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Introduction

We present nine lectures that are introductory and foundational in nature. The
basic inspiration comes from the Riemann zeta function, which is the starting
point. Along the way there are sprinkled some connections of the material to
physics. The asymptotics of Fourier coefficients of zero weight modular forms,
for example, are considered in regards to black hole entropy. Thus we have
some interests also connected with Einstein’s general relativity. References are
listed that cover much more material, of course, than what is attempted here.

Although his papers were few in number during his brief life, which was cut
short by tuberculosis, Georg Friedrich Bernhard Riemann (1826-1866) ranks
prominently among the most outstanding mathematicians of the nineteenth cen-
tury. In particular, Riemann published only one paper on number theory [32]:
“Uber die Anzahl der Primzahlen unter einer gegebenen Grosse”, that is, “On
the number of primes less than a given magnitude”. In this short paper prepared
for Riemann’s election to the Berlin Academy of Sciences, he presented a study
of the distribution of primes based on complex variables methods. There the
now famous Riemann zeta function

ey L ©.1)
n=1 n

defined for Res > 1, appears along with its analytic continuation to the full
complex plane C, and a proof of a functional equation (FE) that relates the
values ¢(s) and {(1 —s). The FE in fact was conjectured by Leonhard Euler,
who also obtained in 1737 (over 120 years before Riemann) an Euler product
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representation

ts)=1] l_lp_s (Res > 1) 0.2)

p>0

of £ (s) where the product is taken over the primes p. Moreover, Riemann intro-
duced in that seminal paper a query, now called the Riemann Hypothesis (RH),
which to date has defied resolution by the best mathematical minds. Namely, as
we shall see, ¢(s) vanishes at the values s = —2n, where n = 1,2, 3, ... ; these
are called the trivial zeros of {(s). The RH is the (yet unproved) statement that
if s is a zero of ¢ that is not trivial, the real part of s must have the value %!

Regarding Riemann’s analytic approach to the study of the distribution of
primes, we mention that his main goal was to set up a framework to facilitate
a proof of the prime number theorem (which was also conjectured by Gauss)
which states that if 77 (x) is the number of primes < x, for x € R a real number,
then 7 (x) behaves asymptotically (as x — oco) as x/logx. That is, one has
(precisely) that

im ) 0.3)
x—o00 x /log x
which was independently proved by Jacques Hadamard and Charles de la Vallée-
Poussin in 1896. A key role in the proof of the monumental result (0.3) is the
fact that at least all nontrivial zeros of {(s) reside in the interior of the critical
strip 0 <Res < 1.

Riemann’s deep contributions extend to the realm of physics as well - Rie-
mannian geometry, for example, being the perfect vehicle for the formulation
of Einstein’s gravitational field equations of general relativity. Inspired by the
definition (0.1), or by the Euler product in (0.2), one can construct various other
zeta functions (as is done in this volume) with a range of applications to physics.
A particular zeta function that we shall consider later will bear a particular re-
lation to a particular solution of the Einstein field equations — namely a black
hole solution; see my Speaker’s Lecture.

There are quite many ways nowadays to find the analytic continuation and FE
of (s). We shall basically follow Riemann’s method. For the reader’s benefit,
we collect some standard background material in various appendices. Thus,
to a large extent, we shall attempt to provide details and completeness of the
material, although at some points (later for example, in the lecture on modular
forms) the goal will be to present a general picture of results, with some (but
not all) proofs.

Special thanks are extended to Jennie D’ Ambroise for her competent and
thoughtful preparation of all my lectures presented in this volume.
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Lecture 1. Analytic continuation and functional equation of the
Riemann zeta function

Since |1/n®| = 1/nR®S, the series in (0.1) converges absolutely for Re s > 1.
Moreover, by the Weierstrass M-test, for any § > 0 one has uniform convergence
of that series on the strip

Sgdéf{seﬁlRes>1+5},

since |1/n%] = 1/nRes < 1/n'*% on S, with

X1

> i <o

n=1

Since any compact subset of the domain S &ef {s € C | Res > 1} is contained
in some Sg, the series, in particular, converges absolutely and uniformly on
compact subsets of Sy. By Weierstrass’s general theorem we can conclude that
the Riemann zeta function {(s) in (0.1) is holomorphic on Sy (since the terms
1/n® are holomorphic in s) and that termwise differentiation is permitted: for

Res > 1
o0

y==Y_ log# (1.1)

nS

n=1
We wish to analytically continue ¢ (s) to the full complex plane. For that pur-
pose, we begin by considering the world’s simplest theta function 0(t), defined
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fort > 0:

o0
B EY e =142 T (1.2)
nez n=1

where Z denotes the ring of integers. It enjoys the remarkable property that its
values at 7 and ¢ inverse (i.e. 1/¢) are related:

0(1/1)
N
The very simple formula (1.3), which however requires some work to prove,
is called the Jacobi inversion formula. We set up a proof of it in Appendix C,
based on the Poisson Summation Formula proved in Appendix C. One can of
course define more complicated theta functions, even in the context of higher-

dimensional spaces, and prove analogous Jacobi inversion formulas.
For s € C define

(1) = (1.3)

J(s) / > 9(’)2_1 5 dt. (1.4)
1

By Appendix A, J(s) is an entire function of s, whose derivative can be ob-
tained, in fact, by differentiation under the integral sign. One can obtain both
the analytic continuation and the functional equation of ¢ (s) by introducing the
sum

o0 o)
I(s5) & 3 /0 (rn?) e ds, (1.5)
n=1

which we will see is well-defined for Re s > % and by computing it in different
ways, based on the inversion formula (1.3). Recalling that the gamma function
I'(s) is given for Re s > 0 by

I'(s) déf[ooe—fzs—l di (1.6)
0
we clearly have
of _sf o | _
I(5) ¥ 7 S(Z nTS)F(s):n Se(2s)I(s), 1.7
n=1

so that /(s) is well-defined for Re2s > 1: Re s > % On the other hand, by the
change of variables u = ¢ /7 n? we transform the integral in (1.5) to obtain

o0 00 )
I(s)ZE / e s gy,
0
n=1
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We can interchange the summation and integration here by noting that

o0 00 5 o0 00 5

E / ™" ’ts_l‘dz: E / eI Res=1 g — [(Res) < 00
0 0

n=1 n=1

for Re s > %; thus

%0 20 ®9(r)—1
I(S)=/0 Ze_””zt zs_ldt:/O 4()2 sl dt
n=1

o) —1 () —1
= / b0 =1 1oy, +/ 001 o1 gy, (1.8)
0 2 1 2
by (1.2). Here
1 1 1
/ #7Vdt = lim 57N dr = - (1.9)
0 =01 Jg K
for Re s > 0. In particular (1.9) holds for Re s > %, and we have
Yo)y—1 ,_, 1 ! . 1
/ — 1" dt = —/ 0@’ dt — —. (1.10)
0 2 2 0 28

By the change of variables u = 1/¢, coupled with the Jacobi inversion formula
(1.3), we get

1 e’} 1 [ee] )
f 0(t)rs ! dt=/ e(;) (1S dt=/ 0(1)t2t™ 15 dt
0 1 1

(%) 1 o
=/ @) —1=27 dl+/ IS 4y

! 1

00 1 | L l
:/ @) =127 de +/ Yo 3ts=6—3-1 4,
! 0

B [oo 60— )3 dr+ ——
1

17
$—12

where we have used (1.9) again for Re s > % Together with equations (1.8) and
(1.10), this gives

L I 1 [0 -1
0= 5/1 B0~ dr 2s— 1) _2_s+/1 (l)z e dt
-3

®0()—1 1 1 1
= EEEEe— ts_l t_i_s d[ PR
/1 2 ( + ) +2s—1 2s
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which with equation (1.7) gives

®H(r)—1 1 1 1
SLR2s)I(s) = — (T 2 dr ——, (L11
wsc@re) = [T T e g -
for Re s > % Finally, in (1.11) replace s by s/2, to obtain
Oo@(t)—l s s_1 1 1
—s/2 F(f):/ STV N —— 2 (112
& ¢(s) 2 1 2 ( + ) +s—1 ) ( )

for Res > 1. Since zI'(z) = I'(z + 1), we have I" (5) s = 2I" (§ + 1), which
proves:

THEOREM 1.13. For Res > 1 we can write

_ w3 ®4(t)—1 $=1 ., ,—%-1 73 B 73
0= ), T T e ey

The integral f loo in this equality is an entire function of s, since, by (1.4), it
equals J (5 —1) + J (=5 —1). Also, since 1/I'(s) is an entire function of s,
it follows that the right-hand side of the equality in Theorem 1.13 provides for
the analytic continuation of ¢ (s) to the full complex plane, where it is observed
that ¢(s) has only one singularity: s = 1 is a simple pole.

The fact that I (%) = 71/2 allows one to compute the corresponding residue:

s

b=

) _inzzn:
A= G T T

An equation that relates the values {(s) and {(1 — s), called a functional
equation, easily follows from the preceding discussion. In fact define

Xr(s) & 7=5/2¢()r (%) (1.14)

for Re s > 1 and note that the right-hand side of equation (1.12) (which provides
for the analytic continuation of Xg(s) as a meromorphic function whose simple
poles are at s = 0 and s = 1) is unchanged if s there is replaced by 1 —s:

THEOREM 1.15 (THE FUNCTIONAL EQUATION FOR ((s)). Let Xg(s) be given
by (1.14) and analytically continued by the right-hand side of the (1.12). Then

Xgr(s) = Xgr(1—s) fors #0,1.
One can write the functional equation as
s —s+1
7 SC(3)i6) | a I (3)80)
M

s sy ()

(1.16)
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for s # 0, 1, multiply the right-hand side here by 1 = —(£5%)/(152), use the
identity (I%S)F(l;s) = F(ﬁ), and thus also write

2 2
7 SHI(5)(s = DEG)

ST

, (1.17)

an equation that will be useful later when we compute ¢’ (0).
For the computation of ¢’(0) we make use of the following result, which is of
independent interest. [x] denotes the largest integer that does not exceed x € R.

THEOREM 1.18. ForRes > 1,

00 _ 1 d
()= 4y ks | sl L

~ (1.19)
+1+s/ [X]_xdx.
1

S_l xs+1

That these two expressions for ¢ (s) are equal follows from the equality || loo xf%
= % for Re s > 0; this with the inequalities 0 < x —[x] < 1 allows one to deduce
that the improper integrals there converge absolutely for Re s > 0. We base the
proof of Theorem 1.18 on a general observation:

LEMMA 1.20. Let ¢(x) be continuously differentiable on a closed interval
la, b]. Then, for ¢ € R,

b b
/(x—c—%)qﬁ'(x)dx:(b—c—%)gb(b)—(a—c—%)qb(a)—/ d(x)dx.

In particular for [a, b] = [n,n + 1], with n € Z one gets

n+1 n+l1
[ b= o ax = PEREE L [T g g

PROOF. The first assertion is a direct consequence of integration by parts. Using
it, one obtains for the choice ¢ = n the second assertion: fnn+1[x]¢’ (x)dx =
f:“ n¢’(x) dx (since [x] = n for n < x < n + 1); hence

n+1
/ (x—n—1)¢'(x)dx
n n+1
(n+1—n—%)¢(n+1)—(n—n—%)¢(n)—/ ¢ (x)dx
n+1 "
=1opm+1)+ %qﬁ(n)—/ ¢(x)dx, O

n+1
[ (r—[x]— 1)¢'(x) dx
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As a first application of the lemma, note that for integers n1,, m; with my, > mq,

> lpn+1)+p(n)]

n=m;j;

=Y ¢+ + > ¢

n=m;i; n=m;i;

=¢mi+1)+¢m+2)+- -+ p(mr+1)+¢(m)+¢(m+1)+---+d(m2)

=p(mat+) +pmD+2 Y ).

n=mi+1
Also Y72, f:“ = frZ?H. Therefore
1 my 1 my
Pt DO S pm=5 Y et ) +g0]
n=mi+1 h=m
ma n+1 ma n+1
=Y [ emm-bemdr Y [T g dx

n=m;j n=m;j

(by Lemma 1.20), which equals fmmlﬁl (x—[x]—3) ¢’ (x) dx+ ,:ZZH ¢ (x)dx.
Thus

Z b(n) = —¢(my —|—;)—¢>(m1)

m2+1 m2+1
+/ ¢>(x)dx+/ (x—[x]—%)qﬁ’(x) dx (1.21)

mi mi

for ¢(x) continuously differentiable on [m21, m, + 1]. Now choose m; = 1 and
) Ex
for x > 0, Res > 1. Then floo i—f = ﬁ Also p(my +1)=(my+1)" =0
as m, — 00, since Res > 0. Thus in (1.21) let m, — oc:
1 1 o
— = _% + — +/ (x —[x]— %)(—sx_s_l) dx.
ns s—1 1
n=2
That is, for Re s > 1 we have

00 00 _ 1
;(S):l—i_Zan:l—i_sL-l_S/l de,

xs—l—l
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which proves Theorem 1.18.

We turn to the second integral in equation (1.19), which we denote by

foE /1 R CIEEIFN

xs+1

for Res > 0. We can write /(s) = limy—o0 /|’ ([)’:s]—lf)dx, where

n _ n—1 .j41 _ n-l .j41
([);]HIX)dx:Z/ ([ﬂ%dxzz:/ iH’fdx, (1.22)

1 j=1 J j=1%J

since [x] = j for j <x < j + 1. Thatis, f(s) = Z;’il aj(s) where

S Y N A AVE VR e

for s £ 0, 1, and where for the second term here s = 1 is a removable singularity:

1 1 1
lim(s—1 — =0
L (js—l (j+1)s—1)
Similarly, for the first term s = 0 is a removable singularity. That is, the a; (s)

are %nttire functions. In particular each a;(s) is holomorphic on the domain
Dt = {s € C|Res > 0}. At the same time, for o := Re s > 0 we have

|a'(s)|</jJrl A (L —
J - i xo+1 T o jo (j+1)e

(where the inequality comes from | j —x| =x—j <1 for j <x < j+1); moreover

(1 1 1 (1 1
Y (7 gae) = ar i’J.Z(j_v_<j+1)v)‘l

(i.e. 1/(n+1)° — 0 as n — oo for ¢ > 0). Hence, by the M-test, Z;L aj(s)
converges absolutely and uniformly on DT (and in particular on compact sub-
sets of D). f(s) is therefore holomorphic on D, by the Weierstrass theorem.
Of course, in equation (1.19),

e _ 1
s/l 7([)6] x+2)a’x=sf(s)+%

xs+1

is also a holomorphic function of s on DT,
We have deduced:
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COROLLARY 1.23. Let
(x]1- %)
o [T E 2

Then f(s) i% ¥vell—deﬁned for Res > 0 and is a holomorphic function on the
domain DT = {s € C |Res > 0}. For Res > 1 one has (by Theorem 1.18)

L(s) = —l—i-l—l—sf(s) (1.24)

From this we see that {(s) admits an analytic continuation to DY. Its only
singularity there is a simple pole at s = 1 with residue limg_,1(s — 1)¢(s) = 1,
as before.

