrite this equality as

I �
0

�

�
c

p
1�� t

e
t

1�� t
w2

�
D

c
p

1�� 0t
e

t
1��0t

w2

: (4-4)

Since the branching singular point of the double-valued parallel section of the
source space moves by the intertwiners, I �

0

� must be viewed as a 2-to-2 mapping.
To describe (4-4) more clearly, we take two sheets with slit from ��1 to1,

and denote points by .t IC/� or .t I �/� . I �
0

� has the property that

I �
0

� ..t I˙/� /D .t I˙/� 0
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as a set-to-set mapping, and one may define this locally as a 1-to-1 mapping.
Note that

I �� 00I
� 00

� 0 I �
0

� ..t;˙/� /D .t;˙/� ;

but this is neither the identity nor �1. This depends on t discontinuously.
On the other hand, we want to retain the feature of being a complex one-

parameter group. For that purpose, we have to set

We0w2
�

� W� D 1

as the multiplicative unit for every expression. The problem is caused by another
sheet, for we have to distinguish 1 and �1.

It is important to recognize that there is no effective theory to understand such
a vague system. This is something like an “air pocket” of the theory of point-set
topology. As it will be seen in the next section, this system forms an object
which may be viewed as a “double covering group” of C. This is absurd since C

is simply connected!

5. Extended notions for group-like objects

Recall that Wetw2
�

� W� does not form a group. However, using various expression
parameters � 6D 0, etw2

�
� behaves like a group. To handle the group-like nature

of the one-parameter family of �-exponential function etw2
�

� , we introduce the
notion of a blurred covering group of a topological group by using the notion
of local groups. Thus, fetw2

�
� I t 2 Cg is viewed as a blurred covering group of

the abelian group fetw2

I t 2 Cg. We need such a strange notion to understand
the strange behavior of �-exponential functions for quadratic forms of several
variables.

In spite of Lie’s third theorem, which asserts that every finite-dimensional Lie
algebra is the Lie algebra of a Lie group, we see in this section that the notion
of local Lie groups is much wider than that of Lie groups, since it has to treat
singular points.

A topological local group with unit. Recall that Wetw2
�

� W� is defined for t in
Cnf1=�g. Abstracting the property of an open connected neighborhood D of the
identity e of a topological group leads to this:

Definition 5.1. A topological space D is called a topological local group with
identity e if the following conditions are satisfied:

(a) For every g 2D, there are neighborhoods U of g and V of e such that both
gh and hg are defined continuously for every g 2 U , h 2 V .

(b) g�1 is defined on an open dense subset of D and it is continuous.
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(c) Associativity holds whenever both sides are defined.

A blurred covering group of a topological group. Let G be a locally simply
arcwise connected topological group and let fO˛I˛ 2 Ig be an open covering
of G. It may be helpful to keep in mind the correspondence

G$ C; ˛$
1

�
; O˛$ Cn

n
1

�

o
; � $ Z2; zG$ fetw2

�
� g

in order to understand the following abstract conditions:

(a) For every ˛2I , O˛ contains the identity e. We call O˛ an abstract expression
space, and ˛ an expression parameter.

(b) For every ˛ 2 I , O˛ is open, dense and connected, but it may not be simply
connected.

(c) For every ˛; ˇ 2 I , there is a homeomorphism �
ˇ
˛ W O˛! Oˇ.

(d) For every g; h 2 G, there is ˛ 2 I and continuous path g.t/, h.t/ 2 G,
t 2 Œ0; 1�, such that

g.0/D h.0/D e; g.1/D g; h.1/D h and g.t/; h.t/;g.t/h.t/

are in O˛ for every t 2 Œ0; 1�.

An open covering fO˛I˛ 2 Ig is called a natural covering of G if it satisfies
(a)–(d). Condition (c) shows that there is an abstract topological space X homeo-
morphic to every O˛ . We consider a connected covering space � W zX !X . This
is same to say we consider a connected covering �˛ W zO˛ ! O˛ for each ˛. It
is easy see that ��1

˛ .e/ is a group given as a quotient group of the fundamental
group of O˛. As G is locally simply connected, ��1

˛ .e/ forms a discrete group,
and �ˇ˛ lifts to an isomorphism Q�ˇ˛ W��1

˛ .e/!��1
ˇ
.e/. We denote ��1

˛ .e/D�˛ ,
and the isomorphism class is denoted by � .

Choose Qe˛ 2 ��1
˛ .e/ and call Qe˛ a tentative identity. For any continuous path

g.t/ in O˛ such that g.0/ D g.1/ D e, the continuous chasing among the set
��1.g.t// starting at Qe˛ gives a group element  2 �˛.

By a standard argument, it is easy to make zO˛ a local group such that �˛ is a
homomorphism: We define first that Qe˛ Qe˛ D Qe˛. For paths g.t/, h.t/, g.t/h.t/

such that they are in O˛ for every t 2 Œ0; 1� and g.0/D h.0/D e, we define the
product by a continuous chasing among the set-to-set mapping

��1
˛ .g.t//��1

˛ .h.t//D ��1
˛ .g.t/h.t//:

We set O˛ˇ D O˛ \Oˇ and O˛ˇ D O˛ \Oˇ \O , for simplicity.
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As G is locally simply connected, the full inverse ��1
˛ V of a simply connected

neighborhood V � O˛ of the identity e 2 G is the disjoint union
`
�
zV�, each

member zX� of which is homeomorphic to V .
Moreover ��1

˛ O˛ˇ is also a local group for every ˇ.

