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ABSTRACT. We prove the existence of a Wang-like sequence for intersection
homology. A result is given on vanishing of the middle dimensional inter-
section homology group of “generalized Thom spaces”, whichnaturally occur
in the decomposition formula of S. Cappell and J. Shaneson. Based upon this
result, consequences for the signature are drawn.

For non-Witt spacesX , signature and L-classes are defined via the hyper-
cohomology groupsHi.X I IC �

L
/, introduced in [Ban02]. A hypercohomology

Wang sequence is deduced, connectingHi.�I IC �

L
/ of the total space with

that of the fibre. Also here, a consequence for the signature under collapsing
sphere-singularities is drawn.

1. Introduction

The goal of this article is to add to the intersection homology toolkit another
useful long exact sequence. In [Wan49], H. C. Wang, calculating the homol-
ogy of the total space of a fibre bundle over a sphere, actuallyproved an exact
sequence, which is named after him today. It is a useful tool for dealing with
fibre bundles over spheres and it is natural to ask: Is there a Wang sequence for
intersection homology?

Given an appropriate notion of a stratified fibration, the natural framework for
dealing with a question of the kind above would be an intersection homology
analogue of a Leray–Serre spectral sequence. Greg Friedmanhas investigated
this and established an appropriate framework in [Fri07]. For a simplified setting
of a stratified bundle, however, i.e., a locally trivial bundle over a manifold with
a stratified fibre, it seems more natural to explore the hypercohomology spectral
sequence directly. In the following we are going to demonstrate this approach.
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Section 3 is a kind of foretaste of what is to come. We prove themonodromy
case by hand using only elementary intersection homology and apply it to calcu-
late the intersection homology groups of neighbourhoods ofcircle singularities
with toric links in a 4-dimensional pseudomanifold.

We recall the construction of induced maps in Section 4.1. Because of their
central role in the application, the Cappell–Shaneson decomposition formula is
explained in Section 4.2. Section 5 contains a proof of the Wang sequence for
fibre bundles over simply connected spheres. It is shown thatunder a certain
assumption the middle-dimensional middle perversity intersection homology
of generalized Thom spaces of bundles over spheres vanish. The formula of
Cappell and Shaneson then implies, that in this situation the signature does not
change under the collapsing of the spherical singularities.

In Section 6, we demonstrate a second, concise proof — this ismerely the
sheaf-theoretic combination of the relative long exact sequence and the suspen-
sion isomorphism. However, this proof is mimicked in Section 7 to derive a
Wang-like sequence for hypercohomology groupsH�.X IS�/ with values in a
self-dual perverse sheaf complexS� 2 SD.X /. In Section 8, finally, together
with Novikov additivity, this enables us to identify situations when collapsing
spherical singularities in non-Witt spaces does not changethe signature.

2. Basic notions

We will work in the framework of [GM83]. In the followingX D Xn �

Xn�2 � � � � � X0 � X�1 D ? will denote an orientedn-dimensional strati-
fied topological pseudomanifold. The intersection homology groups ofX with
respect to perversityNp are denoted byIH

Np
i .X /, and the analogous compact-

support homology groups byIH
c Np
i .X /. The indexing convention is also that of

[GM83]. Most of the fibre bundles to be considered in the following are going
to bestratifiedbundles in the following sense (see also [Fri07, Definition 5.6]):

DEFINITION 2.1. A projectionE!B to a manifold is called a stratified bundle
if for each pointb 2 B there exist a neighbourhoodU � B and a stratum-
preserving trivializationp�1.U / Š U �F , whereF is a topological stratified
pseudomanifold.

We will also restrict the automorphism group ofF to stratum preserving auto-
morphisms and work with the corresponding fibre bundles in the usual sense.
Since we will basically need the local triviality, Definition 2.1 is mostly suf-
ficient. When we pass to applications for Whitney stratified pseudomanifolds,
however, the considered bundles will actually be fibre bundles — this follows
from the theory of Whitney stratifications. A stratificationof the fibre induces
an obvious stratification of the total space with the samel-codimensional links,
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namely byEkCn�l — the total spaces of bundles with fibreFk�l and n the
dimension ofB.

3. Mapping torus

PROPOSITION3.1 (INTERSECTION HOMOLOGYWANG SEQUENCE FORS1).
Let F D Fn � Fn�2 � � � � � F0 be a topological stratified pseudomanifold,
� WF!F a stratum and codimension preserving automorphism, i.e., a stratum
preserving homeomorphism with stratum preserving inversesuch that both maps
respect the codimension. Let M� be the mapping torus of�, i.e., the quotient
spaceF � I=.y; 1/s .�.y/; 0/. Denote byi W F D F � 0ŒM� the inclusion.
Then the sequence

� � �� IH
c Np

k
.F /

id ���

����! IH
c Np

k
.F /

i�
� IH

c Np

k
.M�/

@
� IH

c Np

k�1
.F /��� �

is exact.

PROOF. The proof is analogous to the one for ordinary homology. Start with the
quotient mapq W .F � I;F /! .M� ;F / and look at the corresponding diagram
of long exact sequences of pairs. The boundary ofF � I is a codimension 1
stratum and hence not a pseudomanifold. We have either to introduce the notion
of a pseudomanifold with boundary here or work with intersection homology
for cs-sets [Kin85; HS91]. However, we can also manage with awork-around:
Define

I" WD .�"; 1C "/; @I" WD .�"; "/[ .1� "; 1C "/; F" WD F � .�"; "/:

We extend the identification.y; 1/ s .�.y/; 0/ to F � I" by introducing the
quotient mapq W F � I"!M� ,

q.y; t/D

8

<

:

.��1.y/; 1C t/ if t2 .�"; 0�

.y; t/ if t2 .0; 1/

.�.y/; t � 1/ if t2 Œ1; 1C "/:

Evidently,M� D q.F �I"/. Now F �@I"D .F �@I"/nC1 � .F �@I"/� � � � �

.F�@I"/0 is an opensubpseudomanifold ofF�I" andF DFn�Fn�2� � � � �

F0 sits normally nonsingular inM� . Hence the inclusions induce morphisms
on intersection homology and we get a morphism of the corresponding exact
sequences of pairs:

: : : IH
c Np

k
.F�I";F�@I"/ IH

c Np

k�1
.F�@I"/ IH

c Np

k�1
.F�I"/ : : :

: : : IH
c Np

k
.M� ;F"/ IH

c Np

k�1
.F"/ IH

c Np

k�1
.M�/ : : :............................................................................................................
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The “boundary” ofF�I" is the disjoint union of two components of the form
F �R, soj� is surjective and the outer arrows are zero maps. The connecting
morphism@ is injective and therefore an isomorphism onto its image, i.e., onto

kerj�

D
˚

.˛; ˇ/ j˛ 2 IH
c Np

k
.F�.�";C"//; ˇ 2 IH

c Np

k
.F�.1�"; 1C"//; Œ˛Cˇ�D 0

	

Df.˛;�˛/gŠ IH
c Np

k
.F�R/Š IH

c Np

k
.F /:

The middleq� maps.˛;�˛/ to .˛���.˛// 2 IH
c Np

k
.F"/Š IH

c Np

k
.F /. Sinceq

commutes with@, one has

@ ı q� ı @j
�1 D q�jkerj�ŠIH

c Np

k
.F / D id���:

Hence, we have the diagram

: : : IH
c Np

k
.F / IH

c Np

k
.F / IH

c Np

k
.M�/ IH

c Np

k
.M� ;F"/

ko

kerj�
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c Np

kC1
.F � I";F � @I"/ IH

c Np

kC1
.M� ;F"/
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where the top sequence is exact and the bottom square is commutative. As in ord-
inary homology one can show thatq� WIH

c Np

k
.F�I";F�@I"/!IH

c Np

k
.M� ;F"/

is an isomorphism. Finally, observe that on the right hand sideIH
c Np

k
.M� ;F"/Š

IH
c Np

k�1
.F / via @ ı q�1

� . ˜

Let X DX4 �X1 �X0 be a compact stratified pseudomanifold withX0 D?.
Then, the stratum of codimension 3 is just a disjoint union ofcircles X1 D

S1 t � � � t S1. If we assumeX to be PL, the linkL at a pointp 2 X1 is
independent ofp within a connective component ofX1. Furthermore, inX4,
there is a neighbourhoodU of the circle containingp, which is a fibre bundle
overS1 and hence homeomorphic to the mapping torusM� with

� W c̊.L/
Š
! c̊.L/:

Putting this data together and using the Wang sequence we cancompute
IH

c Np

k
.U /, with U a neighbourhood ofX1 � X4. The groupIH

c Np

k
.X / can

then be computed via the Mayer–Vietoris sequence.
In this section we restrict ourselves to the case ofL being a torusT 2. While

the orientation preserving mapping class group of the torusis known to be
SL.2IZ/, we have to make the following restriction on its cone: In thefollowing,
we look only at those automorphisms� W c̊.T 2/! c̊.T 2/ which are induced
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by an automorphism of the underlying torus W T 2 Š
�! T 2.1 It is given by a

matrix˛ 2SL.2IZ/ and by abuse of notation we will again write˛ for this torus
automorphism.