This result is obviously weaker than Theorem 1.13. However, as a further ap-
plication we show that

11m (é'(s) — —) =y (1.25)

where

© fim (14~ 4 Ly 1.26
y < 1im ( +§+§+---+Z—0gn) (1.26)
is the Euler—Mascheroni constant; y ~ 0.577215665. By the continuity (in

particular) of f(s) ats =1, f(1) =limg_ f(s). That is, by (1.24), we have

hm (g‘(s)——) = lirri(1+sf(s))

(.22) . It j—x
=1+ 7(1) 1+n1£1}ozfj dx

as desired.
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Since s = 1 is a simple pole with residue 1, {(s) has a Laurent expansion

£(s) = —1 +v+ Z Vie(s — D) (1.27)
k=1

on a deleted neighborhood of 1. By equation (1.25), yo = y. One can show
that, in fact, for k =0,1,2,3,...

(=D* (Z (log)* (logn)k“)

Vi = (1.28)

[ k+1

a result we will not need (except for the case k = 0 already proved) and thus
which we will not bother to prove.

The inversion formula (1.3), which was instrumental in the approach above
to the analytic continuation and FE of {(s), provides for a function F (t) t>0,
that is invariant under the transformation ¢ — 1/¢. Namely, let (l) f41/ 40(1).
Then (1.3) is equivalent to statement that F(1/t) = F(¢), for ¢ > 0.

Lecture 2. Special values of zeta

In 1736, L. Euler discovered the celebrated special values result

(=D)"*1(27)*" By

2n) = 2.1
¢£(2n) o .
forn=1,2,3,..., where Bj is the j-th Bernoulli number, defined by
o0
z B;
_ 2J
ez—1 Z J! -
j=0

for |z| < 27, which is the Taylor expansion about z = 0 of the holomorphic
function /1(z) & 2/(e? — 1), which is defined to be 1 at z = 0. Since % — |
vanishes if and only if z = 27in, for n € Z, the restriction |z| < 27 means that
the denominator e? — 1 vanishes only for z = 0. The B; were computed by
Euler up to j = 30. Here are the first few values:

By By B, By By Bs Bg¢ B; Bg By Big Bii Biy Bis

1 1 1 1 1 5 691
L' —5 5 0 -5 0 55 0 —5 0 &% —3730 0

(2.2)

In general, Bogq>1 = 0. To see this let H(z) défh(z) + z/2 for |z| < 27, which
we claim is an even function. Namely, for z # 0 the sum z /(e —1)+z/(e7?—1)
equals = —z by simplification:

z

—Zz z . z H()
— = Z——= z).
Zz—-1 2 ez-1 2

H(-z) =
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Then

z > B . B
2j 2j+1 S2j+1
~+Bo+Biz+ : /
2 T ];(2])' Z<2J+1>'
(o.¢]

_z B; P _ B
_E+ZF21_H(2)_H( z)

=2+ Bo+Bi(- z)+z(22’),<— DY+ Z(z”j), 2,

which implies

0=(1 +2Bl)z+22 Bajwr ajer

27+ D!
and consequently B; = —% and Byj 1 =0 for j > 1, as claimed. By formula
(2.1) (in particular)
21 7?2 21 a4 >
z<2=2—2=? (W= — =5 c(6=2 . (23)
n=1 n=1 n=1

the first formula, ) 7> | 1/ n? =2 /6, being well-known apart from knowledge
of the zeta function {(s). We provide a proof of (2.1) based on the summation
formula
! " coth : 24
gnz—i-az 2aCOt T g 24)
for a > 0; see Appendix E on page 92. Before doing so, however, we note some
other special values of zeta.
As we have noted, 1/1I"(s) is an entire function of s. It has zeros at the points
s =0,—1,-2,-3,—4,.... By Theorem 1.13 and the remarks that follow its
statement we therefore see that forn =1,2,3,4,...,

- -1 _l
ﬁ =0, ¢(0)= . 2.5)

2r (1) 2
Thus, as mentioned in the Introduction, {(s) vanishes at the real points s =
—2,—4, 6 —8, ..., called the trivial zeros of {(s). The value ¢ (0) is nonzero —
it equals —5 by (2 5) Later we shall check that

§(=2n) =

¢'(0) = £(0) log 2 = —1 log 2. (2.6)
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Turning to the proof of (2.1), we take 0 < ¢ <27 and choose a = 2L in (2.4),
obtaining successively i

—coth > ——— =
t 2 t2+4n
1 t 1 1
—cothe—— =2y —
2 My T };:2+4n2n2
1 1 24 —1[e /2 e/2 4 ot/2
el —1 + 27 2(ef—1) (e_’/z) C2(et/?2 —em1/2)

lcosh(z/2) 1
— SO ot =y
2sinh(z/2) 2 T + ’12::1 t2 4+ 4mx2n?

t t > 1
— = 1422 - 2.7
=13 + ;t2+4n2n2 @7
Since By =1 and By = —% (see (2.2)), and since By 41 =0 for k > 1, we can
write
o0 o0
t difzﬁlk_ Zsz 2k
=1 =kl @i’
and (2.7) becomes
o0 o
=2t _—. 2.8
Z (2k)' nX=:1 12 +4n2n? 5
For 0 <t < 27, we can use the convergent geometric series
i( —t2 )k 1 _ 47%n? 2.9
2,2 T2 2,2° )
o dm*n 1+422 1= +4m*n
to rewrite (2.8) as
00 o0 00 2 k
=2t 2.10
Z (2k)| Z Z 42n2 47r2n2 ( )

n=1k=
00 00 _t 2 k—1
2
t .
3 ()
The point is to commute the summations on 7 and k in this equation. Now

ii 1 B 2 \k! o ,2(k—1) X 20k-1) X
47202\ 4n2n?
k=1n=1

Z (4n2)k Z Z (4712)1‘ Z

(=]
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which is finite since Y00 | 1/n% =¢(2) <ocoand 3 02 12k=D /(47 2)k < oo,
by the ratio test (again for 0 < ¢ < 2x). Commutation of the summation is
therefore justified:

© 2k 2\k—1 o0 k—1
szt 2 ( 4 ) 2(_1) 2k
—— =2t ——(2k)t
k2=:1 (2k)! kz: 472 (4 2)k—1 Z n2k k2=:1 (4m2)k £2k)
on (0, 27). By equating coefficients, we obtain
By _ 2=t k)
Qk)! (r)k

which proves Euler’s formula (2.1).

fork > 1,

Next we turn to a proof of equation (2.6). We start with an easy consequence
of the quotient and product rules for differentiation.

LEMMA 2.11 (LOGARITHMIC DIFFERENTIATION WITHOUT LOGS). If

P1(s) P2(s) P3(s)

Pa(s) ’
on some neighborhood of s € C, where the ¢ (s) are nonvanishing holomorphic
functions there, then

F'(so) _ ¢/ (s0) N #5(s0) N $3(s0) ¢4 (s0)
F(So) $1(s0)  2(s50)  P3(s0)  Palso)

Now choose ¢1(s) & 7375, ¢y (s) & I I(%), ¢a(s) =2I'(35%), say on a small
neighborhood of s = 1. For the choice of ¢3(s), we write ¢(s) = g(s)/(s—1)
on a neighborhood N of s = 1, for s # 1, where g(s) is holomorphic on N and
g(1) = 1. This can be done since s = 1 is a simple pole of {(s) Wlth residue
= 1; for example, see equation (1.27). Assume 0 ¢ N and take ¢3(s) = &f g(s)on

N. By equation (1.17), = (1 —5) = ¢1(s) P2(5) 3 (s)/¢4(s) near s = 1, so that
by Lemma 2.11 and introducing the function ¥ (s) = iy ol (s)/I"(s), we obtain

F(s) =

¢'(1=s)
—C(1=9) 5=

27 (—log ) (s) -
=B e G e

If y is the Euler—-Mascheroni constant of (1.26), the facts —y(1) = y and

¥ (3) = —y —21log 2 are known to prevail, which reduces equation (2.12) to

£'(0) = §(0)(logn + % +log2—g'(1) + g)

=—1(logm +y +log2—g'(1)),
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since g(1) = 1 and ¢(0) = —%; see (2.5). But g’(1) = y, as we will see in a
minute; hence we have reached the conclusion that ¢’(0) = —% log 27, which is
(2.6). There remains to check that g’(1) = y. We have

_1
() im £ ()
s—>1 s—1

’

again since g (1) = 1; this in turn equals lims_,; ({ (s)— s%l) =y, by equation
(1.25).

To obtain further special values of zeta we appeal to the special values formula

F(d—n) = (=" /7 2%"n!

>— 2.13
2 (2n)! @13)
for the gamma function, where n = 1,2,3,4,.... This we couple with (2.1)
and the functional equation (1.16) to show that
1 B
{(-1)=—— and {(1-2n)= — 22 forn = 1,2,3,4,.... (2.14)
12 2n

Namely, ¢(1-2n) = a2nts (n)t(2n)/I (% —n), by (1.16); this in turn equals

772043 (n — 1)12(2n) (2n)!
(—1)" /722! ’

by (2.13); whence (2.1) gives

(—1)”(2n)_2”§(2n)(2n)!_ Bon
n T o

¢(1-2m) =

Taking n =1 gives {(—1) = —% — 1—12, by (2.2), which confirms (2.14).

Lecture 3. An Euler product expansion

For a function f(n) defined on the set Zt = {1,2,3, ...} of positive integers
one has a corresponding zeta function or Dirichlet series

by L0
n=1

n

defined generically for Re s sufficiently large. If f(n) =1 foralln € Z™T, for
example, then for Res > 1, ¢¢(s) is of course just the Riemann zeta function

£ (s), which according to equation (0.2) of the Introduction has an Euler product
expansion {(s) =[] peP 1_1? over the primes P in Z™. It is natural to inquire
whether, more generally, there are conditions that permit an analogous Euler

product expansion of a given Dirichlet series ¢¢(s). Very pleasantly, there is
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an affirmative result when, for example, the f(n) are Fourier coefficients (see
Theorem 4.32, where the n-th Fourier coefficient there is denoted by a,) of
certain types of modular forms, due to a beautiful theory of E. Hecke. Also see
equations (3.20), (3.21) below. Rather than delving directly into that theory at
this point we shall instead set up an abstract condition for a product expansion.
The goal is to show that under suitable conditions on f'(n) of course the desired
expansion assumes the form

o0

der o S (1) J@)
¢r(s) = Z n [lep(I+a(p)p=2 = f(p)p~*)

(3.1)

n=1

for some function «(p) on P; see Theorem 3.17 below. Here we would want to
have, in particular, that f(1) £ 0. Before proceeding toward a precise statement
and proof of equation (3.1), we note that (again) if f(n) =1foralln e Z™, for
example, then for the choice a(p) = 0 for all p € P, equation (3.1) reduces to
the classical Euler product expansion of equation (0.2).

Given f : 7t > RorC,and o : P — R or C, we assume the following
abstract multiplicative condition:

S (np) if ptn,

S /(p) = {f(np) Ta(p) /(%) ifpin, -2

for (n, p) € ZT x P; here p|n means that p divides n and p1n means the
opposite. Given condition (3.2) we observe first that if /(1) =0 then f vanishes
identically, the proof being as follows. For a prime p € P, (3.2) requires that
f() f(p) = f(p),since p{1;thatis, f(p) =0.1fneZ" with n > 2, there
exists p € P such that p |n, say ap =n, a € Z*. Proceed inductively. If pta,
f(@ f(p)=f(ap)= f(n),by (32),50 f(n)=0,as f(p)=0.1f p |a, we have
0= f(a)f(p) (again as f(p) = 0), and this equals f(ap) +a(p)f(a/p) =
f(m)+a(p)fla/p), where l < p<a(sol <a/p <a=n/p <n). Thus
f(a/p) =0, by induction, so f(n) = 0, which completes the induction. Thus
we see that if f £ 0 then f(1) # 0.
As in Appendix D (page 88) we set, m,n € Z ™,

def 1 ifm|n,
d(m,n) = .
(m. m) {0 it min.

Fix a finite set of distinct primes S = {p1, p2,..., p;} C P and define g(n) =
gs(n)on ZT by

/
gn)= s [T(1—=d(p;.m). (33)

j=1
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Fix p € P —{p1, pa2...., p;}. Then the next observation is that, forn € Z+,

g(np) if pin,

gnp) +a(p)g(5) ifpln (3.4)

gn) f(p)= {

which compares with equation (3.2).

PROOF. If pj | n then of course p; | pn. If p; {n then p;j { pn; forif p;|pn then
p |n since pj, p are relatively prime, given that p # each p;. Thus

d(pj.n)=d(pj,pn) fornezZ* 1<j<I. (3.5)

Similarly suppose p |n, say bp = n, with b € Z*. If p;{n/p then p; {n; for
otherwise p; |n = bp again with p;, p relatively prime, implying that p;|b =
n/ p. Thus we similarly have

d(pj,n/p) =d(pj,n) forneZ*, 1<j<I, suchthat p|n. (3.6)

Now if n € Z™ is such that p{n, then

g /() E f) £ (p) H (1—61(1)/,”)) f(np) H (1—d(p;. pn))

33)
=" g(np).

On the other hand, if p | n, then
g /() E f@)/(p) H (1—d(pj.n))

l
= (fo) -+ 1G) T1(1=dps.)