Isomorphisms modulo � . For every ˛; ˇ, we define the notion of “isomorphism”
I
ˇ
˛ of local groups, which corresponds to the notion of intertwiners in the previous

section:

zO˛ � ��1
˛ O˛ˇ

I
ˇ
˛ - ��1

ˇ Oˇ˛ � zOˇ

O˛ �

�˛

?
O˛ˇ DDD Oˇ˛ � Oˇ

�ˇ

?

such that I˛
ˇ
D .I

ˇ
˛ /
�1, but the cocycle condition I

ˇ
˛ I



ˇ
I˛ D 1 is not required

for O˛ˇ .
Since the correspondence I

ˇ
˛ does not make sense as a point-set mapping, we

should be careful about the definition.
Note that I

ˇ
˛ is a collection of 1-to-1 mapping I

ˇ
˛ .g/ W �

�1
˛ .g/! ��1

ˇ
.g/ for

every g 2 O˛ˇ D Oˇ˛, which may not be continuous in g.
For each g there is a neighborhood Vg of the identity e such that Vgg � O˛ˇ

and the local trivialization ��1
˛ .Vgg/D Vgg���1

˛ .g/. Thus I
ˇ
˛ .g/ extends to

the correspondence

zIˇ˛ .h;g/ W �
�1
˛ .hg/! ��1

ˇ .hg/; h 2 Vg;

which commutes with the local deck transformations.

Definition 5.2. The collection I
ˇ
˛ D fI

ˇ
˛ .g/Ig 2 O˛ˇg is called an isomorphism

modulo � , if I˛
ˇ
.hg/zI

ˇ
˛ .h;g/ is in the group � for every g 2 O˛ˇ and h 2 Vg.

(It follows the continuity of I
ˇ
˛ .hg/ with respect to h.)

The condition given by this definition means roughly that I
ˇ
˛ .g/ has discontinuity

in g only in the group � .
zGD fzO˛; �˛; I

ˇ
˛ I˛; ˇ 2 Ig is called a blurred covering group of G if each zO˛

is a covering local group of O˛ , where fO˛I˛ 2 Ig is a natural open covering of a
locally simply arcwise connected topological group G and I

ˇ
˛ are isomorphisms

modulo � .
Because of the failure of the cocycle condition, this object does neither form

a covering group, nor a topological point set. However, this object looks like a
covering group.
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For g, let IgDf˛ 2 I IO˛ 3gg be the set of expression parameters involving g.
For every ˛ 2 I.g; h;gh/D Ig\Ih\Igh, we easily see that ��1

˛ .g/��1
˛ .h/D

��1
˛ .gh/. In general, this is viewed as set-to-set correspondence, but if g or h is

in a small neighborhood of the identity, we can make these correspondence a
genuine point-set mapping. Hence, we have the notion of indefinite small action
or infinitesimal left/right action of small elements to the object. This corresponds
to the infinitesimal action w2

�� or �w2
� in the previous section.

Next, we choose an element Qe˛ 2 ��1
˛ .e/, and call it a local identity. We call

��1
˛ .e/ the set of local identities of zG. The failure of the cocycle condition gives

that M˛ Qe˛ may not be a single point set, but forms a discrete abelian group.
Hence an identity of our object is always a local identity.

Since G is locally simply connected, there is an open simply connected
neighborhood Vˇ of e contained in Oˇ . Hence, there is the unique lift zVˇ through
Qeˇ. Setting zVˇ D zVˇ \ zV and so on, we see easily that I



ˇ
. zVˇ /D zVˇ.

The f Qg˛ 2 QO˛I˛ 2 Ig may be viewed as an element of zG if I
ˇ
˛ Qg˛ D Qgˇ,

but this is not a single point set by the same reason. In spite of this, one can
distinguish individual points within a small local area.

The �-exponential function ezw2
�

� may be viewed as a blurred covering group
of C by treating this as a family fWezw2

�
� W� I �g, where the feature of complex one

parameter group is retained.

Several remarks for the equation .w2
��a2/�f D 0. If f satisfies w2

��f D

a2f , then eta2

f is the real analytic solution of the evolution equation

d

dt
ft .w/D w

2
��ft .w/;

with the initial value f . Hence, one may write etw2
�

� �f D eta2

f by defining the
�-product by this way. Next one gives a justification:

Proposition 5.1. If Re � > 0, then Wetw2
�

� �ı�.wC˛/W� is holomorphic in t 2 C.
That is, ˚

Wetw2
�

� W� I t 2 C
	

acts on ı�.wC˛/W� as a genuine one parameter group. That is,

Wetw2
�

� W��� Wı�.wC˛/W� D et˛2

Wı�.wC˛/W� :

(See (3-3).)

Proof. Since f .w/��eaw D f .wC a�=2/eaw, we see

Wetw2
�

� W��� We
i�.wC˛/
� W� D

1
p

1�t�
e

t
1�t�

w2C i�
1�t�

wCi�˛� �
4.1�t�/

�2

:
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If Re � > 0 and t 6D ��1, the integralZ
R

Wetw2
�

� W��� We
i�.wC˛/
� W� d�

D
1

p
1� t�

e
t

1�t�
w2� 1

�.1�t�/
.wC˛.1�t�//2

Z
R

e�
�

4.1�t�/
.�� 2i

�
.wC˛.1�t�//2d�

converges. A calculation similar to that leading to (2-15) givesZ
R

exp
�
�

�

4.1�t�/

�
� �

2i

�
.wC˛.1� t�//2

��
d� D

2
p
�.1� t�/
p
�

:

Note that t D ��1 is a removable singularity in this integral. Hence,

Wetw2
�

� W��� Wı�.wC˛/W� D
1
p
��

e˛
2te�

1
�
.wC˛/2

D et˛2

Wı�.wC˛/W� D et.�˛/2
Wı�.�˛�w/W� : �

Note. This exemplified the fact that even though the family fetw2
�

� ; t 2 Cg does
not form a group, it can act as a genuine one-parameter group on some restricted
family. This gives also an example that the formula etw2

�
� D

R
etx2

ı�.x�w/ dx

does not extend for t 2 C.