Defining�k to be the mapIH
c Np

k
.c̊.T 2//

id �.c̊.˛//�
�������!IH

c Np

k
.c̊.T 2//, we obtain

the sequence

� � �� IH
c Np

k
.c̊.T 2//

�k
�

IH
c Np

k
.c̊.T 2//

i�
� IH

c Np

k
.M˛/

@
� IH

c Np

k�1
.c̊.T 2//��� �

For the open cone we have

IH
c Np

k
.c̊.T 2//D

8

<

:

IH
c Np
0
.T 2/ for k D 0;

IH
c Np
1
.T 2/ for Np D N0 andk D 1;

0 else:

Clearly, IH
c Np

k
.M˛/ D 0 for k � 3. Now examine the nontrivial part of the

sequence

0� IH
c Np
2
.M˛/

@
� IH

c Np
1
.c̊.T 2//

�1
� IH

c Np
1
.c̊.T 2//

i�
�

IH
c Np
1
.M˛/

@
� IH

c Np
0
.c̊.T 2//

�0
� IH

c Np
0
.c̊.T 2//

i�
� IH

c Np
0
.M˛/� 0:

Sincec̊.˛/0 maps a point to a point, clearlẙc.˛/0D id, hence�0D id� idD 0.
It follows thatIH

c Np
0
.M˛/D Z.

Note that the only possible perversities in this example areN0 and Nt . So far
we have not distinguished between them. Due toIH c Nt

1 .c̊.T
2// D 0 there is

IH c Nt
2 .M˛/D 0 andIH c Nt

1 .M˛/D Z. For the zero perversity, we have

0� IH c N0
2 .M˛/

@�
�! IH c N0

1 .c̊.T
2//

�1
�! IH c N0

1 .c̊.T
2//� IH c N0

1 .M˛/�

ko

Z ˚Z
IH c N0

0 .c̊.T
2//� 0

The groupIH c N0
1 .c̊.T

2// is isomorphic toH1.T
2/ and is therefore generated

by the corresponding homology classes of the torus. Hence,.c̊.˛//� is just
the matrix˛. If ˛ D id; �1 D 0 and IH c N0

2 .M˛/ Š Z ˚ Z. In the general
case,IH c N0

2 .M˛/ is isomorphic to im@� D ker�1. We examine the determinant

1I believe that in the PL context this does not constitute a real restriction. With [Hud69, Theorem 3.6C]
we can find an admissible triangulation ofc̊.T 2/, such that� becomes simplicial. Furthermore, it is not
difficult to see, that the simplicial link of the cone pointL.c/ is preserved under�. Since the geometric
realization ofL.c/ is a torus, we get a candidate for . By linearity, every slice betweenL.c/ and the cone
point c is mapped by . If we could extend the argument to the rest ofc̊.T 2/ the goal would be achieved.
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of the matrix: det�1 D det.id�˛/ D p˛.1/, wherep˛.t/ is the characteristic
polynomial of˛, which is

p˛.t/D det
�

t id�
�

a11
a21

a12
a22

�
�

D .t � a11/.t � a22/� a21a12

D t2� .a11C a22/t C .a11a22� a21a12/

D t2� tr˛ t C det˛

D t2� tr˛ t C 1:

Here, tr̨ is the trace of̨ 2 SL.2IZ/. Thus we have det�1 D 2� tr˛ and get

IH c N0
2 .M˛/Š

8

<

:

Z˚Z if ˛ D id;
Z if tr ˛ D 2 and˛ ¤ id;
0 if tr ˛ ¤ 2:

SinceIH c N0
0 .c̊.T

2// is free, the sequence above reduces to a split short exact
sequence

0� coker�1� IH c N0
1 .M�/� IH c N0

0 .c̊.T
2//� 0:

HenceIH c N0
1 .M�/ Š Z˚ coker�1. In this final case our interest reduces to a

cokernel calculation of the2� 2-matrix�1 D id�˛. The image im�1 � Z˚Z

is of the formnZ˚mZ; n;m 2 Z and so every groupZ˚Z=nZ˚Z=mZ can
be realized asIH c N0

1 .M�/. In particular a torsion intersection homology group
may appear. Using det�1D det.id�˛/D 2� tr ˛ as above, we immediately see
that

coker�1 Š

�

Z˚Z if ˛ D id;
0 if tr ˛ D 1; 3:

Summarizing all these results we get:

PROPOSITION3.2. Let M˛ be the mapping torus over the open conec̊.T 2/ of

a torus glued vią W T 2 Š
�! T 2. Then its intersection homology groups are

IH c Nt
k .M˛/Š

�

Z if k D 0; 1;

0 if k � 2;

IH c N0
k .M˛/Š

8

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

:

Z if k D 0;

Z˚Z˚Z if k D 1 and˛ D id
Z if k D 1 and tr˛ D 1; 3;

Z˚ coker.id�˛/ if k D 1 (in general);
Z if k D 2; tr˛ D 2 and˛ ¤ id;
Z˚Z if k D 2 and˛ D id;
0 if k D 2 and tr˛ ¤ 2;

0 if k � 3:
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EXAMPLE 3.3. LetX be the fibre bundle overS1 with fibre˙T 2 and mon-
odromy˛ 2 SL2.Z/. We assumė ˛ to be orientation preserving, i.e., the sus-
pension points are fixed under it. The spaceX has a filtrationX4�X1DS1tS1

and our situation applies. Let̨ be
�

2
1

�1
0

�

. First, using the ordinary Wang
sequence, we compute the homology of the total spaceE of the fibre bundle
T 2!E! S1 with the same monodromy:

0!H3.E/
@
�!H2.T

2/
id �˛�
����!H2.T

2/!H2.E/
@
�!H1.T

2/

id �˛�
����!H1.T

2/!H1.E/
@
�!H0.T

2/
id �˛�
����!H0.T

2/!H0.E/! 0:

In degrees 2 and 0, the map˛� is the identity, so we substitute zeros for id�˛�

to see thatH3.E/Š ZŠH0.E/. In degree 1, the map̨� is just the matrix̨ .
Using im@2 D ker.id�˛�/Š Z, we get the sequence

0!H2.T
2/!H2.E/

@
�! Z! 0;

which yieldsH2.E/Š Z˚Z and

0! coker.id�˛�/!H1.E/! Z! 0:

It follows by coker.id�˛�/ Š Z that H1.E/ Š Z˚ Z. Let us now compute
the intersection homology groups ofX via the Mayer–Vietoris sequence. The
neighbourhoods of the twoS1 are of the desired form, i.e., mapping tori over
c̊.T 2/ and their intersection is a fibre bundle overS1 with fibre T 2�R, so that
the intersection homology groups are justH�.E/ from above. Looking at the
exact sequence