(3.5)

(36)f( )H(l—d(pj pm) +a(p) f(5 )H(l—d(pj, M)

(3:3)
=" gnp) +a(p)g(%).
which proves (3.4). O

Let ¢p(s) = Y gy h(n)/n® be a Dirichlet series that converges absolutely, say
at some fixed point 5o € C. Fix p € P and some complex number A(p) corre-
sponding to p such that

h(np) if pin,

3.7
h(np) +ea(p)h(%) i p|n. S

h(mA(p) = {
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forn € ZT. Then

© (1_d ’ i
¢h(So)(1 +Ol(p)p_230 _A(p)p—SO) — Z ( (p n)) (”)

s (3.8)
n=1
PROOF. Define n)
a(p)h(3;
an =) " (pmy
0 if pin,
forn € ZT. Since p | pn, we have
B oz(P)h(%) — a(p) —25o (1)
o= T ppnyo TP s

which shows that > > ; ap, converges. The Scholium of Appendix D (page
91) then implies that the series Y oo, d(p,n)a, converges, and one has

o0 o0
Y apn=>_d(p.n)ay, (3.9)
n=1 n=1

where the left-hand side here is a(p) p~2%0¢(so). Since both d(p,n),a, =0
if ptn, d(p,n)a, = a,, which is also clear if p | n. On the other hand, if p |n,

an E a(p)h(2)(pn)™0 = (h)A(p) —hp)) (pm) ™ (3.10)

by equation (3.7). Equation (3.10) also holds by (3.7) in case p {n, for then both
sides are zero. That is, (3.10) holds for all # > 1 and equation (3.9) reduces to
the statement

a(p)p~ > pu(s0) = > _[h(mA(p) — h(np)l(pn)~°. (3.11)

n=1
We apply the Scholium a second time, where this time we define a;, défh(n) /n%o;
since |d(p,n)ay| <|ay|, the sum Y o> | d(p,n)a, converges. By the Scholium,
> o2 | apn converges and Y oo apn = Y neq d(p,n)ay; that is,

o0

S h(pm)(pn) =0 = .,
n=1 =

n
which one plugs into (3.11), to obtain a(p) p~250¢,(so) = A(p) p 0 dp(s0) —
> > 1 d(p,n)h(n)n~*0. This proves equation (3.8).

The proof of the main result does involve various moving parts, and it is a bit
lengthy as we have chosen to supply full details. We see, however, that the proof
is elementary. One further basic ingredient is needed. Again let {p1,..., p;} by
a fixed, finite set of distinct primes in P. With f, « subject to the multiplicative
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condition (3.2), we assume that ¢y (so) converges absolutely where 5o € C is
some fixed number. For n=>1, we have 0 < ]_[ _1( —d(pj, n)) < 1; therefore
the series Y po (]_[ (1= af(p],n)))f(n)/ns0 converges absolutely. We now
show by induction on / that

/
1l (1+a(p)p; 2 = f(pj)p; ) br (s0)
=

x S (n)
= > (M =dp.m)) =2 312)

n=1 =1 n
For [ =1, the claim follows by (3.8) with p = py, h(n) = f(n), A(p) = f(p).
Proceeding inductively, we consider a set { p, pa, ..., p;, pi+1} of /+1 distinct
primes in P. Then
I+1 ~
[T (1+a(pj)p; = £ (i) p; )¢y (s0)
j=1

/
= (14+a(pir) P = Pre) P .l_[l(1+05(pj)Pj_2s0—f(Pj)Pj_so)¢f(50)
je

00 /
= (et 2= fr0pit) £ (11 0=dGym) 22
n=1"j=
= (I4+a(pre ) 2y 23— (P14 P1LY) i i(slz), (3.13)

where the second equality follows by induction and the last one by definition
(3.3). We noted, just above (3.12), that Y o2, (]_[§=1(1 —d(pj.n))) f(n)/n*
converges absolutely; that is, > =, g(n)/n* converges absolutely. Thus we
choose h(n) = g(n), p = pri+1, M(p) = f(p). Condition (3.7) is then a conse-
quence of equation (3.4), since p;4+; € P—{p1, p2. ..., p1}, and one is therefore
able to apply formula (3.8) again:

(14 P+ P13 = L (P10 P1LS) bg (s0)
% (1—d(pi+1.n))g(n)

B ngl nso
1—d !
(3.9) 2( (npm 1)) i (1 — d(py. ) f )
oo [+1
= X (l—d(pj,n))f(sz) (3.14)
n=1j= n

which, together with equation (3.13), allows one to complete the induction, and
thus the proof of the claim (3.12). ]
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Now let p; be the /-th positive prime, so p1 =2, pp =3, p3 =5, pa =17, ....
We can write the right-hand side of (3.12) as

Q)

nso ’

0+ 3 (11 (1=depy.m))

n=2 j=1
since no p; divides 1. We show that if 2 <n </ then

l
[T(1—d(pj.m)=0. (3.15)

j=1

Namely, for n > 2 choose ¢ € P such that g |n. If no p; dividesn, 1 < j </,
then g # py1,..., p; (since g | n); hence ¢ > p;4 (since p; is the /-th prime) and
so ¢ > [+ 1. But this is impossible since n </ (by hypothesis) and ¢ < (since
g | n). This contradiction proves that some p; divides n, that is, 1 = d(pj,n),
which gives (3.15).

It follows that

2 f(m) o= IRV
(I 0-aim) 2 -rm= 3 (10-dim) 5

where (using again that 0 < ]—[5-:1 (1—d(pj.n)) < 1) we have

x 1t Sf(n) X | fm] x| fm| & |f)
1—d(p;. < = - .
n=Xl:+1 (jl;[1( (P n))) n® n=;+1 n*o ngl n*o ngl nso

But this difference tends to 0 as / — oo. That is, by equation (3.12), the limit

HP(I +a(p)p~ 0 — f(p)p~) s (s0)
pe

[
Elim [T (1+a(p)p; >~ f(p)p~*)ds(s0) (3.16)

= 1
l—>OOj:1
exists, where p; = the j-th positive prime, and it equals f(1).

We have therefore finally reached the main theorem.

THEOREM 3.17. (As before, Z+ def {1,2,3,...} and P denotes the set of pos-
itive primes.) Let f :Z — R or C and a : P — R or C be functions where
[ is not identically zero and where f is subject to the multiplicative condition
(3.2). Then f(1) # 0. Let D C C be some subset on which the corresponding
Dirichlet series ¢ (s) = >o2 1 f(n)/n® converges absolutely. Then on D,

[T +ap)p™ = f(P)p™) s (s) = £(1)

peP
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(see equation (3.16)). In particular both ]—[pep (1 +a(p)p 25— f(p)p_s) and
¢r(s) are nonzero on D and

S
[Tyep(1+a(p)p=2 — f(p)p~)

on D (which is equation (3.1)).

¢r(s) = (3.18)

We remark (again) that the proof of Theorem 3.17 is entirely elementary, if
a bit long-winded; it only requires a few basic facts about primes, and a weak
version of the fundamental theorem of arithmetic — namely that an integer n > 2
is divisible by a prime.

As a simple example of Theorem 3.17, suppose f : Z+ — R or C is not
identically zero, and is completely multiplicative: f(nm) = f(n) f(m) for all
n,m € Z*. Assume also that s € C is such that > o2 1 f(n)/n® converges
absolutely. Then

oo

z:fT)= : . (3.19)

=T (1)

pEP p

To see this, first we note directly that (1) # 0. In fact since f # 0, choose
neZ% suchthat f(n) #0. Then f(n) = f(n-1)= f(n)f(1),so f(1)=1.
Also f satisfies condition (3.2) for the choice & = 0 (that is, a(p) = 0 for all
p € P). Equation (3.19) therefore follows by (3.18). In Lecture 5, we apply
(3.19) to Dirichlet L-functions.

Before concluding this lecture, we feel some obligation to explain the pivotal,
abstract multiplicative condition (3.2). This will involve, however, some facts re-
garding modular forms that will be discussed in the next lecture, Lecture 4. Thus
suppose that f'(z) is a holomorphic modular form of weight k =4, 6,8, 10, ...,
with Fourier expansion

f@) =) aue®™™ (3.20)
n=0

on the upper half-plane 7. Then there is naturally attached to f(z) a Dirichlet
series

o0
Adn
@“)_Z;”y (3.21)
called a Hecke L-function, which is known to converge absolutely for Re s > k,
and which is holomorphic on this domain. Actually, if f(z) is a cusp form (i.e.,
ag = 0) then ¢¢(s) is holomorphic on the domain Res > 1 + % As in the
case of the Riemann zeta function, Hecke theory provides for the meromorphic
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continuation of ¢ () to the full complex plane, and for an appropriate functional
equation for ¢ (s).

For each positive integer n = 1,2, 3, ..., there is an operator 7'(n) (called a
Hecke operator) on the space of modular forms of weight k given by

TwNHEH =Y Y f("”d‘l)d—k. 622)

d2
d>0 acz/d7z
d|n

Here the inner sum is over a complete set of representatives a in Z for the cosets
Z]/dZ. We shall be interested in the case when f(z) is an eigenfunction of all
Hecke operators: T'(n) f = A(n) f foralln > 1, where f 0 and A(n) e C. We
assume also that @; = 1, in which case f'(z) is called a normalized simultaneous
eigenform. For such an eigenform it is known from the theory of Hecke opera-
tors that the Fourier coefficients and eigenvalues coincide forn > 1:a, = A(n)
for n > 1. Moreover the Fourier coefficients satisfy the “multiplicative” condi-
tion

ap,dn, = Z dk_lanlnz/dz (323)

d>0
d|ni.d|n

for ny,ny > 1. In particular for a prime p € P and an integer #» > 1, condition
(3.23) clearly reduces to the simpler condition

_ fanp if pin,
dndp = {anp +pk_1anp/pz if p|n, (3.24)

which is the origin of condition (3.2), where we see that in the present context
we have f(n) = a, and a(p) = p¥~'; f(n) here is the function f : Z — C

of condition (3.2), of course, and is not the eigenform f(z). By Theorem 3.17,
therefore, the following strong result is obtained.

THEOREM 3.25 (EULER PRODUCT FOR HECKE L-FUNCTIONS). Let f(z)
be a normalized simultaneous eigenform of weight k (as desribed above), and
let ¢y (s) be its corresponding Hecke L-function given by definition (3.21) for
Res > k. Then, forRes > k,

1
[Tpep(1+p*=1725 —a,p=s)’

where ap, is the p-th Fourier coefficient f(z); see equation (3.20). If, moreover,
f(2) is a cusp form (i.e., the 0-th Fourier coefficient ag of f(z) vanishes), then
forRes > 1+ % ¢r(s) converges (in fact absolutely) and formula (3.26) holds.

¢r(s) = (3.26)

The following example is important, though no proofs (which are quite involved)
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are supplied. If

o0
n(z) défeﬂiZ/IZ l_[(l_eZTEinZ) (327)
n=1
is the Dedekind eta function on m*, then the Ramanujan tau function t(n) on

Z is defined by the Fourier expansion
oo

()% =Yt (3.28)

n=1

which is an example of equation (3.20), where in fact n(z)?* is a normalized
simultaneous eigenform of weight & = 12. It turns out, remarkably, that every
7(n) is real and is in fact an integer. For example, t(1) = 1, t(2) = —24,
7(3) =252, t(4) = —1472, ©(5) = 4830. Note also that, since the sum in (3.27)
starts at n = 1, (z)?* is a cusp form. By Theorem 3.25 we get:

COROLLARY 3.29. ForRes > 1+ % =7,

>, (n) 1
= . 3.30
Z ns npep(1+Pll_2s—T(P)P_s) ( )

The Euler product formula (3.30) was actually proved first by L. Mordell (in
1917, before E. Hecke) although it was claimed earlier to be true by S. Ra-
manujan.

Since we have introduced the Dedekind eta function 1(z) in (3.27), we check,
as a final point, that it is indeed holomorphic on 7. For

n=1

. o
an(2) E —e* and  G(2) E ] (1+an(2)).

n=1

write 1(z) = e™2/12G(z). The product G(z) converges absolutely on 7+ since

Yoo lan(2)| =352 e 2 (for z = x +iy, x, y €R, y > 0) is a convergent
geometric series as e 2™ < 1. We note also that a,(z) # —1 since (again)
lan(z)] = e™2™ < 1 forn > 1. If K C ™ is any compact subset, then the
continuous function Im z on K has a positive lower bound B: Imz > B > 0 for
every z € K. Hence

|Cln(Z)| — e—ZTtnlmZ < e—Zn’nB on K,

where 3°°° | 7278 i5 a convergent geometric series as e 72" 8 < 1 for B > 0.
Therefore the series Y po; @n(z) converges uniformly on compact subsets of
7t (by the M-test), which means that the product G(z) converges uniformly on
compact subsets of 7. That is, G(z) is holomorphic on 7 (as the a,(z) are

holomorphic on 1), and therefore 7(z) is holomorphic on 7.
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Lecture 4. Modular forms: the movie

In the previous lecture we proved an Euler product formula for Hecke L-
functions, in Theorem 3.25 which followed as a concrete application of Theo-
rem 3.17. That involved, in part, some notions/results deferred to the present lec-
ture for further discussion. Here the attempt is to provide a brief, kaleidoscopic
tour of the modular universe, whose space is Lobatchevsky—Poincére hyperbolic
space, the upper half-plane 7, and whose galaxies of stars are modular forms.
As no universe would be complete without zeta functions, Hecke L-functions
play that role. In particular we gain, in transit, an enhanced appreciation of
Theorem 3.25.

There are many fine texts and expositions on modular forms. These obviously
venture much further than our modest attempt here which is designed to serve
more or less as a limited introduction and reader’s guide. We recommend, for
example, the books of Audrey Terras [35], portions of chapter three, (also note
her lectures in this volume) and Tom Apostol [2], as supplements.

We begin the story by considering a holomorphic function f(z) on = that
satisfies the periodicity condition f(z 4+ 1) = f(z). By the remarks following
Theorem B.7 of the Appendix (page 84), f(z) admits a Fourier expansion (or
¢-expansion)

f@ =) anq(@)" =) ane* " (4.1)
nez nez
on T, where ¢(z) & g2miz , and where the a, are given by formula (B.6). We
say that f(z) is holomorphic at infinity if a,, = 0 for every n < —1:

f@) =) ape®™™ 4.2)
n=0

onnt. Let G = SL(2, R) denote the group of 2x 2 real matrices g = [‘Z Z] with
determinant = 1, and let I" = SL(2,Z) C G denote the subgroup of elements
y = [? 3] with a, b, ¢, d € Z. The standard linear fractional action of G on ™,
given by
def az+b
= ——¢€
cz+d
restricts to any subgroup of G, and in particular it restricts to .
A (holomorphic) modular form of weight k € 7, k > 0, with respect to I, is
a holomorphic function f(z) on 7t that satisfies the following two conditions:

M) f(y-z)=(cz+d)ff(z)fory =[*5]er, zent.
(M2) f(z) is holomorphic at infinity.

at for(g,z)eGxnt 4.3)
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Here we note that for the case of y = Tdéf[(l) }] el',wehave y-z =z+1

by (4.3). Then f(z + 1) = f(z) by (M1), which means that condition (M2)
is well-defined, and therefore f(z) satisfies equation (4.2), which justifies the
statement of equation (3.20) of Lecture 3. One can also consider weak modular
forms, where the assumption that @, = 0 for every n < —1 is relaxed to allow
finitely many negative Fourier coefficients to be nonzero. One can consider,
moreover, modular forms with respect to various subgroups of I". There are
two other quick notes to make. First, if y = —1 et [_(1) _(1)] € I', then by (4.3)
and (M1) we must have f(z) = (=1)¥ f(z) which means that /(z) = 0 if k is
odd. For this reason we always assume that k is even. Secondly, condition (M1)
is equivalent to the following two conditions:

M1)Y f(z+1)= f(z), and
M1 f(=1/z)=zFf(z) forz e nt.
For we have a(}rfeady noted that (M1) = (M1)’, by the choice y = T. Also
choose y = S = [(1) _(1)] € I'. Then by (4.3) and (M1), condition (M1)” follows.
Conversely, the conditions (M1)" and (M1)” together, for k > 0 even, imply
condition (M1) since the two elements 7', S € I" generate I'; a proof of this is
provided in Appendix F (page 96).