The equation .˛2�w2
�/�f D0 can be solved by the Fourier transform. Namely,

by setting f D f˛.w/D
R
Of˛.t/e

itw
� dt , the equation is changed intoZ

Of˛.t/.˛
2
�w2
�/�e

itw
� dt D

Z
Of˛.t/

�
˛2
C

d2

dt2
eitw
�

�
dt D 0:

Integration by parts gives

Of˛.t/D aei˛ t
C be�i˛ t ; a; b 2 C:

Hence we have

f˛.w/D

Z
.aei˛t

C be�i˛t /eitw
� dt; a; b 2 C:

If Re �>0, the right-hand side makes sense for any ˛ 2 C. This is equivalent to
giving the solution as

f˛.w/D aı�.wC˛/C bı�.w�˛/:

By (2-15), the � -expression of f˛.w/ is

Wf˛.w/W� D
1
p
��

�
ae�

1
�
.wC˛/2

C be�
1
�
.w�˛/2

�
:
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Thus, the equation .˛2�w2
�/�f D 0 is solved uniquely by the boundary data

f˛.0/ and f 0˛.0/. Let ˆ˛.w; �/, ‰˛.w; �/ be the solutions of .˛2�w2
�/�f D 0

such that

ˆ˛.0; �/D 1; ˆ0˛.0; �/D 0; ‰˛.0; �/D 0; ‰0˛.0; �/D 1:

As these are linear combinations of �-delta functions, Proposition 5.1 shows that
ezw2

�
� �ˆ˛.w;�/, ezw2

�
� �‰˛.w;�/ are defined without singularity. This shows

that the singular point of the differential equation dft=dt D .w2C �=2/��ft

depends on the initial functions. If f0 D 1, the solution Wetw2
�

� W� has a singular
point at t D ��1, but if f0 Dˆ�.w; �/ or ‰�.w; �/, there is no singular point.

On the other hand, the integral along a closed path
R

C 2 ez.�Cw2
�/

� dz satisfies

.�Cw2
�/�

Z
C 2

ez.�Cw2
�/

� dz D 0;

where C 2 is the path turning around the same circle C twice avoiding singular
points, so the integrand is closed on that path. As

R
C 2 ez.�Cw2

�/
� dz is a function

of w2, we see that
R

C 2 We
z.�Cw2

�/
� W� dz D ˛ˆ�.w; �/, the constant ˛ being given

by the value at w2 D 0. Hence, we haveZ
C 2

Wez.�Cw2
�/

� W� dz D

Z
C 2

ez�

p
1�z�

dzˆ�.w; �/: (5-1)

Computing the Laurent expansion of e.�
�1Cs2/�

s
p
��

at s D 0 and setting z D s2 we
see that Z

C 2

ez�

p
1�z�

dz D 0;

the secondary residue a�2 does not appear in the Laurent series. Hence, we have
the following extraordinary property:

Proposition 5.2.
Z

C 2

ez.�Cw2
�/

� dz D 0 for any closed path C 2.

Besides integrals along closed paths, the integral along a noncompact path � ,Z
�

Wez.�Cw2
�/

� W� dz D

Z
�

ez�

p
1�z�

e
z

1�z�
w2

dz;

converges if � is suitably chosen under Re � > 0. By the continuity of .�Cw2
�/�,

the integral must satisfy

.�Cw2
�/�

Z
�

ez.�Cw2
�/

� dz D

Z
�

d

dz
ez.�Cw2

�/
� dz D 0:

This integral has a remarkable feature: it is given as the difference of two
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inverses of �Cw2
�. Specifically, let �˙ be different paths from �1 to 0 such

that � D �C n��. Then,Z 0

�C

ez.�Cw2
�/

� dz�

Z 0

��

ez.�Cw2
�/

� dz

is nontrivial and satisfies the equation .�Cw2
�/�f D 0.

Residues and Laurent series. Note that Wezw2
�

� W� has a branching singular point
at z D ��1. Let D be a small disk with center at ��1. Let s be the complex
coordinate of the double covering space zD� of Dnf1=�g such that z D s2C ��1.
We view Wezw2

�
� W� as a single-valued holomorphic function of s on the double

covering space zD�. The residue at s D 0 is defined as the coefficient a�1 of 1=s

in the Laurent series expansion at the isolated singular point s D 0. We extend
the term residue to mean 0 at a regular point.