0� IH
c Np
4
.X /! IH

c Np
3
.E/!IH

c Np
3
.M˛/˚IH

c Np
3
.M˛/! � � � ;

jj jj

0 0

we see thatIH
c Np
4
.X /ŠH3.E/ŠZ. In degree 0 the inclusion ofE induces an

injection on homology, i.e.,

0�H0.E/! IH
c Np
0
.M˛/˚ IH

c Np
0
.M˛/! IH

c Np
0
.X /! 0;

andIH
c Np
0
.X /ŠZ as it should be. Turning to the interesting degrees, we look at

Np D .0; 1; : : :/ first. Due toIH c Nt
2 .M˛/D 0, there isIH c Nt

2 .X /Š ker.i�˚ i�/1.
Finally IH c Nt

1 .X / is isomorphic to the cokernel of the inclusion.i� ˚ i�/1 W

H1.E/! IH c Nt
1 .M˛/˚IH c Nt

1 .M˛/ŠZ˚Z, which is the diagonal map; hence
IH c Nt

1 .X /ŠZ andIH c Nt
2 .X /Š ker.i�˚ i�/1ŠZ. Similarly, for NpD .0; 0; : : :/

we haveIH c N0
3 .X / Š ker.i�˚ i�/2 Š Z; with IH c N0

1 .M˛/ Š Z˚Z it follows
IH c N0

1 .X / Š Z˚ Z. And IH c N0
2 .X / Š coker.i� ˚ i�/2 Š Z. Because all the
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groups are free, the duality is already seen working with integral coefficients,
especially

IH c N0
3 .X /Š IH c Nt

1 .X /Š Z˚Z;

IH c N0
1 .X /Š IH c Nt

3 .X /Š Z:

4. Some more advanced tools

4A. Normally nonsingular maps. Intersection homology is not a functor on the
full subcategory ofTop consisting of pseudomanifolds, since induced maps do
not exist in general. However, on the category of topological pseudomanifolds
and normally nonsingular maps, intersection homology is a bivariant theory in
the sense of [FM81]. This fact is often suppressed. Since most of the maps
which we will encounter are normally nonsingular, we recallin this section how
induced maps are constructed. See particularly [GM83, 5.4].

DEFINITION 4.1. A mapf W Y ! X between two pseudomanifolds is called
normally nonsingular (nns) of relative dimensionc D c1 � c2 if it is a com-
position of a nns inclusion of dimensionc1 — meanining thatY is sitting in a
c1-dimensional tubular neighbourhood in the target — and a nnsprojection, i.e.,
a bundle projection withc2-dimensional manifold fibre.

EXAMPLE 4.2. An open inclusionU ŒX is normally nonsingular. The inclu-
sion of the fibreF D b�FŒE, whereE is fibred over a manifold is normally
nonsingular. The projectionRn �X ! X is normally nonsingular.

PROPOSITION4.3 [GM83, 5.4.1, 5.4.2].Let f W Y ! X be normally non-
singular of codimensionc. Then there are isomorphisms

f � IC �

Np.X /Š IC �

Np.Y /Œc� and f ! IC �

Np.X /Š IC �

Np.Y /:

DEFINITION 4.4. If f W Y ! X is a proper normally nonsingular map of
codimensionc, we have induced homomorphisms

f� W IH
Np

k
.Y /! IH

Np

k
.X / and f � W IH

Np

k
.X /! IH

Np

k�c
.Y /:

They are constructed by considering the adjunction morphisms of the adjoint
pairs.Rf!; f

!/ and.f �;Rf�/,

Rf!f
! IC �

Np.X /! IC �

Np.X / and IC �

Np.X /!Rf�f
� IC �

Np.X /;

by combining them with the proposition above and by finally applying hyper-
cohomology.

We will also need induced maps on intersection homology withcompact sup-
ports, which are not discussed in [GM83]. The above construction of Goresky
and MacPherson works equally well forIH

c Np
� . If f is not proper, the map
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f � still exists. For the case of compact supports,f! W IH
c Np

k
.Y /! IH

c Np

k
.X /

can be constructed in the same manner. These different maps are listed in the
following table — note that onlyf� andf � for properf are explicitly men-
tioned in [GM83, 5.4].

f proper f not proper

f� W IH
Np

k
.Y /! IH

Np

k
.X /

f! W IH
c Np

k
.Y /! IH

c Np

k
.X / f! W IH

c Np

k
.Y /! IH

c Np

k
.X /

f � W IH
Np

k
.X /! IH

Np

k�c
.Y / f � W IH

Np

k
.X /! IH

Np

k�c
.Y /

f ! W IH
c Np

k
.X /! IH

c Np

k�c
.Y /

4B. Behaviour under stratified maps. Computing intersection homology in-
variants of one space out of the invariants of the other oftenrelies on the de-
composition formula of S. Cappell and J. Shaneson [CS91]. Since we will need
it in the application below, we briefly recall it in this section.

Let f W X n ! Y m be a stratified map between closed, oriented Whitney
stratified sets of even relative dimension2t D n � m, Y having only even-
codimensional strata. LetS� 2Db

c .X / be a self-dual complex. Denote byV the
set of components of pure strata ofY . For eachy 2 Vy 2 V , define2

Ey WD f
�1.c L.y//[f �1L.y/ cf �1.L.y//;

whereL.y/ is the link of the stratum componentVy containingy. If y lies in
the top stratum, we setEy D f

�1.y/. We have the inclusions

Ey

iy
‹ f �1.N̊ .y//

�y

ŒX;

whereN.y/ is the normal slice ofy. Note thatN.y/Š c L and@N.y/ŠL.y/

(see [GM88] or [Ban07, 6.2]). Define now the complex

S�.y/D �cone
��c�t�1Riy��

!
yS�;

where�cone
� stands for truncation over the cone point3 of cf �1.L.y// and2cD

2c.V /D n�dimV is the codimension ofV .

2Here,c L stands for the closed coneL � Œ0; 1� =L � f0g.
3There is a general notion of truncation over a closed subset in [GM83, 1.14]. Letc be the cone-point.

For A� 2 Db
c .Ey/, the derived stalks are

H
i .�cone

�p A�/x D

�

0 if x D c andi > p;

H i .A�/x otherwise.
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ForV 2 V , letSV
f

be the local coefficient system overV with stalk.SV
f
/z D

H�c�t .EzIS�.z//. There is an induced nondegenerate bilinear pairing

�z W .S
V
f /z � .S

V
f /z! R:

If S� is the intersection chain complexIC �

Nm.X /, the pull-back�!
y IC �

Nm.X / is
clearly IC �

Nm.Ey n fcg/. Because of the stalk vanishing ofIC �

Nm.Ey n fcg/, the
truncation�cone

��c�t�1
is the usual truncation���c�t�1 and hence

S�.y/D ���c�t�1Riy� IC �

Nm.Ey n fcg/;

which is simply the Deligne extensionIC �

Nm.Ey/ of IC �

Nm.Ey n fcg/ to the point.
Denoting byIC �

Nm.
NV ISV

f
/ the lower-middle perversity intersection chain com-

plex on the closure ofV with coefficients in the local systemSV
f

, we can now
formulate the important decomposition formula of Cappell and Shaneson.

THEOREM 4.5 [CS91, Theorem 4.2].There is an orthogonal decomposition up
to algebraic bordism of self-dual complexes of sheaves

Rf�S�Œ�t ��
M

V 2V

j� IC �

Nm.
NV ;SV

f /Œc.V /�;

wherej W NV Œ Y is the inclusion.

We abstain from giving the definition of algebraic bordism here and refer to
the original paper or to Chapter 8 of [Ban07]. All we need for the application
is the following, where for a self-dual sheafS� over X , �.X;S�/ denotes the
signature of the pairing on the middle-dimensional hypercohomology induced
by self-duality.

PROPOSITION4.6. If two self-dual complexes overX , S�

1
and S�

2
are (alge-

braically) bordant, then�.X;S�

1
/D �.X;S�

2
/.