Basic examples of modular forms are provided by the holomorphic Eisenstein
series Gy(z), which serve in fact as building blocks for other modular forms:

e 1
Ge() & 3 — (4.4)

X
(m.n)€ZxZ—{(0,0)} (m +nz)

forzent,k=4,6,8,10,12,.... Theissue of absolute or uniform convergence
of these series rests mainly on the next observation, whose proof goes back to
Chris Henley [2]. Given 4,8 > 0 let

Sas &l y) eR? ||x| <4, y=>8) 4.5)

be the region C 7, as illustrated:
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LEMMA 4.6. There is a constant K = K(A,§) > 0, depending only on A and
3, such that for any (x, y) € Sy 5 and (a,b) € R? with b # 0 the inequality

(a+bx)%+b%y?
> K 4.7
a? + b? - 7
holds. In fact one can take
52
o . S (4.8)
14 (4+6)?

PROOF. Given (x,y) € Sy and (a,b) € R? with b # 0, let ¢ &t a/b. Then

(4.7) amounts to
(g +x)*+5°

1+¢2
Two cases are considered. First, if |¢| < A+, then 1+¢2 < 1+ (4+6)2, so
1 1
= .
1+¢2 ~ 14+ (A+6)2

Also (¢ 4 x)? + y2 > y2 > §2 (since y > § for (x, y) € S4.5)- Therefore

> K.

(q+x)2+y2> §2 B
14492  ~1+(4+68)2

’

with K as in (4.8).

If instead |¢| > A+38, wehave 1/|g| < 1/(A+6),so—|x|/qg =—]|x|/(A+I).
Use the triangular inequality and the fact that |x| < A4 for (x, y) € S4,5 to write
|x| A )

- A+6 — A+8 A+

- C]252

T (A+8)*
@+x)°+y> _ (@+x?_ & 4
I1+¢%2 7 1+44¢> = (4408)? 14+4¢*>

On the other hand, f(x) &2 /(1 4+ x?) is a strictly increasing function

on (0,00) since f’(x) = 2x/((1 + x?)?) is positive for x > 0. Thus, since
|g| > A+ 6, we have
q (4+38)

T+ 42 :f(|‘]|)>f(A+5):m,

X

q

I+ >1-

q

That is, |¢ + x| > |q] ALM which implies (g + x)? or again

4.9)

which leads to

(G+x)>+y> 8  (4+8)?
1+¢2 = (A48)? 1+(4+5)?



LECTURES ON ZETA FUNCTIONS, L-FUNCTIONS AND MODULAR FORMS 33

by the second inequality in (4.9). But the right-hand side is again the constant

K of (4.8). This concludes the proof. (]
2,72,,2 2

Now suppose b = 0, but ¢ # 0. Then (a+b)2c) Zzb LA a_2 =1> % which

by Lemma 4.6 says that et a

b 2 b2 2
(a+a;‘)+:2 Y > Kk Y min(4

2. K)

for (x,y) € S4,5, (a,b) eERxR—{(0,0)}. Henceif z € Sy 5,say z=x+iy, and
(m,n) €ZxZ—{(0,0)}, we get |m+nz|?> = (m+nx)>+n?y?>m>+n*>)K, =
Ki|m + ni|?. This implies, for a > 0, that |m 4+ nz|* > K‘:/2|m +ni|%, or

1 1

<
lm +nz|® a/2|m—|—m|°‘

(4.10)

Moreover — setting for convenience Z2 7%z - {(0,0)} — we know from
results in Appendix G that Z(m,n)ezi 1/|m + ni|* converges for & > 2. This
shows that Gy (z) converges absolutely and uniformly on every Sy s for k > 2,
which (since k is even) is why we take k = 4,6,8,10,12,... in (4.4). In
particular, since any compact subset of 7 is contained in some S 4.5 the holo-
morphicity of G (z) on ™ is established.

Since the map (m, n) — (m—n, n) is a bijection of Z2, we have

1 1
Zi(m%—n—i—nz)k_ Zi(m—n+n+nz)k

Gr(z+ D)=

(m,n)e

= Gy(2).

(m,n)e

Similarly,
1

Gk(_é) Z 7 Z —n)k 7 Z (Z+m)k

(m,n)ez? (m— n/Z) (m, n)GZ2 (m,n)ezz

since the map (m, n) — (n, —m) is a bijection of Zi. This shows that G (z)
satisfies the conditions (M1)" and (M1)”.

To complete the argument that the G (z), for k even > 4, are modular forms
of weight k&, we must check condition (M2). Although this could be done more
directly, we take the route whereby the Fourier coefficients of G (z) are actually
computed explicitly. For this, consider the function

e 1
D EY ——— (.11

k
mezZ (Z + m)
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on 't for k € Z, k > 2. The inequality (4.10) gives

1 1 1
|Wl+Z|k k/2|m+l|k ]f/z(mZ_l_l)k/Z

(4.12)

for z € S4,5. Since

1 1 1
Z (m2+ 1)k/2 1+2 Z (mz + 1)k/2 =1+2 Z m2k/2) = mk

for k > 1, we see that ¢ (z) converges absolutely and uniformly on every Sy s,
and is therefore a holomorphic function on 7 such that

1 1
¢k(2+1)=”%m=”%m=¢k(2)-

Thus (again) there is a Fourier expansion

$r(2) =) an(k)e?™ ™ (4.13)

nez

on 7+, where by formula (B.6) of page 84 (with the choice b; = 0, b, = 00)

1 . .
an(k) = / br(t +ib)e2mint+ib) gy (4.14)
0

forneZ,b > 0.

PROPOSITION 4.15. In the Fourier expansion (4.13), a, (k) = 0 for n <0 and
an(k) = (=27i)*n*=1/(k — 1)! for n > 1. Therefore

or(z) = (= 27”1;‘ Z k—1,2minz

is the Fourier expansion of the function ¢y (z) of (4.11) on w*. Here k € Z,
k>2asin4.11).

PROOF. For fixed n € Z and b > 0, define h,,(¢) o e27int/(t 4 ib4+m)* on
[0,1], form € Z. Since (1,b) € S} p for t €[0, 1] according to (4.5), the inequality
in (4.12) gives

|hm ()] < .
" Kf/z(mz + k/2
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As we have seen, Y, ., 1/(m? +1)¥/2 < 0o for k > 1,50 3,y hm(t) con-
verges uniformly on [0, 1]. By (4.11) and (4.14), therefore, we see that

an(k) = / > hm()e*™ ™ dt = 2Py / him (1) dt

mez mezZ
2 b Z / —2:rtlnt
T dt. (4.16)
taibh Lk
s t+ib+m)

By the change of variables x = ¢ + m, we get

1 e—2m’nt dt m+1 e—Znin(x—m) m+1 e—27rinx
[ e e
o t+ib+m)k J, (x +ib)k m  (x+ib)k

SO
—2mnt
B
=y Jo (t+ib+m)
m+1 e—27rinx
oy
= Im (x+ib)
o m+1 ,—2mwinx o —-m+1 ,—2minx
n;O/m (x +ib)k ’El _m (x—l—zb)k
00 e—Zninx 0 e—Zninx 0o e—annx
=/ | kdx+/ e k=/ L __dx. @17
o (x+1ib) —o0 (X +1D) —o0 (X +1ib)
(Note that the integrals on the last line are finite for k£ > 1, since
e—2ninx 1
= 4.18
(x+ib)e|  (x2+b2)k/2 (+19)

and the map x > 1/(x? + 52)? lies in L' (R, dx) for 20 > 1.) From (4.16) and
(4.17), we have

nb o) e—Zninx

an(k) =e " [ ————dx 4.19

In particular,
d
lan (k)| = ezn"b/ . k/2’
@ R34 )

by (4.18). Setting t = x /b, we can rewrite the right-hand side as

eZnnb/ b dt B eZﬂnbck 420

bk Jr (124 DK/2  pk—1 7 ’
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where ¢y, o Ir dt/(t? +1)¥/2 < oo for k > 1. Since b > 0 is arbitrary, we let
b — oo. For n = 0 or for n < 0, we see by the inequality (4.20) that a, (k) = 0.
Alsoforn =1,2,3,4,... and k > 1, it is known that

—2minx 2

Y e = e O e, (4.21)

R (x +ib)k (k—=1)!
see the Remark below. The proof of Proposition 4.15 is therefore completed by
way of equation (4.19). O

REMARK. Equation (4.21) follows from a contour integral evaluation:
oco+ib ,—2mwiuz b k, k—1_,—kmi/2

/ ¢ —dz= @m) e 4.22)

—cotib  Z (k)

where u, b > 0, k > 1. The left-hand side here is
le's) e—Zm'u,(x—i-ib) o0 e—Zﬂile
/ —  dx = / ——dx
oo (x4 ib)k —oo (X +ib)K

Thus we can write ffooo eI x /(x 4 ib)k = e 2THE (27 i)k k=1 (ke —1)!
for ,b > 0 and k > 1 an integer. The choice u =n (n=1,2,3,4,...) gives
(4.21).

For n € Z, define
1
Un(2) E ge(nz) =

k
o (nz +m)

(see (4.11) for the last equality) on 7. In definition (4.4), the n = 0 contri-
bution to the sum is 7oy 1/mk =3 1/mk + 5% 1/(-m)* =
23 1/m* (since k is even) = 2¢ (k). Thus we can write Gy (z) = 2¢ (k) +
Znez—{O} > mez 1/(m+ nz)k =20(k) + Z;C;o:I Yn(z) + Z;o:I V_n(z). But

Y_n(z) = ¥u(z), again because k is even (the easy verification is left to the
reader). Therefore

Gr(2) =200k) +2)  ¥n(2) =20(k) +2 ) ¢y (nz)

n=1 n=1

k o0 00
=2§'(k)_|_ 2(27”1))' Z Z k—1 27nmnz

(by Proposition 4.15, for k even), leading to

n=1m=1

o0

k
Gi2) =2 k) + T 3 on e,

by formula (D.8) of Appendix D. This proves:
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THEOREM 4.23. The holomorphic Eisenstein series Gy (z), k =4,6,8,10, 12,
..., defined in (4.4) satisfy conditions M1), (M1)", and are holomorphic at
infinity. In fact, Gy (z) has Fourier expansion (4.2), where ag = 2{ (k) and

202mi)k dof 227 )k 1
- O d
= Gy o1 = G dg
d|n

forn > 1. The Gy (z) are therefore modular forms of weight k.

Since k is even in Theorem 4.23, formula (2.1) applies to ¢ (k).

As mentioned, a modular form is a cusp form if its initial Fourier coefficient
agp in equation (4.2) vanishes. By Theorem 4.23 the G (z), for example, are not
cusp forms since (k) # 0 for k even, k > 4. In fact we know (by Theorem 3.17)
that since {(s) is given by an Euler product, it is nonvanishing for Re s > 1.

We return now to the discussion of Hecke L-functions, where we begin with
results on estimates of Fourier coefficients of modular forms. The Gy (z) already
provide the example of how the general estimate looks. This involves only an
estimate of the divisor function o, (n) for v > 1, where we first note that d > 0
runs through the divisors of n € Z, n > 1, as does n/d:

(71,(11)012f Z d’ = Z <§>v =n" Z % <n’ Z % =n"¢(v).

0<d 0<d 0<d 0<dez
d|n d|n d|n

Therefore for a, the n-th Fourier coefficient of G (z), Theorem 4.23 gives, for
n>1, |ay| <2Qn)*/(k — 1)tk — 1)nk=! = C(k)n*~!, where we have set

aef 2(2)K

Clhy = (k—1)!

Sk —1).

In general:

THEOREM 4.24. For a modular form f(z) of weight k = 4,6,8,10, ..., with
Fourier expansion given by equation (4.2), there is a constant C(f, k) > 0,
depending only on [ and k, such that |a,| < C(f,k)n*= forn > 1. If f(z) is
a cusp form, C(f,k) > 0 can be chosen so that |a,| < C(f,k)n*/% forn > 1.

The idea of the proof is to first establish the inequality
lanl < C(fehyn*2, nz1, (4.25)

for a cusp form f(z) by estimating f(z) on a fundamental domain F C 7™+
for the action of I on 7+ (given by restriction of the action of G in equation
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(4.3) to I'), whence an estimate of f(z) on 7™

estimated from the formula

is readily obtained. Then a, is

1
ap = / f(t +ib)e2mint+ib) gy (4.26)
0

for any b > 0; compare formula (4.14). By these arguments one can discover,
in fact, that a modular form f(z) of weight k is a cusp form if and only if there
is a constant M ( f, k) > 0, depending only on f and k, such that

| £(2)] < M(f,k)(Imz)~*/2 (4.27)

on 7. Once (4.25) is established for a cusp form, the weaker result |a,| <
C(f.k)n*=' n > 1, for an arbitrary modular form f(z) of weight k fol-
lows from the fact that it holds for G4 (z) (as shown above), and the fact that
f(z) differs from a cusp form (where one can apply the inequality (4.25)) by
a constant multiple of Gy (z). In fact, write f(2) = ag + Y oy ape?mTinz,
Gr(2) =bo+ .52 | bye™in7 (by equation (4.2)) where bg = 2 (k), for exam-
ple (by Theorem 4.23). Then fy(z) &f f(z)—(ao/bo) G (z) is a modular form

of weight k, with Fourier expansion

e )
§ : j a a .
fo(z) =ap+ anlerznz_b_((:bO_ § : bzbneannZ

n=1 n=1

which shows that fy(z) is a cusp form such that
: : a
@)= fo@) + 3 Gk(). (4.28)

To complete our sketch of the proof of Theorem 4.24, details of which can
be found in section 6.15 of [2], for example, we should add further remarks
regarding F. By definition, a fundamental domain for the action of I" on 7T is
an open set F C 7" such that (F1) no two distinct points of F lie in the same
I'-orbit: if z1, z, € F with z{ # z,, then there isno y € I" such that z; =y - z5.
We also require condition: (F2) given z € 7™, there exists some y € I" such
that y - z € F (= the closure of F). The standard fundamental domain, as is
well-known, is given by

FE{ent||z]>1,|Rez| < 1}, (4.29)

and is shown at the the top of the next page.
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F is this
interior region

If My (I'") and Sy (I") denote the space of modular forms and cusp forms of
weight k = 4,6,8, 10, ..., respectively, there is the C-vector space direct sum
decomposition

M (') = S;(I') ® CGy, (4.30)

by (4.28). The sum in (4.30) is indeed direct since (as we have seen) G (z) is
not a cusp form.
If f € My (I") with Fourier expansion (4.2), the corresponding Hecke L-
function L(s; f) is given by definition (3.21):
o0

def Ap

Lis: /) =gr() =< Y. (431)

n=1

By Theorem 4.24 this series converges absolutely for Re s > k, and for Re s >
1+% if /'€ Si(I"). Onthese respective domains L(s; f') is holomorphic in s (by
an argument similar to that for the Riemann zeta function), as we have asserted
in Lecture 3. Since Theorem 3.25 is based on equation (3.24), which is based
on equation (3.23), our proof of it actually shows the following reformulation:

THEOREM 4.32. Suppose the Fourier coefficients a of | € My (I") satisfy the
multiplicative condition (3.23), with at least one a, nonzero:

nyny = Y dk—la%” 4.33)

d>0
dlny, d|ns



40 FLOYD L. WILLIAMS

forny,ny, > 1. Then L(s; ) has the Euler product representation

Lis: =] : (4.34)

yep 1+ pk—1—2s _ app—s

forRes > k. If f € Sp(I"), equation (4.34) holds forRes > 1+ k /2.