Using (4-2), we see that the 1-form

We.�
�1Cs2/w2

�
� W� ds D

ds

s
e
� w2

�2s2
1
p
��

e�
1
�
w2

D
1
p
��

e�
1
�
w2

�
1

s
�
w2

�2s3
C

w4

2! �4s5
� � � �

�
ds (5-2)

has terms only of negative odd degrees in s. The 1-form We.�
�1Cs2/w2

�
� W� ds may

be written as

Wezw2
�

� W�
dz

2
p

z� ��1
;

by setting a suitable slit. The Cauchy’s integral theorem gives that the residue is
given by

ReszD��1.Wezw2
�

� W� /D
1

2� i

Z
zC

We.�
�1Cs2/w2

�
� W� ds

D
1
p
��

e�
1
�
w2 1

2� i

Z
zC

1

s
e
� 1

s2�2
w2

ds

D
1
p
��

e�
1
�
w2

; (5-3)

where zC corresponds to C 2, the path turning around the same circle C D @D

twice so that the integrand is closed. As there are only two singular points, sD 0

and s D1, one does not need to take the radius of C small, but one may set
jsj D 1. It is very suggestive to compare the residue formula with the (2-15). If
Re � > 0, then

1
p
��

e�
1
�
w2

D
p
�� Wı�.w/W� :
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Note also that the integral obtaining the residue may be replaced as follows by
taking the ˙ sheet and the slit in mind:

ReszD��1.Wez.�Cw2
�/

� W� /D
1

2� i

Z
C 2

Wez.�Cw2
�/

� W�
dz

2
p

z���1

D
1

2� i

Z
C

Wezw2
�

� W�
ez�dz
p

z���1
; (5-4)

where C 2 means the union CC and C� of C viewed as a curve in ˙-sheets.
Note that the ˙-sign changes on ˙ sheets. The existence of the slit keeps the
integrand single-valued, and dz is treated as �dz in the negative sheet. Hence
dz=
p

z���1 does not change sign on the opposite sheet.

Discontinuity of Laurent coefficients. Recall that

We.�
�1Cs2/.�Cw2

�/
� W� D e�

�1� 1
p
��

e�
1
�
w2 1

s
e
�s2� 1

s2
w2

�2 : (5-5)

We can write the Laurent series for 1
s
e
�s2� 1

�2s2
w2

as

� � �C
c�.2kC1/.�; �; w/

s2kC1
C� � �C

c�1.�; �/

s
C c1.�; �; w/sC c3.�; �; w/s

3
C� � � ;

without terms of even degree. We have c2kC1.�; �; w/D 0 at � D 0 for k � 0,
by (5-2). Hence the Laurent series of We.�

�1Cs2/.�Cw2
�/

� W� is given byX
k2Z

a2k�1.�; �; w/s
2k�1

D e�
�1� 1
p
��

e�
1
�
w2
X

k

c2k�1.�; �; w/s
2k�1;

a2k�1.�; �; w/D RessD0

�
Ws�2ke.�

�1Cs2/.�Cw2
�/

� W�

�
;

a�1.�; �; w/D
e
�
�

p
��

e�
1
�
w2
X

k

.��/k

k! k!

�
w

�

�2k
: (5-6)

Note that every a2k�1.�; �; w/ can be written in the form

a2k�1.�; �; w/D e�
�1� 1
p
��

e�
1
�
w2

p2k�1.�
�1; w2/;

for some polynomial p2k�1.�
�1; w2/. The following is easy to see.

Proposition 5.3. a2k�1.0; �; w/D 0 for 2k�1� 0, and a2k�1.�; �; 0/D 0 for
2k�1��2. Hence a2k�1.0; �; 0/D 0 except for kD 0: a�1.0; �; 0/D 1=

p
�� .

A strange fact arises by writing these as integrals:
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a2k�1 D
1

2� i

Z
zC

Ws�2ke.�
�1Cs2/.�Cw2

�/
� W� ds

D
1
p
��

e�
1
�
w2

e
�
�

1

2� i

Z
zC

1

s2kC1
e
�s2� 1

�2s2
w2

ds;

where zC is any simple closed curve in the covering space Cnf��1g turning
positively around ��1. By Cauchy’s theorem, it does not depend on zC , hence it
may be infinitesimally small. Integration by parts gives

W.�Cw2
�/W���a2k�1 D W

1

2� i

Z
zC

1

2
s�2k�1 d

ds
e.�
�1Cs2/.�Cw2

�/
� dsW�

D
�
kC 1

2

� 1

2� i

Z
zC

s�2k�2
We.�
�1Cs2/.�Cw2

�/
� W� ds

D
�
kC 1

2

�
a2kC1: (5-7)

(If � D 0, (5-2) shows that a2kC1 D 0 for k � 0.)
There is a strange phenomenon as follows.

Proposition 5.4. Although (5-7) implies W.�Cw2
�/W���a2k�1.�; �/ 6D0, we have

Wet.�Cw2
�/

� W���a2k�1.�; �/D 0

for any t 6D 0, and this is not continuous at t D 0. Hence, differentiating by t at
t D 0 is prohibited.

Proof. Using the formula (5-3) and the exponential law, we have

Wet.�Cw2
�/

� W���
1

2� i

Z
zC

s�2k
We.�
�1Cs2/.�Cw2

�/
� ds

D
1

2� i

Z
zC

s�2k
We.tC�

�1Cs2/.�Cw2
�/

� W� ds:

This is ensured since both sides satisfies the same differential equation

d

dt
ft D .�Cw

2
�/�ft ; f0 D

1

2� i

Z
zC

s�2k
We.�
�1Cs2/.�Cw2

�/
� ds:

The radius of zC can be infinitesimally small by Cauchy’s integral theorem. Hence
if t 6D 0, then t C ��1 is outside the path of integration. Thus it must vanish. �

Apparently, this is caused that zC is chosen infinitesimally small. Therefore, if
zC is big enough, the integral

1

2� i

Z
zC

s�2k
We.aC�

�1Cs2/.�Cw2
�/

� W� ds

is defined to give a2k�1. Thus, to avoid possible confusion, it is better to fix the
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definition of the residue by