PROOF. See [Ban07, Cor. 8.2.5], for example. ˜

PROPOSITION4.7 [CS91, 5.5].If , in the setting above, Li.X;A�/ denotes the
i-th L-class of the self-dual sheafA� over a pseudomanifoldX , we have

Li.Y;Rf�S�Œ�t �/D f�Li.X;S�/:

THEOREM 4.8. With the notationLi. NV ;S
V
f
/ for Li. NV ; IC �

Nm.
NV ISV

f
// we get

f�Li.X;S�/D
X

V 2V

j�Li. NV ;S
V
f /:

and bearing in mind that�.X /D "�L0.X /, where"� is the augmentation, we
conclude:

COROLLARY 4.9. �.X;S�/D �.Y;Rf�S�Œ�t �/D
X

V 2V

�. NV ;SV
f /:
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In the case of simply connected components ofY , all the coefficient systems
become constant and using multiplicativity formulae [Ban07, 8.2.19, 8.2.20],
we get:

THEOREM 4.10. Assume eachV 2 V to be simply connected and choose a
basepointyV for everyV 2 V . Then

f�Li.X /D
X

V 2V

�.EyV
/j�Li. NV /:

And finally, for the signature:

COROLLARY 4.11. �.X /D
X

V 2V

�.EyV
/�. NV /:

5. The general simply connected case

PROPOSITION 5.1 (WANG SEQUENCE FORn � 2). Let F � E
�
��! Sn

be a stratified bundle(2.1) with F a topological pseudomanifold with finitely
generated cohomology, n� 2. Let j W F ŒE be the inclusion.

(i) For intersection homology the sequence

� � �� IH
Np

k
.E/

j�

�! IH
Np

k�n
.F /� IH

Np

k�1
.F /

j�

�! IH
Np

k�1
.E/��� �

is exact.
(ii) For intersection homology with compact supports the sequence

� � �� IH
c Np

k
.E/

j�

�! IH
c Np

k�n
.F /� IH

c Np

k�1
.F /

j�

�! IH
c Np

k�1
.E/��� �

is exact.
(iii) These sequences are natural with respect to fibre-preserving proper nor-

mally nonsingular maps between stratified bundles overSn, i.e., let F 0 !

E0! Sn be another fibre bundle such that there is a commutative triangle

Sn

E0 E.......................................................................................
.

.....
..
..
..
.

f

.

.

.

.

.

.

.

.

.

.

.
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.
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.
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.

.

.

� 0

with f proper normally nonsingular, then there is a commutative diagram of
the corresponding Wang-sequences induced byf — both in a covariant and
a contravariant way.
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PROOF. (i) We begin with the hypercohomology spectral sequence ([Bry93])
for A� WD R�� IC �

Np.E/, which converges toHpCq.Sn;A�/ Š IH
Np

�p�q.E/.

Let U � Sn be an open set such that��1.U /Š U �F , then by 4.3

IC �

Np.E/j��1.U / Š IC �

Np.U �F /Š pr� IC �

Np.F /Œn�:

By IV.7.3 of [Bre97], the sheafHq.A�/, being theLeray sheafof the fibration,
is locally constant. Hence, by the assumptionn� 2, it is constant with stalk

H
q.F; IC �

Np.F /Œn�/D IH Np
�q�n.F /:

Finally

E
p;q
2
Š

�

IH
Np

�q�n.F / if p D 0 or p D n;

0 else.

HenceE2 Š : : :ŠEn and the sequence collapses atnC 1. Now, the proof can
be finished as in the ordinary case (see [Spa66, 8.5], for instance). In order to
show thatIH

Np

k
.F /! IH

Np

k
.E/ is induced by the inclusionj WF D b0�FŒE,

look at the fibration

F ! b0 �F
� 0

�! b0

for b0 2 Sn the north pole. We have a commutative diagram

b0 �F b0

E Sn

........................................................................................................................................................................

.....
..
..
..
.

� 0

............................................................................................................................................................................................

.....
..
..
..
.

�
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..
..
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.
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.

.

.

.

.
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..
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.

.

.

.

.

.

..
..
..

j0

:

For R.j0�
0/� IC �

Np.b0�F / there is a corresponding spectral sequence converg-
ing to

H
pCq.b0 �F; IC �

Np.b0 �F //Š IH Np
�p�q.F /:

If we start with
R��Rj�j ! IC �

Np.E/!R�� IC �

Np.E/

and use the commutative square above, we get a morphism

R.j0�
0/� IC �

Np.b0 �F /!R�� IC �

Np.E/:

This induces
IH

Np
i .F /! IH

Np
i .E/;

which is j� by construction (cf. 4.3 and 4.4). TheE2-term of the spectral
sequence associated toR.j0�

0/� IC �

Np.b0 �F / is

E
p;q
2
DH

p.Sn;Hq.R.j0�
0/� IC �

Np.b0 �F ///:
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Since herej0� is just extension by zero the group on the right is isomorphicto

H p.b0; IH
Np

�q.F //: For both sequences, the differentialsE
n;q
r ! E

nCr;q�rC1
r

are zero for allr � 2, and so we have epimorphismsE
n;q
r “ E

n;q
1 . Finally

by the commutative diagram (denoting by0 the terms of the spectral sequence
associated toR.j0�

0/� IC �

Np.b0 �F /)

E
n;�i�n
n E

n;�i�n
1

E
0n;�i�n
n E

0n;�i�n
1

Hq.E; IC �

Np.E//

Hq.F; IC �

Np.F //

.....................................................................................................................................
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..
..
.

..........................................................................................................................
.
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..
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..
.

Š
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ko
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
..
.
.
.
.
.
.
.....

.

.

.

.

.

.

.

.....

........................................................................................
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....................................................................................
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Š
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.
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.

.

.

.

.....

j�

we deduce that the upper composition isj�, as stated. A very similar argument
works forIH

Np

k
.E/! IH

Np

k�n
.F /.

(ii) Consider the hypercohomology spectral sequence for the complexB� WD

R�! IC �

Np.E/. The main argument is as before. The spectral sequence converges

toHpCq.Sn;B�/D IH
c Np
�p�q.E/. Being theqth derived functor of�!, the stalk

of the Leray sheafHq.B�/ is H
q
c .F; IC

�

Np.E//Š IH
c Np
�q�n.F / (see [Bor84, VI,

2.7], for instance). Hence theE2-terms are:

E
0;q
2
Š IH c Np

�q�n.F /;

E
n;q�nC1
2

Š IH
c Np
�q�1

.F /:

These yield the second sequence. The proof that the maps involved in this se-
quence arej� andj � follows as in (i).

(iii) Again, we use the fact that the hypercohomology spectral sequence is
natural with respect to morphisms of sheaves over the base space.
For the covariant case, we have to construct

f� WR�
0
� IC �

Np.E
0/!R�� IC �

Np.E/ or f� WR�
0
! IC �

Np.E
0/!R�! IC �

Np.E/;

as the case may be producing morphisms between the terms of the Wang se-
quences. Then the corresponding maps will commute. Take theadjunction
morphism

Rf!f
! IC �

Np.E/! IC �

Np.E/;

apply R�� and use functoriality. The case ofIH
c Np
� is analogous. Sincef

is proper, we haveRf! D Rf�. Observe that when working with intersection
homology with compact supportsf need not be proper4! In the contravariant
case, we proceed as above, using the other adjunction morphism

IC �

Np.E/!Rf�f
� IC �

Np.E/: ˜

4See also the comment at the end of Section 4A.
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Now we are going to use this sequence in a concrete computation.

PROPOSITION5.2. Let Fk !E
�
�! Sn be a locally trivial fibre bundle withF

a topological pseudomanifold, n � 2; nC kC 1 even. DefineM WD c E [E
NE,

where NE is the total space of the induced — meaning that the structuregroup
acts levelwise — fibre bundle

c F ! NE
c .�/
���! Sn:

Suppose further that the following condition(S) is fulfilled for the Wang se-
quence ofE:

(S) the mapj � W IH c Nm
.nCkC1/=2.E/“ IH c Nm

.�nCkC1/=2.F / is surjective.