Here, we only need to note that ¢y = 1. For if some a, # 0, then by (4.33)
ana) =dp1/1> =ay andsoa; = 1.

Theorem 4.32 raises the question of finding modular forms whose Fourier
coefficients satisfy the multiplicative condition (3.23) = condition (4.33). This
question was answered by Hecke (in 1937), who found, in fact, all such forms.
As was observed in Lecture 3, the multiplicative condition is satisfied by nor-
malized simultaneous eigenforms: nonzero forms f(z) with a; = 1, that are
simultaneous eigenfunctions of all the Hecke operators 7'(n),n > 1; see defini-
tion (3.22). More concretely, among the non-cusp forms the normalized simul-
taneous eigenforms turn out to be the forms

ro =406 0,

2(27i)
where indeed, by Theorem 4.23, a; = o5_1(1) = 1.

We mention that the Hecke operators {7 (n)},>1 map the space My (I") to
itself, and also map the space Si(I") to itself. For f € M (I") with Fourier
expansion f(z) =Y oo ane?™"% on 't as in (4.2), (T'(n) £)(z) has Fourier
expansion

(T(n) f)(z) = Z agy e im:

(n) _

*, where a,

on 1w for

= agok—1(n) and a( ) = D o<d. d|n, dlmdk :
m > 1 —a result that leads to condition (4.33); in particular a =ay.

Besides his striking observations regarding the connection between modular
forms f(z) and their associated Dirichlet series L(s; f), that we have briefly
discussed so far, Enrich Hecke also obtained the analytic continuation and func-

tional equation of L(s; f'), which we now describe. Hecke showed that
(2m)™ L(s: /)I'(s)
k

— /Oo(f(n) —ag) (@ ik dr ao(sl— — é) (4.35)
| =

Anm
dd

k

for Re s > k. Here the integral

Te(s) & /1 Oo( f(it)—ao)*™" dt (4.36)
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is an entire function of s. Notice that equation (4.35) is similar in form to
(1.12). Again since 1/I"(s) is an entire function, and since (1/s) (1/I'(s)) =
1/ (s + 1), we can write equation (4.35) as

2n)* Q) agi®*  (27)%ag
I(s) (s) (s—k) T(s+1)

for Res > k. If f(z) is a cusp form, we see that L(s; /) extends to an entire
function by way of the first term in (4.37). In general, we see that L(s; f)
extends meromorphically to C, with a single (simple) pole at s = k with residue
Qm)kagi* )T (k) = 2m)*agi* /(k—1)!. Also by equation (4.37), for k —s # k
(i.e., s # 0), we have

L(s: f) = (Jr(s) + ik Tp (ke —5)) +

(4.37)

ikQr)y*r(k —s)L(k —s; f)
(2n)k—s
I'(k—s)
= iy =$) + I () + =% ;kfz

(again since I'(w + 1) = wI"(w), and since i 2K = 1 for k even); the right-hand
side in turn equals (27r) 5" (s)L(s; f). That is,

Qr)T(s)L(s; f) =i*Qr)**r(k —s)L(k —s; f) (4.38)

.k .
=iHen TGy (Jf(k—s)+ikff(s)+a°’ aol(k S))

—s I'(k—s+1)

for s # 0, which is the functional equation for L(s; /'), which compares with
the functional equation for the Riemann zeta function; see [17; 18].

The Eisenstein series Gy (z) can be used as building blocks to construct other
modular forms. Tt is known that any modular form f'(z) is, in fact, a finite sum
of the form f(z) = Zn,mzo cnmG4(2)"Gg(z)™ for suitable complex numbers
cnm- Of particular interest are the discriminant form

def

A(2) = (60G4(2))® —27 (140G4(2))? (4.39)

and the modular invariant

def

J(2) = (60G4(2))* 1 A(2) (4.40)

which is well-defined since it is true that A(z) never vanishes on 7 1. A(z) is a
modular form of weight 12, since if fi(z), f>(z) are modular forms of weight
k1, ky, then fi(z) f2(z) is a modular form of weight k; + k,. Similarly J(z) is
a weak modular form of weight k =0: J(y,z)=J(z) fory e I',z e 7. The
form J(z) was initially constructed by R. Dedekind in 1877, and by F. Klein in
1878. Associated with it is the equally important modular j-invariant

7(2) E17287(2). (4.41)
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A(z) is connected with the Dedekind eta function 7(z) (see definition (3.27))
by the Jacobi identity

A(2) = 2m)*n(2)*, (4.42)
which with equation (3.28) shows that A(z) has Fourier expansion
00 .
A(z) = 2m)'2 Y t(n)e?™ ", (4.43)
n=1

where t(n) is the Ramanujan tau function, and which in particular shows that
A(z) is a cusp form: A(z) € S12(I"), which can also be proved directly by
definition (4.39) and Theorem 4.23, for k = 4, 6. There are no nonzero cusp
forms of weight < 12.

Note that by Theorem 4.24, there is a constant C > 0 such that |t(n)| < Cn®
for n > 1. However P. Deligne proved the Ramanujan conjecture |t(n)| <
oo(m)n'l/2 for n > 1, where o¢(n) is the number of positive divisors of n.
As we remarked in Lecture 3, the t(n) (remarkably) are all integers. This can
be proved using definition (4.39) and Theorem 4.23, for k =4, 6. It is also true
that, thanks to the factor 1728 in definition (4.41), all of the Fourier coefficients
of the modular j-invariant are integers:

) o) )
Jj@) =172 4 3 aue? i (4.44)
n=0
with each a, € Z:
ag =744, a1 = 196,884, a, = 21,493,760, a3z = 864,299,970,

ays = 20,245,856,256, as = 333,202,640,600, ... (4.45)

An application of the modular invariant j(z), and of the values in (4.45), to
three-dimensional gravity with a negative cosmological constant will be given
in my Speaker’s Lecture; see especially equation (5-8) on page 343 and the
subsequent discussion.

In the definition (4.4) of the holomorphic Eisenstein series G (z), one can-
not take k = 2 for convergence reasons. However, Theorem 4.23 provides a
suggestion of how one might proceed to construct a series G,(z). Namely, take
k = 2 there and thus define

00 . 72 00 .
20(2Q)+227i)? Y o*(n)ezj””zz?—&rz 3 o(n)e?™"7 (4.46)
n=1 n=1

def def .
on 7t where o(n) = o1(n) = > 0<d, d|nd- Note that the series on the

right does converge on 7t and, in fact, the convergence is absolute: since
o(n) <> 5_;d=1in(n+1) wehave |o(n)e>™"?| < In(n+1)e~27"mz and
convergence is assured by the ratio test. Given any compact subset K C 7, a
positive lower bound B for the continuous function Im z on K exists: we have

Gy(z) &
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Imz > B > 0 on K, so |o(n)e?™"?| < n(n + 1)e™27"B on K, and again
3%  n(n+1)e 2B < oo for B > 0. By the M -test, > o | o(n)e?™"Z con-
verges uniformly on K, which (by the Weierstrass theorem) means that G(z)
is a holomorphic function on .

Another expression for G, (z) is

G(0) =2+ Y > ——— (m+nz)2 (4.47)

neZ—{0} mez

To check this, start by taking & = 2 in definition (4.11) and in Proposition 4.15:

i2+ Z (+ =y ¢2(Z)=(—2ni)22ke2”ikz. (4.48)

mez—{0} k=1

Replace z by nz in (4.48) and sum on # from 1 to oo:

—;(2)+Z > (nZ—il—m)2 = (- 2nz)222ke2”ik"2. (4.49)

n=1mezZ—{0} n=1k=1
By (D.6) (see page 90), we obtain
o0
o(n) = d(k.nk. (4.50)
k=1
For a;, d—fez’””z n>1,zen™,and for k > 1 fixed the series Z;o=1 d(k,n)ay
clearly converges absolutely, since Imz > 0 and 0 < d(k,n) < 1. Then the

series Y o dgn converges and equals Y .- d(k,n)ay,, by the Scholium of
Appendix D (page 91):

oo oo
Z 2miknz _ Z d(k,n)eZninz (4.51)
=1

n=1

which gives, by equation (4.50)

o0 o0 (o,]
Z (k n)eZJ'L’an _ Z k Z d(k,l’l)ezﬂinz

k=1

00 00
k Z e 2miknz _ Z Z anknz (4.52)

n=1 =

[e.°]

Z O.(n)eZTKinZ _

n=1

which in turn allows for the expression

—{(2) +2 Z Z W =2Qni)? Za(n)ezm’”

n=1 mezZ—{0} n=1
= G2(2) —28(2) (4.53)
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by equation (4.49), provided the commutations of the summations over k, n in
(4.52) are legal. But for y =Imz,

oo 00 X oo 00 e’}
Y Y lde.mke®™ | =Y Y d(k.nke ™™ = Y o(n)e
n=1k=1 n=1k=1 n=1

by (4.50), and this equals Y, |o(n)e?™i"Z|, which is finite, as we have seen.
This justifies the first commutation. Similarly,

58 oo = 3 8 = S (L) =5
e - e — —_— = S
k=1n=1 k=1 n=1 k=1 \l—e=27ky ) = e2mky—|

is finite by the integral test:

/oo tdt 1 /oo udu - 4.54)
= oo, .

1 e —] (27Ty)2 27y e —1

as we shall see later by Theorem 6.1, for example. This justifies the second

commutation in equation (4.52). Since for n > 1

1 1 1
D e Rl DY s il DR e

meZ—{0} meZ—{0} meZ—{0}

the double sum on the right-hand side of (4.47) can be written as

> ( 1 1
> (oot ¥ o)
2 2
ner—goy \1)° | Ty (1 H12)
Yty ¥ oty ¥ ot
2.2 2 — 2
nm1 VF n=1mezZ—{0} (m +nz) n=1mezZ—{0} (m —nz)
¢(2) - 1
=229 S 4.56
22 + Z Z (m+nz)2 ( )
n=1mez—{0}

which is the left-hand side of (4.53). That is, G,(z) — 2{(2) equals the double
sum on the right-hand side of (4.47), proving (4.47).
Using equation (4.47) one can eventually show that G, (z) satisfies the rule

G, (-é): 22Gy(2) = 27iz, 4.57)

Because of the term —27iz in (4.57), G,(z) is not a modular form of weight 2.
That is, condition (M1)” above is not satisfied, although condition (M1)’ is:
Gy(z + 1) = G,(2) by definition (4.46). Equation (4.57) also follows by a
transformation property of the Dedekind eta function, whose logarithmic deriv-
ative turns out to be a constant multiple of G,(z). Thus we indicate now an
alternative derivation of the rule (4.57).
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On the domain D & {w € C | |w| < 1}, the holomorphic function 1 + w
is nonvanishing and it therefore has a holomorphlc logarithm g(w) that can
be chosen so as to vanish at w = 0 e &y 4+ w on D. In fact g(w) =
—> 02 (—w)"/n. Again for q(z) = ez’”z z € rT, consider the n-th partial
sum s,,(z) o Y et g( —g(2)%), which is well-defined, because ¢(z) € D for
z et implies — q(z)¥ € D for k > 0. We claim that the series

Y(z) E Zg( ¢(2)) =~ lim_su(2) (4.58)
k=1

converges. We have ¥/(z) = Y50, 322 ,(¢(2)¥)"/n, where for y = Imz
(again)

i i (q(z)k)" _ i I i(e_my)k
n=1k=1 n=1nk=1
1 ey = 1 1
-2 () = 2 ()

which is finite by the integral test; compare with (4.54), for example. This allows

us to write 300 S (¢(2))"/n = 352, 1% (¢(2)%)"/n, and shows
the finiteness of these series. Hence v/(z) is finite. Now [[7= (1 —¢(2)") =

limy—oo [[f=(1 — 7(2)*%) = limp_ oo [Tie, €8 (") , by the definition of
g(w), and this equals e v by (4.58). That is, for the Dedeklnd eta function

o0
n(z) =" TT—q()" (4.59)
n=1
on 7 defined in (3.27) we see that
n(z) = ™2V, (4.60)

Differentiation of the equation e& ) M w gives g'(w) =1/ef@) =1/(1+w)
(of course), which with termwise differentiation of (4.58) (whose justification
we skip) gives

kq(2)*

V() = Zg( 4V (kg ()1 () = 2mi Z —4F

= 27i Z k Z(q(z)k)" = 27i Z o (n)e?rinz,
k=1 n=1 n=1
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by equation (4.52). Therefore, by (4.60), we obtain

n'(z) = n(z)(jf—; —2mi § O-(n)ezﬂinz)’

n=1
or
/
G
7E) _ G wo
n(z) 47
by definition (4.46).
Now 7)(z) satisfies the known transformation rule
1 .
o(—2) = V).
where we take arg z € (—m, 7). Differentiation gives
_ f
n/(_l)% m/4(\/_77 (Z)+ n(z) ’ 1
z/)z% _ _n (2)
+ — (4.62)

_y _1 ()
(-3) (-3)
which by equation (4.61) says that —G»(—1) /4miz? =—G,(z) /4mi —I— — . This
is immediately seen to imply the transformation rule (4.57).