RessD0 f .s/D lim
r!0

Z
C.r/

f .s/ ds; (5-8)

where C.r/ is a circle of radius r with the center at s D 0.
Though Proposition 5.4 shows that W.�Cw2

�/W��� ReszD��1.Wez.�Cw2
�/

� W� / 6D 0

in general, the case � D 0 is rather special.
By (5-2), we see that Ww2

�W��� ReszD��1.Wezw2
�

� W� /D 0. Hence, there must be
a constant ˛ such that

ReszD��1

�
Wezw2

�
� W�

�
D ˛ˆ0.w

2; �/;

where ˛ is given by the value at w2 D 0. Hence, we have an equality

ReszD��1.Wezw2
�

� W� /D ReszD��1

�
1

p
1�z�

�
ˆ0.w

2; �/

D
1
p
��
ˆ0.w

2; �/: (5-9)

This is strange, for the right-hand side of (5-9) satisfies

Wetw2
�

� W���
1
p
��
ˆ0.w

2; �/D
1
p
��
ˆ0.w

2; �/;

but Proposition 5.4 shows

Wetw2
�

� W��� ReszD��1

�
Wezw2

�
� W�

�
D ReszD��1

�
We.tCz/w2

�
� W�

�
D 0;

for t 6D 0 by the computations as residues. Recall that ˆ0.w
2; �/ is defined by

the differential equation, while ReszD��1.Wezw2
�

� W� / is defined by the integral on
an infinitesimally small circuit. The equality

ReszD��1.Wezw2
�

� W� /D
1
p
��
ˆ0.w

2; �/

holds only on some restricted stage.
It is convenient to use the notion of formal distributions to avoid such a strange

impression. We regard ReszD��1 Wez.w2
�C�/

� W� as a formal distribution supported
only on the surface S�: z D ��1. This is the notion based on the calculations of
residues by regarding Laurent polynomials as test functions. Formal distributions
are used extensively in conformal field theory.

Covariant differentials and �-product integrals. In general, the Laurent coeffi-
cient a2k�1 of We.zCs2/.�Cw2

�/
� W� is obtained in the formula

RessD0.Ws
�2ke.zCs2/.�Cw2

�/
� W� /D

�
a2k�1 z D ��1;

0 z 6D ��1:
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This is a formal distribution of .z; �/ 2 C2
�. We denote this by

R2k�1.z; �/D RessD0

�
s�2k
We.�
�1Cs2/w2

�
� W�

�
ı.z���1/:

If we set E.z; �/.s/D We.zCs2/.�Cw2
�/

� W� for s 6D 0, and regard this a formal
distribution supported on z D ��1, the Laurent expansion theorem shows that

E.z; �/.s/D
X
k2Z

R2k�1.z; �/s
2k�1; 0< jsj<1:

Now we are interested only in the function R2k�1.�
�1; �/ restricted to the

surface S�. The infinitesimal intertwiner is given by

lim
ı!0

I
.zCı/�1

z�1 D�
1

4z2
@2
w;

for every Hol.C/-valued functionf .z; �; w/. We now define

rzf .z; z
�1; w/D @zf .z; �; w/

ˇ̌
�Dz�1

D @z.f .z; z
�1; w//C

1

4z2
@2
wf .z; z

�1; w/: (5-10)

This will be called covariant or comoving differentiation. In other words, we
define

r��1f .��1; �; w/D lim
ı!0

1

ı

�
I .�
�1Cı/�1

� f .��1
Cı; �; w/�f .��1; �; w/

�
: (5-11)

Noting that @�f .z; �; w/D�1
4
�@2
w , we extend the notion of covariant derivative

to functions f .z; �/ without w by

rzf .z; z
�1/D @zf .z; �/

ˇ̌
�Dz�1 :

We easily see that @z..mC k/zm�m�kzmCk/
ˇ̌
�Dz�1 D 0; for every pair of

integers .m; k/. Hence setting fk;m.z; �/D .mC k/zm�m�kzmCk , one may
treat this a parallel polynomial of degree k as rzfk;m.z; z

�1/ D 0. However,
we do not use @z.log z�z�/

ˇ̌
�Dz�1 D 0 for log z is multivalued. Such parallel

polynomials forms a commutative algebra. We call these parallel polynomials
on z D ��1 and denote this by PŒS��.

Proposition 5.5. Any Laurent coefficient a2k�1.�; w
2/.�/ of We.�

�1Cs2/.�Cw2
�/

� W�

satisfies the differential equation

r��1a2k�1.�; w
2/.�/D W.�Cw2

�/W���a2k�1.�; w
2/.�/: (5-12)

We insist that r��1 is the notion of comoving derivative. The equality above
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may be written as

r��1 We.�
�1Cs2/.�Cw2

�/
� W� D W.�Cw

2
�/W��� We

.��1Cs2/.�Cw2
�/

� W� .s 6D 0/: (5-13)

The equation r��1F.��1; �/ D W.�Cw2
�/W���F.�

�1; �/. Note that for every
parallel polynomial c.z; �/, c.��1; �/F.��1; �/ must satisfy the original equa-
tion. Rewrite the equation

r��1F.��1; �/D W.�Cw2
�/W���F.�

�1; �/

by using (5-10) on the left-hand side and the product formula on the right-hand
side. Then, the highest parts cancel out and the equation becomes a differential
equation of first order:

@��1F.��1; �/D �w@wF.��1; �/C
�
w2
C �C

�

2

�
F.��1; �/: (5-14)

Recalling that F.��1; �/ involves the variable (generator) w, we can solve
(5-14) by a standard manner. First set F.��1; �/D e��

�1w2

G.��1; w/. Then,
(5-14) turns out @��1G D �w@wGC .�C �=2/G. Thus, we have

F.��1; �/D
p
��1e�

�1.��w2/H.��1w/; (5-15)

using an arbitrarily holomorphic function H.z/. If the initial data is given at
��1 D 1 and F.1; 1/D 1, then

F.��1; �/D
p
��1e�

�1.��w2/e�.���
�2w2/:

Proposition 5.6. If the initial data is not singular, then there is no singular point
on the solution of

r��1F.��1; �/D W.�Cw2
�/W���F.�

�1; �/:

On the other hand, there must be a holomorphic function H.z; s/ on C��C�

such that

We.�
�1Cs2/.�Cw2

�/
� W� D

p
��1e�

�1.��w2/H.��1w; s/:

Putting ��1D�s2, we have 1D ise�s2.��w2/H.�s2w; s/, or, with z D�s2w,

H.z; s/D
1

is
e�s2�z2s�2

;

and

We.�
�1Cs2/.�Cw2

�/
� W� D

1
p
�

e
1
�
.��w2/ 1

is
e
.�s2� 1

�2s2
w2/
:

This is nothing but the � -expression of e.�
�1Cs2/.�Cw2

�/
� .



DEFORMATION OF EXPRESSIONS FOR ELEMENTS OF AN ALGEBRA 203

6. Isolated singular points and formal distributions

In this section, we view E.z; �/D RessD0 We
.zCs2/.w2

�C�/
� W� as a formal distribu-

tion. Recall that

We.�
�1Cs2/.w2

�C�/
� W� D e�

�1� 1
p
��

e
�1
� w

2 1

s
e
�s2� 1

s2
w2

�2 :

For every Laurent polynomial f .s/ 2 CŒs; s�1�, we set

ff .s/g D f .s/We.�
�1Cs2/.w2

�C�/
� W� 2 CŒs; s�1�We.�

�1Cs2/.w2
�C�/

� W� :

Note that ff .s/Cg.s/g and ff .s/g.s/g are defined in the usual manner. More-
over by definition, we have

f .s/fg.s/g D ff .s/g.s/g:

Define the action of the Lie algebra of vector fields h.s/@s , h 2 CŒs; s�1�, as
follows:

h.s/@s

�
f .s/We.�

�1Cs2/.w2
�C�/

� W�

�
D .h.s/@sf .s//We

.��1Cs2/.w2
�C�/

� W�

C h.s/.2s/f .s/W.w2
�C �/�e

.��1Cs2/.w2
�C�/

� W� :

For simplicity, we denote it by

h.s/@sf.f .s/g D fh.s/@sf .s/gC Wfh.s/.2s/f .s/g�.w2
�C �/W� : (6-1)

For later use we denote these operations on the generators:

fsm
gC fsn

g D fsm
C sn
g; sm

fsn
g D fsmsn

g

snC1@sfs
m
g D fmsnCm

gC Wf2snCmC2
g�.w2

�C �/W� : (6-2)

We use the notation fs0g, but we do not use the notation f1g.
The space fCŒs; s�1�g D CŒs; s�1�We.�

�1Cs2/.w2
�C�/

� W� is a CŒs; s�1�-module,
often called a loop algebra, on which the Lie algebra CŒs; s�1�@s acts naturally
as derivations, where a derivation means that

h.s/@s.f .s/fg.s/g/D .h.s/@sf .s//fg.s/gCf .s/h.s/@sfg.s/g:

By defining ŒV .s/; f .s/�D V .s/f .s/ and Œf .s/;g.s/�D 0, the direct product
space fCŒs; s�1�g˚CŒs; s�1�@s has a Lie algebra structure including fCŒs; s�1�g

as a commutative Lie ideal.
We denote by V� the vector space spanned by

RessD0 f .s/@
k
s We

.��1Cs2/.w2
�C�/

� W� I k 2 N; f .s/ 2 CŒs; s�1�:

That is, V� D CŒ�; ��1; �; w2�e
�
� e�

w2

� .



204 HIDEKI OMORI, YOSHIAKI MAEDA, NAOYA MIYAZAKI AND AKIRA YOSHIOKA

We note that the essential part of residue calculus is

RessD0.@sh.s//D 0 for all h 2 V� ŒŒs; s
�1��: (6-3)

From a basic viewpoint of the conformal field theory, a nontrivial residue
gives a violation of the additive structure around s D 0. Namely, integration by
parts gives

Ressf.f
0.s/g.s//g D

�Ressff .s/g
0.s/g�Ress

�
f .s/.2s/g.s/We.�

�1Cs2/.w2
�C�/

� �.w2
�C �/W�

�
:

Denote the second term by Ress.Wff .s/.2s/g.s/g�.w2
� C �/W� /, a symmetric

bilinear form. Using this bilinear form, we extend the usual commutative structure
on the space fCŒs; s�1�g˚V� to a noncommutative product by defining

.ff .s/g; a/ı.fg.s/g; b/D�
ff .s/Cg.s/g;

aC b�RessD0

�
Wff .s/sg.s/g�.w2

�C �/W�
�
CRessD0ff

0.s/g.s/g
�
:

This gives a noncommutative extension of the usual additive operation. However,
we regard this as an extension of the commutative Lie algebra fCŒs; s�1�g˚V�
by introducing a Lie bracket:�

.ff .s/g; a/; .fg.s/g; b/
�
D
�
0;Ressff .s/

0g.s/g�Ressfg.s/
0f .s/g

�
:

We call this a Heisenberg Lie algebra and denote it by g.
We now make its universal enveloping algebra A� of g, but note here that

the multiplicative structure is nothing to do with the original multiplicative
structure of CŒs; s�1�. For that purpose, we extend first the vector space V� to
the commutative algebra zV� generated by V� .

zV� D CŒ�; ��1; �; w2�eN�
� e�Nw

2

� :

We define next

ff .s/g�fg.s/g

D ff .s/g.s/gCRessD0ff
0.s/g.s/gCRessD0

�
Wff .s/sg.s/g�.w2

�C�/W�
�
;

ff .s/g�
�
Wfg.s/g�.w2

�C �/W�
�

D Wff .s/g.s/g�.w2
�C �/W� CRessD0

�
Wff .s/g.s/g�.w2

�C �/W�
�
;�

Wff .s/g�.w2
�C �/W�

�
�fg.s/g

D Wff .s/g.s/g�.w2
�C �/W� CRessD0

�
Wff .s/g.s/g�.w2

�C �/W�
�
:
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Furthermore, we define�
Wff .s/g�.w2

�C �/
k
W�

�
�
�
Wfg.s/g�.w2

�C �/
`
W�

�
D Wff .s/g.s/g�.w2

�C �/
kC`
W� CRessD0

�
Wff .s/g.s/g�.w2

�C �/
kC`
W�

�
:

All this would yield a commutative product, but for the term RessD0ff
0.s/g.s/g

in the definition of ff .s/g�fg.s/g. We call this the Heisenberg vertex algebra
and denote it by A� . Note that

A�aD a�A for A 2 A� ; a 2 zV� :

Recall the action h.s/@sff g D fh.s/f
0.s/g C Wfh.s/.2s/f .s/g�.w2

� C �/W� .
This forms an action of the Lie algebra CŒs; s�1�@s , called the Witt–Lie algebra.
That is, we have

h@s.k@sff g/�k@s.h@sff g/D Œh@s; k@s �ff g;

where Œh@s; k@s �D .hk 0�kh0/@s .
Next, we extend this as a derivation of A� . Namely, we define

h@s.ff g�fgg/D .h@sff g/�fggC ff g�.h@sfgg/

D
�
fhf 0gC Wfh.2s/f g�.w2

�C �/W�
�
�fgg

C ff g�
�
fhg0gC Wfh.2s/gg�.w2

�C �/W�
�
:

As the residues such as RessD0ff
0.s/g.s/g do not involve the variable s, it

looks at a glance that h@s Œff g; fgg�D 0, but the term .w2
�C �/W� can act on the

residue part. Indeed, the action h@s Œff g; fgg� is given as follows:

h@s.ff g�fgg/D
�
fhf 0gC Wfh.2s/f g�.w2

�C �/W�
�
�fgg

C ff g�
�
fhg0gC Wfh.2s/gg�.w2

�C �/W�
�

D fhf 0ggCResf.hf 0/0ggCRes Wfshf 0gg�.w2
�C �/W�

C Wf2shfgg�.w2
�C �/W� CRes Wf2shfgg�.w2

�C �/W�

Cff hg0gCResff 0hg0gCRes Wfsf hg0g�.w2
�C �/W�

C Wf2sf hgg�.w2
�C �/W� CRes Wf2sf hgg�.w2

�C �/W� :

Hence, by using

Resf.hf 0/0ggCResf.hf 0g0gCRes Wf2shf 0gg�.w2
�C �/W� D 0;

exchanging f and g gives

h@s.Œff g; fgg��/D Res Wf2sh.f 0g�fg0/g�.w2
�C �/W� : (6-4)
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Note that this term arises from terms such as Wf2shf g�.w2
�C �/W� : hence (6-4)

must vanish, if one can eliminate these terms by a change of generators.

Central extensions caused by singularities. To clarify, consider the generators
xm D fs

mg. The Heisenberg Lie algebra is given by

gD

�X
n2Z

cnxnI cn 2 CI Œxm;xn�D .m�n/amCn�1.�
�1; �; w/

�
;

where amCn�1.�
�1; �; w/ are Laurent coefficients. Next, we make its univer-

sal enveloping algebra A� by extending the vector space V� to an algebra zV�
generated by �

e�
�1� 1
p
��

e
�1
� w

2
�

under the ordinary commutative product. A� is a noncommutative associative
algebra generated by infinitely many generators fxk I k 2 Zg together with com-
mutation relations Œxm;xn�D .m�n/amCn�1.�

�1; �; w/. In the case � D 0 and
w D 0, we see that

Œxm;xn�D 2mımCn;0

1
p
��
; amCn�1.�

�1; 0; 0/D 0; a�1.�
�1; 0; 0/D

1
p
��
;

but in general xm �xn D xn �xmC .m�n/amCn�1.�
�1; �; w/.

Let E.k/ be the linear space spanned by zV�xn1
�xn2

� � � � �xnk
. It is not hard

to see that the space E.2/ consisting of all quadratic forms such as
P

cmnxm �xn

forms a Lie algebra acting on E.1/ under the commutator bracket product
Œa; b�� D a�b�b �a; that is, ŒE.2/;E.1/� D E.1/. This extends naturally to
A� as derivations:

ŒE.2/;A� �� QA� ; ŒA; f �g�D ŒA; f ��gCf � ŒA;g�:

We want to write the extended action h.s/@sff .s/g on the generators. Recall-
ing that

s@sfs
m
g D fmsm

gC Wf2smC2
g�.w2

�C �/W� ;

we define
ŒL0;xm�DmxmC 2WxmC2�.w

2
�C �/W� :