Then
IH c Nm

.nCkC1/=2.M /D 0:

PROOF. Throughout the proof, the perversity shall be the lower middle perver-
sity Nm, unless stated otherwise. Assume for now thatnD 2b, k D 2a� 1, with
a; b � 1; and with the cone formula there holds

IH c
i .c̊F /Š

�

IH c
i .F / if i < a;

0 if i � a:

Using the Wang sequence of Proposition 5.1 forc̊F ! N̊E
c̊.�/
���! Sn,

� � � ! IH c
aCb.c̊F /! IH c

aCb.
N̊E/! IH c

a�b.c̊F /! IH c
aCb�1.c̊F /! � � �

we get

IH c
aCb.

N̊E/Š IH c
a�b.F /:

For the cone onE, there is:

IH c
i .c̊E/Š

�

IH c
i .E/if i < aC b;

0 if i � aC b:

Now consider the Mayer–Vietoris sequence5

� � � ! IH c
aCb.E/

iaCb

���! IH c
aCb.c̊E/˚ IH c

aCb.
N̊E/! IH c

aCb.M /! � � �

which reduces to

� � �
iaCb

���! IH c
a�b.F /� IH c

aCb.M /�

IH c
aCb�1.E/

iaCb�1

�����! IH c
aCb�1.E/˚ IH c

aCb�1.
N̊E/��� �

5To avoid pseudomanifolds with boundary, we take the open part N̊E of the induced bundleNE in the
Mayer–Vietoris decomposition.
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The mapiaCb�1 is easily seen to be injective and due to (S),iaCb is surjective.
Finally, let nD 2bC 1; k D 2a; a; b � 1. By the cone formula we have:

IH c
i .c̊E/Š

�

IH c
i .E/ i < aC bC 1

0 i � aC bC 1

and

IH c
i .c̊F /Š

�

IH c
i .F / i < aC 1

0 i � aC 1:

Similarly, the Wang sequence yields

IH c
aCbC1.

N̊E/Š IH c
a�b.F /:

Now, as above the Mayer–Vietoris sequence gives

iaCbC1
�����! IH c

a�b.F /! IH c
aCbC1.M /! IH c

aCb.E/
iaCb�1
�����! IH c

aCb.E/˚IH c
aCb.

N̊E/

where keriaCb D 0 and imiaCbC1 D IH c
a�b.F / due to (S). Hence,

IH c
aCbC1.M /D 0: ˜

COROLLARY 5.3. If M is a Witt space andnC k C 1 is divisible by4, the
signature�.M / vanishes(of course it always vanishes ifnCkC1 is not divisible
by 4.)

Let us now formulate an important consequence of the observations above:

PROPOSITION5.4. Let X be a Whitney stratified Witt space of dimension4k,
with a disjoint union of spheres as the singular locus˙ D Sn1 t � � � t Snl .
Assumenj � 2 for 1� j � l . LetY be the space obtained fromX by collapsing
the spheresSnj to pointsyj and letf W X ! Y be the collapsing map. Given
a fibre bundle neighbourhood ofSnj , we denote byEj the corresponding fibre
bundle with fibre the link ofSnj . If for all 1 � j � l , Ej satisfies(S), the
signature ofX does not change underf , i.e.,

�.X /D �.Y /:

PROOF. Because of 4.11, we have

�.X /D
X

V 2V

�.EyV
/�. NV /

where the sum is taken over all strata. When we isolate the contribution of the
top stratum, this looks like

D
X

yj

�.Eyj V
/�. NV /C �.Y /:
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TheEyj V
, in turn, are of the formM of Proposition 5.2 and since the underlying

fibrations satisfy (S), the resulting signatures vanish by 5.3. ˜

Similarly for theL-classes we have:

PROPOSITION5.5. In the situation above,

f�L.X /DL.Y /:

The following two examples show, that the introduced condition (S) is indeed
fulfilled for certain fibre bundles.

EXAMPLE 5.6. In the setting above let the base sphere be of odd dimension
nD 2bC1. If we are interested in computing the signature ofE, its dimension
has to be divisible by 4 — otherwise it is trivial anyway. In this case the fibreF
has even dimensionk D 2a, so that.k � nC 1/=2 is odd. Thus, the vanishing
of odd dimensional intersection homology ofF would imply (S). See [Roy87]
for examples of spaces, for which the intersection homologyvanishes in odd
degrees.

EXAMPLE 5.7. Let the dimension of the sphere be greater than the dimension
of the fibre plus 1, i.e.,k C 1 < n. Then.k � nC 1/=2 is negative and the
corresponding homology group is zero, thereby (S) is fulfilled.

Since we have not studied the intersection pairing onM , the condition (S) is
clearly only sufficient and not necessary. However, the following ”counterex-
ample” to the proposition is a case where (S) does not hold.

EXAMPLE 5.8. LetX beCP 2 stratified asCP 2�CP 1DS2 andf be the map,
collapsing the 2-sphere to a point. So the target isY D S4 � ŒS2�. Obviously,
�.X /¤ �.Y /. The link ofCP 1 is a circle and the bundle we have to check (S)
for is the Hopf bundleS3! S2. However

H2.S
3/!H0.S

2/

is not onto and (S) fails.

6. A new proof

The application to the signature in the last section suggests a similar approach
in the setting of spaces which no longer satisfy the Witt condition, however
still posses a signature andL-classes. The suitable homology groups for defin-
ing these invariants are the hypercohomology groupsHi.�I IC �

L
/ of Banagl

[Ban02]. In the next section we will establish a Wang-like exact sequence for
these groups i.e., for hypercohomology with values in a self-dual sheaf complex
arising from a Lagrangian structure along the odd-codimension strata. Compare
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also [Ban07] for a concise exposition. The proof will be modeled on another
elegant proof of the Wang sequence without the usage of the spectral sequence.
This will be demonstrated in the following.

Suspension isomorphisms in intersection homology are veryfamiliar. For
the functoriality, however, we would like to have explicit maps realizing these
isomorphisms:

LEMMA 6.1 (SUSPENSION ISOMORPHISM). Let F be a pseudomanifold. The
inclusionl W F D 0�F Œ Rn �F induces isomorphisms

(a) l� W IH
Np

k
.Rn �F /! IH

Np

k�n
.F /,

(b) l! W IH
c Np

k
.F /! IH

c Np

k
.Rn �F /.

PROOF. (a) Letp W Rn � F ! F be the normally nonsingular projection. By
[Bor84, V,3.13]Rp� ıp� ' id, so the adjunction morphism is an isomorphism

IC �

Np.F /
Š
�!Rp�p� IC �

Np.F /ŠRp� IC �

Np.R
n �F /Œ�n�:

Applying hypercohomology we get

p� W IH
Np

k
.F /

Š
�! IH

Np

kCn
.Rn �F /:

Now p ı l D id and hencel� ıp�' id. Thereby,l� is the inverse ofp� and the
statement follows.

(b) is similar to (a), but uses the fact thatDX DX A� Š A� for A� 2Db
c .X /, and

the duality betweenp� andp!. ˜

PROPOSITION6.2. Let F � E
�
�! Sn be a stratified bundle withF a topo-

logical pseudomanifold. Denote by

j W F D b0 �F ŒE, i WE n b0 �F D U �F ŒE, k W b1 �F ŒE

the inclusions, whereb0 is the north pole andb1 the south pole. Then there are
the following long exact sequences:

� � �� IH
Np

k
.F /

j�

�! IH
Np

k
.E/

k�

��! IH
Np

k�n
.F /� IH

Np

k�1
.F /��� �

� � �� IH
c Np

k
.F /

k!
�! IH

c Np

k
.E/

j�

�! IH
Np

k�n
.F /� IH

c Np

k�1
.F /��� � :

PROOF. In the following, trivializations of the fibre bundleE are always in-
volved. However, for every pseudomanifoldX , h WX Š�!X implies IC �

Np.X /Š

h� IC �

Np.X /Š h� IC �

Np.X /. Therefore, for the proof we can suppress them.
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We begin with the distinguished triangle

Rj�j ! IC �

Np.E/ IC �

Np.E/

Ri�i� IC �

Np.E/

...........................................................................................................................

.....
..
..
.
..

.........................................................................................................
.
.
.
.
.
.
.
.
.
.