In the lectures of Geoff Mason and Michael Tuite the particular normaliza-

tion Gy (z)/(27i)* of the Eisenstein series is considered, which they denote by
E(2). In particular, by definition (4.46),

1 > :
Ey(2) = - +2 Z o(n)e?™inz,

n=1

However, other normalized Eisenstein series appear in the literature that also
might be denoted by E I (z). For example, in [20] there is the normalization
(and notation) Ej (z) Gk (z)/2¢(k).

Lecture 5. Dirichlet L -functions

Equation (3.19) has an application to Dirichlet L-functions, which we now
consider. To construct such a function, we need first a character X modulo m,
where m > 0 is a fixed integer. This is deﬁned as follows. Let U, denote the
group of units in the commutative ring Z(m) 7 /mZ. Thus if n = n+ mZ
denotes the coset of n € Z in Z ), we have n € Uy, <= da € Z,;) such
that @i = 1. One knows of course that 71 € U, <= (n,m) = 1 (i.e. n and
m are relatively prime). A character modulo m is then (by definition) a group
homomorphism X : Uy, — C* = “c- {0}. For our purpose, however, there is an
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equivalent way of thinking about characters modulo m. In fact, given X, define
Xz :Z — C by
X(@m) if (n,m) =1,
Koy 201 1) (5.1)
0 otherwise,
forne Z.Forn,ni,n, € Z, Xz satisfies:
(D) Xz(n) =0 <> (n.m) # 1;
(D2) Xz(n1) = X,(np) when iy = i3 in Z (1;
(D3) Xz(ninp) = Xz(n1)Xz(ny) when (ny,m) =1and (ny,m) =1.
Conversely, suppose X : Z — C is a function that satisfies the three conditions
(D1), (D2), and (D3). Define X : Uy, — C by X(11) = Xo(n) for n € Z such that
(n,m) = 1. The character X is well-defined by (D2), and X : U,, — C* by
(D1). By (D3), X(ab) = X(a)X(b) for a, b € Uy,, so we see that X is a character
modulo m. Moreover the induced map (X¢)z : Z — C given by definition (5.1)
coincides with Xg.
Note that Xz is completely multiplicative:

(D4) Xz(niny) = Xz(n1)Xz(ny) forall ny,n, € 7.

For if either (ny,m) £ 1 or (ny,m) # 1, then (nn,,m) # 1, so that by (D1)
both Xz (n1)Xz(n,) and Xz (nyny) are zero. If both (n,m)=1and (ny,m)=1,
then already Xz(n1ny) = Xz(n1)Xz(ny) by (D3).

Note also that since X(a) € C* for every a € Uy, (thatis, X(a) # 0), we have
0 X(1) = x(11) = X(1)X(1) by (D4), so X(1) = 1. Moreover since (1,m) =1,
Xz(1) = X(1), by (5.1), which in turn equals 1.

One final property of Xz that we need is:

(D5) |X(a)| =1 for all @ € Uy,; hence [Xz(n)| <1 foralln e Z.

The proof of (D5) makes use of a little theorem in group theory which says
that if G is a finite group with |G| elements, then al®l =1 for every a € G. Now,
given a € Uy,, we can write (as just seen) 1 = X(1) = X(a!Ym!) = X (a)!Um! (since
X is a group homomorphism), which shows that X(a) is a |U,,|-th root of unity:
|X(a)| =1 for all a € Uy,. Hence |Xz(n)| <1 for all n € Z, by definition (5.1).

Given a character X modulo m1, it follows that we can form the zeta function,
or Dirichlet series

L0 % Z Xz(n) _ Z X(ﬁ)’ (5.2)

n’ ns
n=1 (n,m)=1

called a Dirichlet L-function, which converges for Re s > 1, by (D5). L(s, X) is
holomorphic on the domain Re s > 1, by the same argument given for the Rie-
mann zeta function ¢ (s). Since Xz £ 0 (Xz(1) = 1), and since Xz is completely
multiplicative, formula (3.19) implies:
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THEOREM 5.3 (EULER PRODUCT FOR DIRICHLET L-FUNCTIONS). Assume
Res > 1. Then

] 1
L(s,X) = = . 54
(1) [TO=Xxz(p)p~) I1 (1—Xz(p)p~*) 64
PEP pTP
ptm

The second statement of equality follows by (D1), since for a prime p € P,
saying that (p,m) # 1 is the same as saying that p | m.
As an example, define Xy : Z — C by

1 if (n,m) =1,
0 otherwise,

Xo(n) = {

for ne Z. Then X, satisfies (D1). If ny,n,,! € Z such that ny = n, +Im (i.e.,
iy =ny), then (n1,m) =1 < (ny,m) =1, so X satisfies (D2). If (n1,m) =1
and (n,,m) =1, then (n1ny, m) =1, so Xg also satisfies (D3), and X therefore
defines a Dirichlet character modulo m. We call X (or the induced character
Uy — C¥) the principal character modulo m. Again since p is a prime, we see
by equation (5.4) that for Res > 1

1

L(s,X9) = ——"""—. 5.5
(s, Xo) MTa=p (5.5)
peP
ptm
Then for Re s > 1
1 1
L(s, X = = 5.6
| N Rl KU
DEP peP
plm
by formula (0.2). That is,
L(s,Xo)=¢(s) [T =p) (5.7)
pTP
plm

for Res > 1.

If Xo : Uy — C* also denotes the character modulo 7 induced by Xo:Z — C,
then Xo(77) = 1 for every n € Uy, (by (5.1)) since (n,m) = 1.

As another simple example, take m = 5: Z(s) = {(_), 1,2, 3,4_1}, and it is
easily checked that Us = {1, 2, 3, 4}. Moreover the equations X(1) &ef X(4) &t 1,
XQ) &ef X(3) ©' | define a character X = X : Us — C* modulo 5. The
induced map Xz : Z — C in definition (5.1) is given by Xz (1) =1, Xz(2) = —1,
Xz(3)=—1,Xz(4) =1, Xz(5) =0 (since (5,5) # 1), Xz(6) =1, Xz(7) = —1,
Xz(8) =—1,Xz(9) =1,... (since6=1,7=2,8=3,9=4, with (n,5) =1
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for n = 6,7,8,9). The corresponding Dirichlet L-function is therefore given,
for Res > 1, by

Next take m = 8 : Z(g)_{(‘) I 2 3, 21 3 6,7}, Ug—{l 3,5,7}. The map
X®) = x:Ug — C* given by X(l) = X(7) = 1 X(3) defX(5) lc—1 is a character
modulo 8, with Xz : Z — C in definition (5.1) given by Xz(1) =1, Xz(2) =0,
Xz(3) = =1, Xz(4) = 0, Xz(5) = —1, Xz(6) = 0, Xz(7) = 1, Xz(8) = 0,
Xz(9) =1, Xz(10) =0, Xz(11) = —1, Xz(12) =0, Xz(13) = —1, Xz(14) =0,
Xz(15) =1, Xz(16) =0, Xz(17) =1, .... Then

1 1 1 1 1 1 1 1
Ty sttt T Tt T

From formula (5.7) it follows that the L-function L(s, X¢) admits a meromor-
phic continuation to the full complex plane, with s = 1 as its only singularity —
a simple pole with residue ]_[pep’ plm (1 — %) If X £ X it is known that L(s, X)
at least extends to Re s > 0 and, moreover, that L (1, X) 7 0. For example, for the
characters X, x® modulo 5 and 8, respectively, constructed in the previous

examples, one has

Lis, x®) =1

L(1,x®) =

L, (3+ V5
— 1o

75\ T2

If X # X is a primitive character modulo m, a notion that we shall define

presently, then L(s, X) does continue meromorphically to C, and it has a decent
functional equation.

), L(1,x®) = %log(?» +242).

First we define the notion of an imprimitive character. Suppose k > 0 is a divisor
of m. Then there is a natural (well-defined) map g : Z/mZ — Z/kZ, given by
q(n+mZ) = n—i—kZ forn € Z. If (n,m) = 1 then (n,k) = 1 since k | m.
Therefore the restriction ¢* x &ef q|u,, maps Uy, to Uy, and is a homomorphism
between these two groups. Let w(k) Uy — C* be a character modulo k. By
definition, w(k) is a homomorphism and hence so is w(k) oq*:Up —> C*. That
is, given a positive divisor k of m we have an induced character x & w(k) og*
modulo m. Characters X modulo m that are induced this way, say for k # m,
are called imprimitive. X is called a primitive character if it is not imprimitive,
in which case m is also called the conductor of X. Thus for a primitive character
X modulo m, the L-function L(s, X) satisfies a theory similar to (but a bit more
complicated than) that of the Riemann zeta function ¢(s).

In the Introduction we referred to the prime number theorem, expressed in
equation (0.3), as a monumental result, and we noted quite briefly the role of
£(s) in its proof. Similarly, the study of the L-functions L(s, X) leads to a
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monumental result regarding primes in an arithmetic progression. Namely, in
1837 Dirichlet proved that there are infinitely many primes in any arithmetic
progression n, n +m, n + 2m, n 4+ 3m, ..., where n, m are positive, relatively
prime integers — a key aspect of the proof being the fact (pointed out earlier) that
L(1,X) # 0if X # Xg. Dirichlet’s proof relates, moreover, L(1, X) to a Gauss-
ian class number — an invariant in the study of binary quadratic forms. One
can obtain, also, a prime number theorem for arithmetic progressions (from the
Siegel-Walfisz theorem), Where the counting function 7 (x) in (0.3) is replaced
by the function 7 (x; m, n) ' the number of primes p < x, with p = n(mod m),
for n, m relatively prime. One can also formulate and prove a prime number
theorem for graphs. This is discussed in section 3.3 of the lectures of Audrey
Terras.

Lecture 6. Radiation density integral, free energy, and a
finite-temperature zeta function

Theorems 1.13 and 1.18 provide for integral representations of ((s), for
Res > 1, that serve as starting points for its analytic continuation. The fol-
lowing, nice integral representation also serves as a starting point. We apply it
to compute Planck’s radiation density integral. We also consider a free energy —
zeta function connection.

THEOREM 6.1. ForRes > 1

00 45— 1 dl
(=1 | (62)
I'(s)

We can regard the integral on the right as the sum

/1 ts—l dt +/00 [s—l dt

0 et —1 1 el —1 ’

where the second integral converges absolutely for all s € C, and the first inte-
gral, understood as the limit lim,,_, o+ f; 57V dt/(e' —1), exists for Res > 1.

The proof of Theorem 6.1 is developed in two stages. First, for «, 8,a € R and
s € C,witha < B and a > 0, wrltef e Vdt =a=s [ B ,—vys— Ldv, by
the change of variables v = at. In particular,

B ap
/ e Vgt =a™s / e 't57Vdr for B> 1, (6.3)
1 a

1 a
f e Mgy = a_S/ e 57 Vdr fora < 1. (6.4)
o a

o
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For s € C, m > 0, consider the integral
. [0 ts—l —mt ,—t 00 Zs—l —mt
In(s) & / P e ° a= / L (6.5)
0 l—e™! 0

which we check does converge for Res > 1. For ¢ > 0, we have ¢’ > 1+1, so
1/(e’ —1) < 1/t, and hence
ts—le—mt

el —1

Zc—le—mt
< Z =927 (6.6)

for 0 = Res. By (6.3), flﬂ 19 2e Mt Jt = pp—(0—1D f};nﬂ e 't 2 dt for B> 1.
Let B — oo: then [ 197 2¢™™! dt exists and

o0 1 o0
/ 19727t = 1 / e 1% dt.
1 me=* i

oo 5 1o
In view of (6.6), therefore, [ Tl -1

</
1

o0 4s—1 ,—mt
t e
/ e a
1 et —1

By the change of variables v = 1/¢ for ¢t > 0,

dt converges absolutely for every

ts—le—mt

el —1

dt <

ma—l

o
/ e 192 dt. (6.7)
m

s—1
1 ps—1,—mt 1/a (l) e—m(1/v)
/ ! dt:/ ' 1 7 d
o e'—1 1 (el/v —T)v

for 0 < a < 1. Here, by the inequality in (6.6), we can write

6.8)

<

6—2 ¢—M/v
D el < Q) S e = 69

v v2

1/a 1 -0 -1 1/a 1
But vV o%v= (/007, so lim v %lv=——"foro > 1,1ie.,
1 l—0o a—0tJq o—1

. (l)s‘le—mwv)
/ v dv
1 (e =12

converges absolutely for Re s > 1 and

- (l)“e—m(l/v)
v 5/
1

l)s_le—m(l/w
v

s
1 (el/”—l)vz

v
(e'/v —1)v2
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by the inequality in (6.9). The right-hand side equals limg_, ~, | 1'8 v MV gy,
or, by the change of variables t = 1/v,

1 m

lim 727 dt = lim m_(”_l)/ e 172 dt
B—oc0 1/B B—00 m/p

1 /m —t,0-2

= e 't dt.
ma—l 0
1 Zs—le—mt
That is, by (6.8), lim / ——— drt exists for Re s > 1, and, withc =Res,
a_)0+ o et - 1

1 s—1 ,—mt
. e
lim / L a
a—0t Jqy et —1

We have therefore checked that the integral /,,(s) defined by (6.5) converges
for Res > 1 (and in fact the portion [ #5~1e™™ /(¢! — 1) dt converges abso-
lutely for all s € C), and that, moreover, for o = Re s, we have

15— 1 —mt 1 m
‘/ < — 1/ e 2 dt,
m=—" Jo

[oe] ts 1 —mt 1 e’}
‘/ dt| < 0_1/ e 't772 dt,
m m

by the inequalities (6.7) and (6.10). This says that

1 m o0
— ([ e 'to 2 dt +/ R dt)
m 0 m
1 o© 1
= —— [ e 12 dt = —1),
m 0

by definition (1.6). Since m°~1 — 0 as m — oo for 0 > 1, we see that

1 m
< I/eW“ML (6.10)
mo— 0

lim 7,(s)=0 (6.11)
m—0o0

forRes > 1!