Since
ŒsnL0;xm�D sn.mxmC 2WxmC2�.w

2
�C �/W� /

DmxnCmC 2WxnCmC2�.w
2
�C �/W� ;

we set Ln D snL0 and define

ŒLn;xm�DmxnCmC 2WxnCmC2�.w
2
�C �/W� :
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Then�
L`; ŒLn;xm�

�
Dm.nCm/xnCmC`C 2.nCmC 2/WxnCmC`C2�.w

2
�C �/W�

C4.nCmC `C 4/WxnCmC`C4�.w
2
�C �/

2
�W� :

It follows that�
Ln; ŒL`;xm�

�
�
�
L`; ŒLn;xm�

�
Dm.n�`/xnCmC`C 2.n�`/xnCmC`C2W�.w

2
�C �/W� :

Thus, this is an action of the Witt–Lie algebra�
ŒLn;L`�;xm

�
D .n�`/ŒLnC`;xm�:

Direct computation shows the following.

Proposition 6.1. For every integer m, an element

ym D

1X
kD0

.�2/k

k!
WxmCk�.w

2
�C �/

k
W� ;

written as a formal power series of W.w2
�C �/

k
�W� satisfies ŒL0;ym�D mym. It

follows that
ŒLn;ym�D snŒL0;ym�Dmsnym DmynCm:

Note that

ym D

1X
kD0

smCk .�2/k

k!
Wx0�.w

2
�C �/

k
W�

Dsm
1X

kD0

sk .�2/k

k!
W.w2
�C �/

k
�e.�

�1Cs2/.w2
�C�/

� W� :

Hence this is defined only as a formal power series in general, for this is

sm
We�2s.w2

�C�/
� �e.�

�1Cs2/.w2
�C�/

� W� D sme.�
�1Cs2�2s/.w2

�C�/
� W� ;

and this diverges at s D 2. Although the expression seems a slightly confusing,
it is convenient to view this as

ym D We
�2s.w2

�C�/
� sm

�e.�
�1Cs2/.w2

�C�/
� W� D We

�2s.w2
�C�/

� �xmW� ;

as it is inverted easily by

Wym�e
2s.w2

�C�/
� W� D sm

We.�
�1Cs2/.w2

�C�/
� W� D xm:
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The Heisenberg vertex algebra. Since (as is easy to see)�
Wxm�.w

2
�C �/

k
W� ; Wxn�.w

2
�C �/

`
W�

�
D Œxm;xn��� W.w

2
�C �/

kC`
W� ;

the commutator Œym;yn� belongs to the space zV��� ŒŒW.w2
�C �/W� �� of all formal

power series written in the formX
k

ak.�
�1; �; w/�� W.w

2
�C �/

k
�W� ; ak.�

�1; �; w/ 2 zV� :

Set Œym;yn�D Cm;n. By Proposition 6.1 and by the remark below (6-4), we
see ŒLk ;Cm;n�D 0. Since Lk acts as a derivation, Jacobi identity of Lie algebra
gives restriction to the constants Cm;n:

0D
�
Lk ; Œy`;ym�

�
D
�
ŒLk ;y`�;ym

�
C
�
y`; ŒLk ;ym�

�
D`Œy`Ck ;ym�CmŒy`;ymCk �:

Hence
`C`Ck;mCmC`;mCk D 0: (6-5)

Set k D 0 to obtain C`;m D cmı`Cm;0. Set m D 1 further in (6-5) to obtain
`c1ı`CkC1;0C ckC1ı`CkC1;0 D 0. Hence, we have cm Dmc1, with

c1 D C�1;1 D .�2/
X
k;`

.�2/kC`

k!`!
akC`�1.�; �

�1; w/W.w2
�C �/

kC`
W�

D .�2/
X

n

42n

.2n/!
Wa2n�1.�; �

�1; w/�.w2
�C �/

2n
� W� :

Consequently:

Proposition 6.2. The system fym;m 2 Zg has the following properties.

Œym;yn�DmımCn;0c1; c1 2
zV��� ŒŒW.w

2
�C �/W� ��;

ŒLm;yn�DmymCn;�
ŒLm;Ln�;y`

�
D Œ.m�n/LmCn;y`�:

It follows in particular Œy0;ym�D 0 for every ym. In particular, as there is no
zero-divisor in zV� , if

P
k akyk , ak 2

zV� , satisfies Œ
P

k akyk ;ym�D 0 for every
ym, then

P
k akyk D a0y0.

The set fymIm 2 Zg forms a standard basis of the Heisenberg vertex algebra
over

zV��� ŒŒW.w
2
�C �/W� ��:

So far, Lm is not an established element defined only as an adjoint opera-
tor ŒLm; �� acting on E.1/. The following theorem is known as the Sugawara
construction:
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Theorem 6.1. Elements of Witt–Lie algebra can be represented by elements of
E.2/.

Thus, regarding Lm as an element of E.2/, we set

ŒLm;Ln�D .m� n/LmCnCKm;n:

Since

ŒKm;n;y`�D
�
Lm; ŒLn;y`�

�
�
�
Ln; ŒLm;y`�

�
� .m� n/ŒLmCn;y`�D 0;

the Km;n must be central elements. This central extension of the Witt algebra
is called the Virasoro algebra. Such an extended Lie algebra is known to be
isomorphic to the one defined by

ŒLm;Ln�D .m�n/LmCnC c.�; ��1; w/
m.m2�1/

12
ımCn;0;

ŒLn; c.�; �
�1; w/�D 0: (6-6)

Note that restricting n even integers fL2nI n 2 Zg forms a Lie subalgebra.
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