..
..
....
....

..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
...........

...
.
.
.
.
.
.
.
.
.

Œ1�

and keeping in mind thatj ! IC �

Np.E/Š IC �

Np.F /, i� IC �

Np.E/Š IC �

Np.U �F / we
apply hypercohomology to get

� � � ! IH
Np

k
.F /

j�

�! IH
Np

k
.E/

i�

�! IH
Np

k
.U �F /! � � � :

The third term is isomorphic toIH
Np

k�n
.F / underl� by the preceding lemma.

However by the commutative triangle

b1 �F E

U �F

.................................................................................................................................................................................................

.....
..
..
..
.

k

..
..
..
..
.
..
..
..
..
..
..
..
..
..
..
.
..
..
..
..
..
..
..
..
..
..
.
..
..
..
..
..
..
..
..
..
..
.
..
..
..
..
..
..
..
..
.
..
..
..
..
..
..
..
.....
.
.
.
.
.
.
.
.
.

............

i

...................................................................................................
..
...
......

..
..
.
.
.
.
.
.
.
.l

we havek� ' l� ı i� and the sequence for closed supports is proven.

Now turn to the case of compact supports.6 Consider the triangle

Ri!i
� IC �

Np.E/ IC �

Np.E/

Rj�j � IC �

Np.E/

...............................................................................................................................
.

.....
..
..
..
.

.........................................................................................................
..
.
.
.
.
.
.
.
.

.

..
...
......

..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.............

...
.
.
.
.
.
.
.
.
.

Œ1�

and apply hypercohomology with compact supports to get

� � �!H
�k
c .EIRi! IC �

Np.U�F //
i!
�!IH

c Np

k
.E/

j�

�!H
�k
c .EIRj� IC �

Np.F /Œn�/!� � � :

Now Rj� DRj! asj is a closed inclusion. Hence

H
�k
c .EIRj� IC �

Np.F /Œn�/ŠH
�k
c .F I IC�

Np.F /Œn�/Š IH
c Np

k�n
.F /:

For the first term, we have

H
�k
c .EIRi! IC �

Np.U �F //ŠH
�k
c .U �F I IC �

Np.U �F //
l!
 �
Š

IH
c Np

k
.F /

and withi! ı l! D k! the assertion follows. ˜

6Recall that forf W X ! Y , A� 2 Db
c .X / andZ � X , we have�c.Z; f�A�/©�c.f

�1.Z/;A�/.
However�c.Z; f!A�/Š �c.f

�1.Z/;A�/.
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7. The non-Witt case

7A. The category SD(X ). Originally, Goresky and MacPherson defined the
signature for spaces with only even-codimensional strata.In [Sie83], Siegel
generalizes the definition to Witt spaces. IfIH Nm

� .X /© IH Nn
�.X /, there still is a

method to define a signature andL-classes for a pseudomanifoldX compatible
with the old definition. In his work [Ban02], Banagl establishes a corresponding
framework and decomposition results similar to those of Cappell and Shaneson
are presented in further papers. In this section we merely give the definition.

DEFINITION 7.1. LetX DXn � � � � �X0 be an oriented pseudomanifold with
orientation

o W D�

U2

Š
�! RU2

Œn�:

For k � 2, we writeUk WDXnXn�k . DefineSD.X / as the full subcategory of
Db

c .X / of thoseS� 2Db
c .X / satisfying the following:

(SD1) Normalization: There is an isomorphism� W RU2
Œn�

Š
�! S�jU2

.

(SD2) Lower bound:Hi.S�/D 0, for i < �n.
(SD3) Stalk condition forNn: Hi.S�jUkC1

/D 0, for i > Nn.k/� n; k � 2.
(SD4) Self-duality: There is an isomorphismd WDX S�Œn�!S� compatible with

the orientation, i.e., such that the square

RU2
Œn� S�jU2

D�

U2
DX S�jU2

Œn� commutes.

...................................................................................................................................................................................
.

.....
..
..
..
.

�
...................................................................................................................................................................................

.

.....
..
..
..
.

Š

...................................................................................................................................................................

.....
..
..
..
.

DX �
�1Œn�

...................................................................................................................................................................

.....
..
..
..
.

Š

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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.
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.

.

.
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.....

o

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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.
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..
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.
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.....

.

.

.

.

.

.

.

.....

Š

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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.

.

.

.
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..

.

.

.

.
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.....

.

.

.

.

.

.

.

.....

d jU2

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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.
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.

.

.

.

.

.

..

.

.

.

.

.

.

.....

.

.

.

.

.

.

.

.....

Š

We refer to [Ban02] for results on this category, especiallyfor the structure
theorem, establishing the relation betweenS� 2 SD.X / and a choice of La-
grangian structures along odd-codimensional strata ofX .

REMARK 7.2. If X is a Witt space,SD.X / consists up to isomorphism only of
IC �

Nm.X /. On the other hand,SD.X /might be empty — e.g.,SD.˙CP 2/D?.

THEOREM7.3 [Ban02, Theorem.2.2].For S� 2SD.X /, there is a factorization

IC �

Nm.X /
˛
�! S�

ˇ
�! IC �

Nn.X /;
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that is compatible with the normalization(and is unique with respect to this
property) and such that

IC �

Nm.X / S�

DX IC �

Nn.X / DX S� commutes.

.......................................................................................................................................................................................
..

.....
..
..
..
.

˛

......................................................................................................................................................

.....
..
..
..
.

DX ˇŒn�
.
.
.
.
.
.
.
.
.
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.
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.

.

.....

Š
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.....

d
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Š

Thus, an object inSD.X / is in fact a self-dual interpolation betweenIC �

Nm.X /

and IC �

Nn.X /. It is obvious that in the case ofX being a Witt space,SD.X /

consists (up to quasi-isomorphism) only ofIC �

Nm.X /.

DEFINITION 7.4. LetX n be a closed stratified topological pseudomanifold, not
necessarily Witt andS�2SD.X /. In casen is divisible by 4, define�.X n;S�; d/

to be the signature onH�n=2.X n;S�/ induced by the self-duality ofS�.

REMARK 7.5. If X happens to be a Witt space,�.X n;S�; d/ is the usual inter-
section homology signature due to Theorem 7.3.

Finally, in order to speak ofthe signature of a pseudomanifold (as long as
SD.X /¤?), we need the following important result:

THEOREM 7.6 [Ban06, 4.1].Let X n be an even-dimensional closed oriented
pseudomanifold withSD.X /¤?. For .S�

1
; d1/; .S�

2
; d2/ 2 SD.X / one has

�.X n;S�

1; d1/D �.X
n;S�

2; d2/:

7B. Hypercohomology Wang sequence.Before we deduce the exact sequence
for hypercohomology with values inSD-sheaves, we have to determine what
the involved complexes of sheaves are going to be. Starting with a SD complex
over the total spaceE we define a SD complex over the fibreF in a canonical
way. We will need the following little lemma.

LEMMA 7.7. For the inclusionj WX n�0ŒX n�Rm with associated projection
p WX n �Rm! X n we have

j ! ' j �Œ�m�

and thereby
p! ı j ! ' id :

PROOF. By [Ban02, Lemma 5.2],p� ı j � ' id. Consequently, usingp�Œm�'

p!([Ban02, Lemma 4.2, Proof]), we get

j ! ' j ! ıp� ı j � ' j ! ıp! ı j �Œ�m�' .p ı j /! ı j �Œ�m�' j �Œ�m�:
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The second identity is clear by usingp�Œm�' p! again. ˜

LEMMA 7.8. Let X n
j
�! X n � Rm be the standard inclusion. Given T� 2

SD.X n �Rm/, the complexj !T� is in SD.X /.

PROOF. Looking at the commutative square

RU2
ŒnCm� T�jU2

j !RU2
ŒnCm�Š RU2\X Œn� j !T�jU2\X

.......................................................................................................................................................................................................................................................................................
.

.....
..
..
..
.

�

...................................................................................................................................................................

.....
..
..
..
.

j !.�/

.
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.
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..
..
.

j !

.

.
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.