We move now to the second stage of the proof of Theorem 6.1, which is quite
brief. Fix integers n, m with 1 <n <m and s € C with Res > 1, and set v = nt.
Again by (1.6), [;° e ™57 dt =n~5 [T e P vS " dv = I'(s)/n®, so

m m — _
1 o0 _ _ oo _e’(l—e mt)
roYs=[ 1(Ze ’”)dr=/0 pr 2T
n=1

n=1

[e%e) Zs—l —t
:/ dt + In(s).
0 l—e?
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(Here the the last equality comes from (6.5) and the last but one from the formula
for the partial sum of the geometric series.) Therefore

m 1 00 451
rey. e =/0 T At In(s). (6.12)
n=1
We check the existence of the integral on the right-hand side for Re s > 1: write
51 (51—t
— ls—le—t
el —1 + el —1

for ¢ > 0; the integral fooo t*7le™" dt = I'(s) converges for Res > 0 and the
integral of the last term, which equals /; (s) by (6.5), converges for Res > 1, as
established in the first stage of the proof. %0 51 4
Let m — oo in equation (6.12): then I'(s){(s) = /0 ! !

by (6.11) for

r_
Re s > 1, concluding the proof of Theorem 6.1. el
COROLLARY 6.13. Fora > 0,Res > 1,
oo ys=1 gy _ T(5)8(s)
AT el (6.14)
In particular, fora>0,n=1,2,3,4,...
oo ;2n—1 Nt o ZnB
g2 SV @r/a)™ Bon (6.15)
0o e —1 4n

PROOF. This follows from (6.2) once the obvious change of variables v = at is
executed. By formula (6.14),

/°° r2n=1 _ I'@n)t@n)
0

edt _ 1 a2n

forn € Z, n > 1. Since I'(2n) = (2n — 1)! (because I'(m) = (m — 1)! for
m € Z,m > 1), one can now appeal to formula (2.1) to conclude the proof of
equation (6.15). O

As an application of formula (6.15) we shall compute Planck’s radiation density
integral. But first we provide some background.

On 14 December 1900, a paper written by Max Karl Ernst Ludwig Planck and
entitled “On the theory of the energy distribution law of the normal spectrum”
was presented to the German Physical Society. That date is considered to be
the birthday of quantum mechanics, as that paper set forth for the first time the
hypothesis that the energy of emitted radiation is quantized. Namely, the energy
cannot assume arbitrary values but only integral multiples 0, hv, 2hv, 3hv, ... of
the basic energy value £ = /v, where v is the frequency of the radiation and /
is what is now called Planck’s constant. We borrow a quotation from Hermann
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Weyl’s notable book [37]: “The magic formula £ = hv from which the whole
of quantum theory is developed, establishes a universal relation between the
frequency v of an oscillatory process and the energy E associated with such a
process”. The quantization of energy has profound consequences regarding the
structure of matter.

Planck was led to his startling hypothesis while searching for a theoretical
justification for his newly proposed formula for the energy density of thermal (or
“blackbody”) radiation. Lord Rayleigh had proposed earlier that year a theoreti-
cal explanation for the experimental observation that the rate of energy emission
f(v;T) by a body at temperature 7" in the form of electromagnetic radiation
of frequency v grows, under certain conditions, with the square of v, and the
total energy emitted grows with the fourth power of 7'. In the quantitative form
derived by James Jeans a few years later, Rayleigh’s formula reads

82

S T) = kT, (6.16)

3
where c¢ is the speed of light and k is Boltzmann’s constant. As v grows, how-

ever, this formula was known to fail. Wilhelm Wien had already proposed, in
1896, the empirically more accurate formula

F;T)=av3e /T, (6.17)

Unlike the Rayleigh—Jeans formula (6.16), Wien’s avoids the “ultraviolet
catastrophe”. (This colorful name was coined later by Paul Ehrenfest for the
notion that a functional form for f(v;7T) might yield an infinite value for the
total energy, |, Ooo f(v; T)dv = oo— “ultraviolet” because the divergence sets in
at high frequencies.) However, the lack of a theoretical explanation for Wien’s
law, and its wrong prediction for the asymptotic limit at low frequencies —
proportional to v3 rather than v2 — made it unsatisfactory as well.

By October 1900 Planck had come up with a formula that had the right as-
ymptotic behavior in both directions and was soon found to be very accurate:

8mv? hv
ST = =3 mnr 1

(6.18)

where the new constant /2 was introduced. In his December paper, already men-
tioned, he provides a justification for this formula using the earlier notions of
electromagnetic oscillators and statistical-mechanical entropy, but invoking the
additional assumption that the energy of the oscillators is restricted to multiples
of E, = hv. This then is the genesis of quantization.

Note that given the approximation e* ~ 1+ x for a very small value of x, one
has the low frequency approximation ¢”*/¥T —1 ~ hv/kT, which when used
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in formula (6.18) gives f(v;T) ~ 8mv2kT /c? —the Rayleigh-Jeans result
(6.16), as expected by our previous remarks.

We now check that in contrast to an infinite total energy value implied by
formula (6.16), integration over the full frequency spectrum via Planck’s law
(6.18) does yield a finite value. The result is:

PROPOSITION 6.19. Planck’s radiation density integral

def 8h v3dv
R e

(see (6.18)) has the finite value 8n5k4T4/1503h3.

The proof is quite immediate. In formula (6.15) choose n =2, a = h/kT; then

I(T) = th( 0 <2nkT) B
Since B4 = —1/30 by (2.2), the desired value of I(T) is achieved.

The radiation energy density f(v;7) in (6.18) is related to the thermody-
namics of the quantized harmonic oscillator; namely, it is related to the ther-
modynamic internal energy U(T). We mention this because U(7'), in turn, is
related to the Helmholtz free energy F(T) which has, in fact, a zeta function
connection. A quick sketch of this mix of ideas is as follows, where proofs and
details can be found in my book on quantum mechanics [42] (along with some
historic remarks).

One of the most basic, elementary facts of quantum mechanics is that the
quantized harmonic oscillator of frequency v has the sequence

(En (4 Do)

as its energy levels. The corresponding partition function Z(T) is given by

Z(T) & Z exp( £ T) (6.20)

where again T denotes temperature and k& denotes Boltzmann’s constant. This
sum is easily computed:
— 1
_ —hv/2kT ( ,—hv/kT\" _ —hv/2kT .
AGEDIX (e ) =e | — o—hv/kT "’
n=0
ie.,

Z(T)= ———. 6.21)
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The importance of the partition function Z(7') is that from it one derives basic
thermodynamic quantities such as

the Hemholtz free energy F(T') kT log Z(T),

the entropy S(T) &ef —dF/oT,

ef 8F
the internal energy u(r) & F(TY+TS(T)=F(T)- Tﬁ'

Using (6.21), one computes that by these definitions

F(T) = %" + kT log(1 - exp(—lf—;)),

B hv/kT hv
S(T) =k (exp(hv/kT) ~1 log(l - eXp(_ﬁ)))’ 6.22)

hv
exp(hv/kT)—1"

which means that the factor hv/(e"/*¥T — 1) of f(v;T) in equation (6.18)
differs from the internal energy U(T") exactly by the quantity Eg = %hv, which
is the ground state energy (also called the zero-point energy) of the quantized
harmonic oscillator (since E,=mn+ %)hv). However, our main interest is in
setting up a free energy —zeta function connection. Here’s how it goes.

For convenience let 8 = 1/(kT) denote the inverse temperature. Form the
finite temperature zeta function

U(T)=h7v+

(sTEY : (6.23)

= (4].[2,12 + h2v2l32)s ’

which turns out to be well-defined and holomorphic for Res > % In [42] we
show that {(s; T') has a meromorphic continuation to Res < 1 given by

r'(s—3)

: [e’e) 2 _ 1)—3
T) = 2(Jayl—2e 20T / (x dx (6.24
() Narn [ (s)as—1/2 +2(Va) w Ji exp(vax)-1 * (029
for a & p212 B2. Moreover ¢ (s; T') is holomorphic at s = 0 and
§'(0;T) = —a—2log(1 —exp(—va)): (6.25)

see Theorem 14.4 and Corollary 14.2 of [42]. By definition, /a = hvp =
hv/kT. Therefore by formula (6.25) (which does require some work to derive
from (6.24)), and by the first formula in (6.22), one discovers that

kT
F(T) = —TE’(O: T), (6.26)

which is the free energy — zeta function connection.
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We will meet the zero-point energy E¢ = %hv again in the next lecture re-
garding the discussion of Casimir energy. In chapter 16 of [42] another finite
temperature zeta function is set up in the context of Kaluza—Klein space-times
with spatial sector R x I'\G/ K, where I' is a discrete group of isometries of
the rank 1 symmetric space G/K; here K is a maximal compact subgroup of
the semisimple Lie group G. In this broad context a partition function Z(7)
and free energy-zeta function connection still exist.

Lecture 7. Zeta regularization, spectral zeta functions, Eisenstein
series, and Casimir energy

Zeta regularization is a powerful, elegant procedure that allows one to assign
to a manifestly infinite quantitiy a finite value by providing it a special value zeta
interpretation. Such a procedure is therefore of enormous importance in physics,
for example, where infinities are prolific. As a simple example, we consider the
sum S = 1+2+3+4+-.- =3 " n, which is obviously infinite. This
sum arises naturally in string theory — in the discussion of transverse Virasoro
operators, for example. A string (which replaces the notion of a particle in
quantum theory, at the Plancktian scale 10733 cm) sweeps out a surface called
a world-sheet as it moves in d-dimensional space-time RY = R! x R4™! - in
contrast to a world-line of a point-particle. For Bosonic string theory (where
there are no fermions, but only bosons) certain Virasoro constraints force d to
assume a specific value. Namely, the condition

1:—(%)5 (7.1)

arises, which as we shall see forces the critical dimension d = 26, 1 being the
value of a certion normal ordering constant. In fact, we write S =Y 72, 1/n*,
where s = —1, which means that it is natural to reinterpret .S as the special zeta
value {(—1). Thus we zeta regularize the infinite quantity .S by assigning to it
the value —%, according to (2.14). Then by condition (7.1), indeed we must
have d = 26.

Interestingly enough, the “strange” equation

1+243+4+ =—4, (72)

which we now understand to be perfectly meaningful, appears in a paper of
Ramanujan — though he had no knowledge of the zeta function. It was initially
dismissed, of course, as ridiculous and meaningless.

As another simple example we consider “oo!”, that is, the product P =
1-2-3-4---, which is also infinite. To zeta regularize P, we consider first
log P = > 72, logn (which is still infinite), and we note that since ¢’(s) =
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—> o2 (logn)n— for Res > 1, by equation (1.1), if we illegally take s = 0 the
false result —¢'(0) = Y02 ; logn = log P follows. However the left-hand side
here is well-defined and in fact it has the value % log 27 by equation (2.6). The
finite value % log 27, therefore, is naturally assigned to log P and, consequently,
we define

P = ]O_o[ n = ool &=t _ pzloe2n _ /on (7.3)
n=1

More complicated products can be regularized in a somewhat similar manner.
A typical set-up for this is as follows. One has a compact smooth manifold M
with a Riemannian metric g, and therefore a corresponding Laplace—Beltrami
operator A = A(g) where —A has a discrete spectrum
0=Ap <A1 <Az <Az<---, lim A; =o00. (7.4)
j—oo

If nj denotes the (finite) multiplicity of the j-th eigenvalue A; of —A, then one

can form the corresponding spectral zeta function (cf. definition (0.1))

o N

m(s) =) 5 (7.5)

j=1"J

which is well-defined for Res > %dim M, due to the discovery by H. Weyl
of the asymptotic result A; ~ j2/AmM ag i s 00, S. Minakshisundaram and
A. Pleijel [26] showed that {3s(s) admits a meromorphic continuation to the
complex plane and that, in particular, ¢pz(s) is holomorphic at s = 0. Thus

e~ () jg well-defined and, as in definition (7.3), we set

oo
/
A= nj def —¢,(0)
det—A =[]} Eeu®, (1.6)
j=1
where the prime " here indicates that the product of eigenvalues (which in finite
dimensions corresponds to the determinant of an operator) is taken over the

nonzero ones. Indeed, similar to the preceding example with the infinite product
P =T]72, j, the formal, illegal computation

o0 o0
ex —izn—j =ex ﬂ10 A
PUas & PLlL s o8 M
j=1"71s=0 j=1"7

00 ()
— l_[ oM loghj _ l_[)”;” (7.7)
j=1 j=1

serves as the motivation for definition (7.6). Clearly this definition of determi-
nant makes sense for more general operators (with a discrete spectrum) on other

o0
) = exp(z n;j logkj)
s=0

j=1
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infinite-dimensional spaces. It is useful, moreover, for Laplace-type operators
on smooth sections of a vector bundle over M .

The following example is more involved, where M is a complex torus (in
fact M is assumed to be the world-sheet of a bosonic string; see Appendix C
of [42], for example). For a fixed complex number T = 7y + i 77 in the upper
half-plane (z, > 0) and for the corresponding integral lattice,

Le¥wtbrlabery, MEC\L,. (7.8)
In this case it is known that —A has a multiplicity free spectrum (i.e., every
nj = 1) given by

{Amn want +nr|2}
2

and consequently the corresponding spectral zeta function of (7.5) is given by

9
m,nez

N

m () = 5 ) (79)
for Res > 1, where
E*sn¥ Y % (7.10)
(m,n)ez? .+ 2
m,n)€l;

(with Z2 =7 xZ —{(0, 0)} as before) is a standard nonholomorphic Eisenstein
series. That is, in contrast to the series G () in definition (4.4), E*(s, t) isnota
holomorphic function of 7. As a function of s, it is a standard fact that E*(s, 1),
which is holomorphic for Re s > 1, admits a meromorphic continuation to the
full complex plane, with a simple pole at s = 1 as its only singularity. Hence,
by equation (7.9), the same assertion holds for {ps(s). By [7; 14; 35; 38], for
example, the continuation of E*(s, 7) is given by

E*(s,7) _2§(2s)12+2§(2s—1)f G )2)r2—s+1
s _1
4 1/2 —omimnty (1 572
F(s) T, mE lnE 1 2 (—) Ks_%(27'[m1’l‘[2)

1
4” 1/2 2wimnty ( 572
e — K (Qmmnty) (7.11)
T 2_:1,,2:1 ) =3

for Res > 1, where

K, (x) & % /000 exp(—%(t + %))t"_l dt (7.12)
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is the Macdonald-Bessel (or K Bessel) function for v € C, x > 0. Introduc-
ing the divisor function oy, (n) Zo <d, d|nd", and using forumla (D.11) on
page 92 on the entire functions of s appearing in the last two sums, we can
rewrite (7.11) as

— 20(28)75 4+ 2 (25 — 1)/ )z) o

1
42 F(s) ,/? Z 0_ast1(m)e MK K %(27””2)”5 2
+ ns /2 Z O_ns41(n)e?™ K (2nnr2)ns_% (7.13)
()" o =2 S
The sum of the first two terms in (7.13) has s = % as a removable singularity.

To see this, note first that since {(s) has residue =1 ats =1,

lim (s — De@s)e = hm (z—1)¢(z)es?

S—>§

(for z = 2s) and this equals Tz /2 We also have I'(1) = 1, F( ) = 7,
£(0) = 2 (by (2.5)), and wIl'(w) = I'(w + 1). Thus

(F)r(5)=r(=)

hence

lim (s— )g(zs—1)f 2) ;5!