.

.

.

.

.
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.
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.

.

.

.

.

.

.

..
..
.

j !

;

one checks that (SD1) is fulfilled because of the functoriality of j !. Now using
that the inverse image functorj � is exact, look at

Hi.j !T�/Š Hi.j �T�Œ�m�/Š Hi�m.j �T�/Š j � Hi�m.T�/:

Observe that the last term is zero fori�m<�.nCm/ or i <�n, and so (SD2)
holds. Now leti > Nn.k/� .n/; k � 2. We have

Hi..j !T�/jUkC1\X /Š Hi..j �T�Œ�m�/jUkC1\X /Š j � Hi�m.T�jUkC1
/;

where the last term is zero due toi�m> Nn.k/�.nCm/ and hence (SD3) holds
as well.
Finally by [Ban07, Proposition 3.4.5] we have an isomorphism

DX j !T�Œn�Š j �
DX �RmT�Œn�Š j !.DX �RmT�ŒnCm�/Š j !T�

which is compatible with the orientation, proving (SD4). ˜

Let us now return to the original context. We start with the total spaceE of
a fibre bundle overSn — a topological pseudomanifold of dimensionkC n —
and a complexT� 2SD.E/. Given a trivializing neighbourhoodU �Sn of the
north poleb0 resp. the south poleb1, the restriction ofT� to ��1.U /Š U �F

is clearly inSD.U �F / since��1.U / is open. With the preceding lemma we
can now define:

DEFINITION 7.9. LetF!E!Sn be a fibre bundle as above andT�2SD.E/.
For i D 0; 1, we have inclusions

bi �F E

U �F ��1.U /

...................................................................................................................................................................................................
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........................................................................................................................................................................
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........................................................................................................................................................................
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whereji is defined to be the compositioni2
i ı�i ı i1

i .
SetS� WDS�

N
WD j !

0
T�Š i1!

0
..�!

0
T�/jU �F / 2 SD.F /, with j0 W b0�FŒ the

inclusion of the north pole fibre for some trivialization�0 WU �F
Š
�! ��1.U /.

DefineS�

S
in the same way using the inclusion of the south pole fibre.

In order forS� to be well defined overF D bi �F with bi 2 U1\U2, we have
to make an extra assumption, a kind of homogeneity:

DEFINITION 7.10. We call the structure groupG of a fibre bundle of the form
aboveadapted toA� 2 SD.F /, if for all h 2G, h!A� Š h�A� Š A�.

EXAMPLE 7.11. If F is a Witt space,IC �

Nm.F / 2 SD.F /. For every stratum-

preserving automorphismh W F
Š
�! F , we haveh� IC �

Nm.F /Š IC �

Nm.F /.

REMARK 7.12. AssumeG to be adapted toS�. What if we are given two
trivializing neighbourhoodsU1;U2 � Sn with �i W Ui � F ! ��1.Ui/? We
have a commutative diagram

F b0 �F

F b0 �F

.U1\U2/�F

.U1\U2/�F

��1.U1\U2/ E

.............................................................................................

.....
..
..
..
.
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.
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.
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.

.

..

.

.

.

.

.

.

.....

.

.

.

.

.

.

.

.....

Š

............................................................................................
.

.....
..
..
..
.

i1
...............................................................................

.

.....
..
..
..
.

................................................................................

.....
..
..
..
.

.....................................................................................

...
..
..
.
.
.
.
.

�2
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...
...
...
...
...
...
....
...
...
...
...
...
....
...
...
...
...
...
...
....
...
..........
.
.
.
.
.

........
..
..

�1
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.

.

.

.

.

.

.

.....

Š
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
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.
.
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.
.
.
.
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.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
..
.
.
.
.
.
.
.....

.

.

.

.

.

.

.

.....

h21.b0/
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
..
.
.
.
.
.
.
.....

.

.

.

.

.

.

.

.....

��1
2
�1

where the upper composition isj 1 and the lower composition isj 2. We have to
show that.j 1/!T� D .j 2/!T�. SinceG is adapted toS�, the transition function
h21.b0/ preservesS� and thereby.j 1/!T� D h21.b0/

!.j 2/!T� Š .j 2/!T�.

We will need some form of suspension isomorphism for hypercohomology with
values in a SD sheaf.

LEMMA 7.13.Let F be a pseudomanifold andS� 2SD.F /. Letp WRn�F!F

be the projection. The inclusionl W 0 � F Œ Rn � F induces the following
isomorphisms on hypercohomology:

(a) l� WHk.Rn �F IS�/!HkCn.F I l !S�/

(b) l! WH
k
c .F I l

!S�/!Hk
c .R

n �F IS�/

PROOF. Same as for Lemma 6.1, usingp� ' p!Œ�n� for (a). Note that by
[Bor84, V, 3.13]Rp�p�A� Š A� for all A� 2Db.X /. ˜

Now we are able to formulate the next proposition and imitatethe proof of the
Wang sequence given in Section 6.

PROPOSITION7.14.Let F !E! Sn be a fibre bundle with a suitable struc-
ture group G of automorphisms of the pseudomanifoldF , which is adapted to
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S�

N
andS�

S
. AssumeE to be canonically stratified. GivenT� 2 SD.E/ there

are long exact sequences

(a) � � � !Hk.F IS�/!Hk.EIT�/!HkCn.F IS�/! � � �,

(b) � � � !Hk
c .F IS

�/!Hk
c .EIT

�/!HkCn
c .F IS�/! � � �,

whereS� is the self-dual sheaf of Definition7.9.

PROOF. Due to Remark 7.12 we need not pay attention to different trivializa-
tions. Therefore, in the following proof we will not mentionthem explicitly.

(a) Denote byj the inclusion of the north pole fibre and byi the inclusion of
the complementV �F . We begin with the distinguished triangle

Rj�j !T� T�

Ri�i�T�

......................................................................................................................................................................................
.

.....
..
..
..
.

...........................................................................................................................
..
.
.
.
.
.
.
.
.

.

..
...
........

..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
...........

...
.
.
.
.
.
.
.
.
.

Œ1�

and apply hypercohomology to get

� � � !H
k.F I j !T�/!H

k.EIT�/!H
k.V �F I i�T�/! � � � :

By construction, we haveHk.F I j !T�/ŠHk.F IS�/. If i WV �F!E denotes
the inclusion, theni�T� is again isomorphic to a self-dual complex over the
product bundleV �F containing the south pole fibreb1�F . With the inclusion
j1 W b1 �F ŒE and using the preceding lemma, we finally get

H
k.V �F I i�T�/DH

kCn.F I j !
1T�/ŠH

kCn.F IS�

S /:

Now choose a trivializing neighbourhoodO containing the north poleb0 and
the south poleb1. Let l0 andl1 be the corresponding inclusions intoO�F . We
have

S� D j !
0T� D l !

0.T
�jO�F /Š l !

1.T
�jO�F /Š j !

1T� D S�

S ;

where the middle isomorphism holds becauseG is adapted toS�

N
andS�

S
. This

completes the proof.

(b) Begin with the triangle

Ri!i
�T� T�

Rj�j �T�

.........................................................................................................................................................................................

.....
..
..
..
.

.......................................................................................................................
.
.
.
.
.
.
.
.
.
.

..
..
....
....

..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
...........

...
.
.
.
.
.
.
.
.
.

Œ1�

and apply hypercohomology with compact supports to get

� � � !H
k
c .V �FI i�T�/!H

k
c .EIT

�/!H
k
c .FIj

�T�/! � � � :
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Now, using part (b) of the preceding lemma, we identify

H
k
c .V �F I i�T�/ŠH

k
c .F I j

!
1i�T�/ŠH

k
c .F IS

�/:

And again by using

b0 �F E

U �F

...............................................................................................................................................................................................
..

.....
..
..
..
.

j

..
..
..
..
..
..
..
..
..
.
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
....
.
.
.
.
.
.
.
.
.

.

...........

i2

.............................................................................................
..
........

..
.
.
.
.
.
.
.
.
.
.i1

we obtain

j �T� Š i�
1 i�

2 T� Š i !
1.T

�jV �F /Œn�Š S�Œn�:

Hence the third term in the sequence is equal toHk
c .F I j

�T�/ŠHkCn
c .F IS�/.

The observationS� Š S�

S
holds as before. ˜

REMARK 7.15. We can still formulate a similar exact sequence even withoutG
being adapted toS�

N
andS�

S
or using the local triviality of the stratifold bundle

only. Then, however, the involvedSD-complexes over the fibre may be different
and depend on the choice of trivializations:

� � � !H
k.F IS�

N /!H
k.EIT�/!H

kCn.F IS�

S /! � � � ;

� � � !H
k
c .F IS

�

S /!H
k
c .EIT

�/!H
kCn
c .F IS�

N /! � � � :

8. Novikov additivity and collapsing of spheres

In [Sie83], Siegel generalizes the classical Novikov additivity of the signature
for manifolds to pseudomanifolds satisfying the Witt condition. We want to
make a further step forward by dropping the Witt condition incertain cases.7

PROPOSITION8.1. Let X DX2n �X2n�k �?, k � 2, be a Whitney stratified
compact pseudomanifold withSD.X / ¤ ?. Given subspacesM;E;T � X

with T a closed neighbourhood ofX2n�k , such that

(1) X DM [T ,
(2) M \T DE,
(3) E has a collar inT , and
(4) .M;E/ is a compact manifold with boundary.

DefineX 1 WDM [E c.E/ andX 2 WD T [E c.E/. Then we have the identity

�.X /D �.X 1/C �.X 2/:

7A similar result is given in Theorem 3 of [Hun07]. Thanks to the referee for pointing this out to me.
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PROOF. Once again, consider the formula of Cappell and Shaneson 4.5. Let
f W X ! Y be the map collapsingX2n�k to a point. The push forwardRf�T�

of T� 2 SD.E/ is algebraically cobordant to

IC �

Nm.X
1;SM̊

f /˚ jc� IC �

Nm.fcg;S
fcg

f
/Œn�:

Here,c is the conepointf .X2n�k/ andjc its inclusion intoY . SinceSM̊
f

is
constant with rank one, the first term is just equal toIC �

Nm.X
1/. Let us look at

.S
fcg

f
/c. The linkL.c/ of c is E, so we deduce from

Ec D f
�1.c L.c//[E cf �1.L.c//DX 2

and
Ec

ic

‹Ecnfcg Š f
�1.c L.c//

�c

ŒX

(see Section 4B) thatS�.c/ is a Deligne extension of�!
cS� — which is just the

restriction of the original self-dual complex. Hence8 S�.c/2SD.X2/. We have
.S

fcg

f
/c DH�n.X 2IS�.c// and consequently

H
�n.Y I jc� IC �

Nm.fcg;S
fcg

f
/Œn�/ŠH

�n.fcgI IC �

Nm.fcg;S
fcg

f
/Œn�/

ŠH
�n.X 2IS�.c//:

Finally, combining these observations and passing to the signature we get

�.X /D �.X;Rf�.T�//

D �.X 1; IC �

Nm.X
1//C �.X 2;S�.c//D �.X 1/C �.X 2/: ˜

Let E be the total space of a fibre bundle overSm as before. We investigate,
when the middle hypercohomology groupH�n.M;S�/ vanishes for a given
complexS� over a non-WittM WD c E [E

NE of dimension2n. Since we are
only interested in computing the signature, only odd-dimensional spheres are
considered here. The strategy is very similar to that of Section 5.

PROPOSITION8.2. LetF2a!E
�
�!S2bC1 be a fibre bundle withF a compact

topological pseudomanifold, a� 1, b � 2. DefineM WD c E [E
NE, where NE is

the total space of the induced fibre bundle

c F ! NE
c .�/
���! S2bC1:

Given S� 2 SD.M /, denote byT� the induced element inSD.E/ (compare
Section7). Assume that the following condition(S) is fulfilled for the hyper-
cohomology Wang sequence ofE:

H
�.aCbC1/.EIT�/“ H

�.a�b/.F ISS
�/ is surjective,

8All the axioms are clearly satisfied. The only “new” stalk to look at is the one atc, but fcg has even
codimension and the modified Deligne extension of�!

cS� explained in 4B ensures that SD1-SD4 remain valid.
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Then

H
�.aCbC1/.M IS�/D 0:

We will need the following vanishing lemma for the hypercohomology of the
cone.

LEMMA 8.3. Let X be a2n-dimensional or a.2nC 1/-dimensional, compact
Witt space such that the signature of the pairing over the middle-dimensional
intersection homology vanishes. For S� 2 SD.c̊X /, we have

H
�i
c .c̊X IS�/D 0 for i � nC 1:

PROOF. SinceS� is constructible and̊cX is a distinguished neighbourhood of
the conepointc, there is (by [Ban07, p. 97], for instance)

H
�i
c .c̊X IS�/DH

�i.j !
cS�/

where the latter is the costalk ofS� at c. Because of self-duality, however,S�

satisfies the costalk vanishing condition

H
�i.j !

cS�/D 0 for � i �

�

Nm.2nC 1/�dim c̊X C 1D�.nC 1/;

Nm.2nC 2/�dim c̊X C 1D�.nC 1/;

which is equivalent to the statement. ˜

PROOF OFPROPOSITION8.2.. Look at the hypercohomology Wang sequence

for c̊F ! N̊E! S2bC1

� � � !H
�.aCbC1/
c .c̊F IU�/!H

�.aCbC1/
c . N̊EIT�/!H

�.a�b/
c .c̊F IU�/! � � �

whereT�DS�j
N̊E

is in SD. N̊E/ andU� 2SD.c̊F / is constructed as in 7.9. Since
b � 2, we see from the preceding lemma that

H
�.aCbC1/
c .c̊F IU�/DH

�.aCb/
c .c̊F IU�/D 0

and hence

H
�.aCbC1/
c . N̊EIT�/ŠH

�.a�b/
c .c̊F IU�/:

DecomposeM into the open subsets̊NE and c̊E with N̊E \ c̊E D E � .0; 1/.
Consider the Mayer–Vietoris hypercohomology sequence (see [Ive86, III.7.5]
or [Bre97, II,~ 13], for instance)

� � ��H
�.aCbC1/
c .E � .0; 1/IS�j/

iaCbC1

�����!

H
�.aCbC1/
c .c̊EIS�j/˚H

�.aCbC1/
c . N̊EIS�j/�

H
�.aCbC1/
c .M IS�/�H

�.aCb/
c .E � .0; 1/IS�j/

iaCb

���! � � �
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Let us first show thatiaCb is injective. We use the following exact sequence for
hypercohomology with compact supports (see [Ive86, III.7.7])

� � �!H
�.aCbC1/
c .fcgIS�/!H

�.aCb/
c .c̊EnfcgIS�/!H

�.aCb/
c .c̊EIS�/!� � � :

It suffices to show that

H
�.aCbC1/
c .fcgIS�/ŠH

�.aCbC1/.fcgIS�/

vanishes. The latter is isomorphic toH�.aCbC1/.S�

c/ which is 0 because of

(SD3). Due to the preceding lemmaH�.aCbC1/
c .c̊EIS�j/ is 0. The surjectivity

of iaCbC1 follows now from the condition (S) using the naturality of the hyper-
cohomology Wang sequence in completely the same manner as inthe proof of
Proposition 5.2. ˜

REMARK 8.4. As you can see, we have only used the vanishing lemma 8.3,
which is valid for everyS� 2 SD.F /. Hence, in the proposition, the structure
groupG need not be adapted.

REMARK 8.5. In the case of a Witt fibreF the condition (S) is the one of
Section 5. See the examples there, especially 5.6.

COROLLARY 8.6. Let M be as in8.2. The signature�.M / of M vanishes.

COROLLARY 8.7. Let X be as in8.1 such thatXn�k is an odd-dimensional
sphere. AssumeE to satisfy(S). Then�.X /D �.X 1/D �.M; @M /, where the
latter is the Novikov signature ofM .
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