S—)E

ES!

«/_) hmF( —5 ) 1/2 _ 1/2/2

={(0)

It follows that the limit as s — % of (s — %) x the first two terms in (7.13)
vanishes, as desired. This proves our claim that s = 1 is the only singularity
of E*(s, r) which arises as a simple pole from the second term, 2{(2s — 1) X
(s — )/F(s)r_erl in (7.13), due to the factor {(2s — 1). Moreover the
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residue at s = 1 can be easily evaluated setting z = 25 — I:
lim (s = D2£ (25 = Va5 = )/ T ()7, "
= Im-ev(r(3)/r ()=
=Vr(Vr/1) ==
From (7.13) we also get E*(0,1) = 28(2s)75|._,
E*(0,7) =—1. (7.14)
Moreover, the functional equation

E*(1—s,7) T2 E* (s, 1)

= , 7.15
I(s) r(—s) (7.15)

say for s # 0, 1, follows since o, (1), K, (x) satisfy the functional equations
oy(n) =n"o_,(n), K,(x)=K_,(x), (7.16)

and since {(s) satisfies the functional equation (1.16). The second equation in
(7.16) follows by the change of variables u = 1/¢ in definition (7.12), and the
first equation is the formula

1
Oy (n) = nv Z W’
0<d
d|n
which we checked in remarks following the statement of Theorem 4.23. Namely,
d > 0 runs through the divisors of 1 as 7 " does. We check equation (7 15) by
replacmg s 1by 1 — s in equation (7.13). By (7.16), 0_3(1—s)+1(m)n' =5~ 7=

0_p54+11° "2 and Kl_s_7(27rn12) S_7(2nnr2) hence

4 l=s s o
m 2 2:1 0_2(1—-s)+1(n)e nmllKl_s_%(Znnrz)n 2 =
dnl7 / +2wntyi g1
F(] —S) 20—2s+1(71)€ 1 Ks_%(Znntz)n 2, (7.17)

=1

In equation (1.16) replace s by 2s and 2s — 1 separately, to obtain

n‘2S+%r(s)§(2s)
r—s)

t2-25)=t(1—(2s—1))=n'/?7!

¢(1=2s) =

L T =3)¢2s=1)
I'(l—s)
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say for 25,25 —1#0,1 (i.e., s =0, %, 1). This gives

1
20Q2(1 =)ty +202(1—5) — 1)\/;MT2—(1—5~)+1

Ir'(l—ys)
_ s (5 — %){(Zs— D st
=2/xn r-s) 2

N 2n—2s+%r(s)§(2s)ﬁr(% -s)

;. (7.18)
r&—s)yra-s) 2
* —
By (7.13), (7.17), (7.18), we have for % the value

7.[1—2s

rad-s)

I'(s—%)

(v

t(2s— oSt 4 2{(2s)r5)

1-2s s 00
b4 4n® 1/ 2wt s—1
+ — T o_zs+1(n)e K 2nnt)n’ 2

47Ts 1/2 0 :
2mntyi
T 0_25+1(n)e : Ks—
1

T

1
(2nn12)ns_5)

N[—

n.l—2s

= mE*(S,T)

which gives (7.15), as desired. (Note that we have stayed away from s =0, % I;

but equation (7.15) clearly holds for s = %.)
One other result is needed in order to compute ¢} ,(0):

THEOREM 7.19 (KRONECKER’S FIRST LIMIT FORMULA).
lim (E*(s, 7)— L) =2 (y —log2—log 121/2 |n(r)|2). (7.20)
s—1 s—1

where y is the Euler—-Mascheroni constant in definition (1.26), and where n(t)
is the Dedekind eta function in definition (3.27).

Formula (7.20) compares with the limit result (1.25), though it is a more involved
result; see [35].

For f(2) ¥ r(2)x*22 /1 (2 —>)
f'(1) = =2logm +2I''(1) = —2log w — 2y (7.21)

by the quotient rule. By equations (7.14), (7.15), (7.21) and Theorem 7.19, and
the fact that (1—2)I"(1—z) =T'(2—2z2) (.e., wl'(w) = I'(w + 1)), we have,
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withz =1-—3s,

o0E* @f . E*(s,1)+1  E*(l—z,7)+1
—(0,7) = lim —————— = lim
as s—0 ) z—1 1—z

E*(1—z,7)I(2) 1
( r)(1-:z) ‘2_1)

= lim
z—>1

=1 F(Z) I—ZZE*(Z’T) 1
_21311((1—2)” -z z—1)

F(Z)nl_zz * T
( re-z:) (E (Z’T)_z—1)+

F(Z)nl—ZZ T 1
r2-:z) Z—l_Z—l)
= 2y ~log2~log 7, * [n(0)*] + ngnl w

= —210g2—210g121/2 In(1)|* —2log

- f’(l)}

= —log4n’n [n(0)|*,
which, with equations (7.9), (7.14) gives (finally)

th(0) = —log 73 [n(v)|*. (7.22)

Hence, by definition (7.6), the regularized determinant is given by

/
det—A =72 [n(z)|*. (7.23)

One is actually interested in the power (det' —A)~4/2 = T, d |n(r)|_2d, where
d = 26 is the critical dimension mentioned above. This power represents a one-
loop contribution to the “sum of embeddings” of the string world sheet (the
complex torus in definition (7.8)) into the target space R2°.

In the next lecture we shall make use, similarly, of the meromorphic contin-
uation of the generalized Epstein zeta function

EG.m:ap)E Y (a1 —b)2 4 tagna—by)> +m?) ™ (1.24)

n=(ny ,nz,...,nd)ezd

forRes >d/2,m>0,a = (al,...,ad),Z;: (b1,....bg) € R, a; > 0. The
result is, setting fo =74 — {0},

» ) 5) JTd/ZF(S _ %)md—Zs N 275l 2—s
s,m;a,b) =
Jairay-—ag I'(s) — Jayaz-—ag I'(s)
. d p2.s=d/2 d n?. 1
XZeZTtle:lnjbj( Z _]) 2 K, (an(z _J>2) (7.25)

nezd
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for Res > d /2. In particular, we shall need the special value E (d+1 m;d, b)
which we now compute. For s = d+1 the first term on the right in (7.25) is
d+1
z 2
d 1/2 ~rd+1
m([lj=1a;) "I (5)
since I" (1) = 7!/2. Also

Kg ()=K_ (x)=K, ().
2 2 2

by (7.16). This equals /7 /2x e~ for x > 0; hence

d n2.s=4/2 d n2. 1
(L) 7 Ky (2nm(2 —’)2)
j=14j 27° j=14j
d nii/4 [7 1, d n? -1 d n?\ 1
=(> —j) \/j(an)_f(Z L exp(—2nm > L )
(j=1 aj 2 j=1 aj) <j=1 aj)

Therefore the second term on the right-hand side of (7.25) is

d+1
27 2 m~/2

d n %
(1—[;_1=1aj)1/zr( ) GXZ; 2\/_exp(2mznj )exp( 2nm(j§l _,) )

That is:

n% QE l’lz- %
2mwin _ J
+ y . 1/2F T Z e exp( 2nm(¥l J) )
m([Tj=1a;)" T (“FF) sicpa j=
d+1 2 1
2 o 7 d ni\x
i Y e2niih exp(—znm(z —’)2). (7.26)
([l a) (1) ; =
j=1% 2 ) nezd

As a final example we consider the zeta regularization of Casimir energy,
after a few general remarks.

In Lecture 6 it was observed that the sequence {E ( + $)hv} is the
sequence of energy levels of the quantized harmonic oscillator of frequency v,
where /1 denotes Planck’s constant. In particular there exists a nonvanishing
ground state energy (also called the zero-point energy) given by Ey = %hv.
Zero-point energy is a prevalent notion in physics, from quantum field theory
(QFT), where it is also referred to as vacuum energy, to cosmology (concerning
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issues regarding the cosmological constant, for example), and in between. Based
on Planck’s radiation density formula (6.18), A. Einstein and O. Stern concluded
(in 1913) that even at zero absolute temperature, atomic systems maintain an
energy of the amount Fy = %hv. It is quite well experimentally established
that a vacuum (empty space) contains a large supply of residual energy (zero-
point energy). Vacuum fluctuations is a large scale study. The energy due to
vacuum distortion (Casimir energy), for example, was considered by H. Casimir
and D. Polder in a 1948 ground-breaking study. Here the vacuum energy was
modified by the introduction of a pair of uncharged, parallel, conducting metal
plates. A striking prediction emerged: the prediction of the existence of a force
of a purely quantum mechanical origin— one arising from zero-point energy
changes of harmonic oscillators that make up the normal modes of the electro-
magnetic field. This force, which has now been measured experimentally by
M. Spaarnay, S. Lamoreaux, and others, is called the Casimir force.

Casimir energy in various contexts has been computed by many Physicists,
including some notable calculations by the co-editor Klaus Kirsten. We refer to
his book [22] for much more information on this, and on related matters - a book
with 424 references. The author has used the Selberg trace formula for general
compact space forms I"\G/ K, mentioned in Lecture 6, of rank-one symmetric
spaces G/ K to compute the Casimir energy in terms of the Selberg zeta function
[40; 39]. This was done by Kirsten and others in some special cases.

Consider again a compact smooth Riemannian manifold (M, g) with discrete
spectrum of its Laplacian —A(g) given by (7.4). In practice, M is the spatial
sector of a space-time manifold R x M with metric —dt? + g. Formally, the
Casimir energy in this context is given by the infinite quantity

I & 1/2
Ec=5) m (7.27)
j=1
up to some omitted factors like /. It is quite clear then how to regularize Ec.
Namely, consider k}/ Zas 1 / )»; for s = —% and therefore assign to E¢ the
meaning
Ec = 3¢m(=1/2). (7.28)

where Cpz(s) is the spectral zeta function of definition (7.5), meromorphically
continued. If dim M is even, for example, the poles of s (s) are simple, finite
in number, and can occur only at one of points s = 1,2,3,...,d/2 (see [26]),
in which case E¢ in (7.28) is surely a well-defined, finite quantity. However if
dim M is odd, ¢ps(s) will generally have infinitely many simple poles — at the
points s = % dim M —n, for 0 <n € Z. This would include the point s = —%

if dim M =5 and n = 3, for example. Assume therefore that dim M is even.
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When M is one of the above compact space forms, for example, then (based
on the results in [41]) E¢ can be expressed explicitly in terms of the structure
of I" and the spherical harmonic analysis of G/ K — and in terms of the Selberg
zeta function attached to I'\ G/ K, as just mentioned. Details of this are a bit too
technical to mention here; we have already listed some references. We point out
only that by our assumptions on M, the corresponding Lie group pairs (G, K)
are given by

G =S0O;(m,1), K =S0(m), m>2,
G =SU(m,1), K =U(m), m=2.
G =SP(m,1), K =SP(m)xSP(l), m>2,
G = Fy(-20). K = Spin(9),

where Fy(_50) is a real form of the complex Lie group with exceptional Lie
algebra F4 with Dynkin diagram 0—0 = 0—0. More specifically, Fy_z0) is
the unique real form for which the difference dim G/ K — dim K assumes the
value —20.

In addition to the reference [22], the books [13; 12] are a good source for
information on and examples of Casimir energy, and for applications in general
of zeta regularization.

Lecture 8. Epstein zeta meets gravity in extra dimensions

We compute the Kaluza—Klein modes of the 4-dimensional gravitational po-
tential V44 in the presence of d extra dimensions compactified on a d-torus.
The result is known of course [3; 21], but we present here an argument based
on the special value E (%, m;d, 5) computed in equation (7.26) of the gener-
alized Epstein zeta function E (s, m;a, b) defined in (7.24).

G. Nordstrom in 1914 and T. Kaluza (independently) in 1921 were the first
to unify Einstein’s 4-dimensional theory of gravity with Maxwell’s theory of
electromagnetism. They showed that 5-dimensional general relativity contained
both theories, but under an assumption that was somewhat artificial - the so-
called “cylinder condition” that in essence restricted physicality of the fifth di-
mension. O. Klein’s idea was to compactify that dimension and thus to render
a plausible physical basis for the cylinder assumption.

Consider, for example, the fifth dimension (the “extra dimension”) compact-
ified on a circle I". This means that instead of considering the Einstein gravita-
tional field equations

gij 871G

Rij(g) == R(g) = Agij = === Tij (8.1)
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on a 4-dimensional space-time M 4 [8; 11], one considers these equations on
the 5-dimensional product M* x I'. In (8.1), g = [g; 7] is a Riemannian metric
(the solution of the Einstein equations) with Ricci tensor R;;(g) and scalar
curvature R(g), A is a cosmological constant, and 7;; is an energy momentum
tensor which describes the matter content of space-time — the left-hand side of
(8.1) being pure geometry; G is the Newton constant and c is the speed of light.
Given the non-observability of the fifth dimension, however, one takes I" to be
extremely small, say with an extremely small radius R > 0. Geometrically we
have a fiber bundle M* x I' — M* with structure group I.

> ~>T

M*xT

\'\\M4
M4W\,\> /\/

On all “fields” F(x,0): M*xR — C on M* xR there is imposed, moreover,
periodicity in the second variable:

F(x,04+2nR) = F(x,0) (8.2)

for (x,0) e M* xR.

Forn € Z and f(x) on M* fixed, the function Fy r(x,0) & f(x)eim0/R g
an example of a field on M * xR that satisfies equation (8.2). For a general field
F(x,0), subject to reasonable conditions, and the periodicity condition (8.2),
one would have a Fourier series expansion

Fx.0)=Y Fupn € fulx)eo/R (8.3)

nez nez

in which case the functions f;,(x) are called Kaluza—Klein modes of F(x, ).
Next we consider d extra dimensions compactified on a d-torus

def
r‘<Srx...xry,

where the I'; are circles with extremely small radii R; > 0, and we consider a
field Vapq(x, .2, X1, ..., xg) on (R3—{0}) x R¥. Thus R3—{0} replaces M*,
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I'? replaces I', and ¥ &ef (X1,...,x4) € R4 replaces 6 in the previous discus-
sion. The field is given by
def
V4+d(x’yvz’xlv"'vxd) é
1
—MGyra Z y o 89
n=(ny,...,ng)ez (,,2 + 3 (xj —2mn; Rj)2> 2
j=1

which is the gravitational potential due to extra dimensions of an object of mass
. 1/2 def .

M at a distance (r2 + Z;Ll sz) / for r2 = x2 + y% + 22 here G4y 4 is the

(4-+d)-dimensional Newton constant. Note that, analogously to equation (8.2),

Vara(x,y,z,x1+ 2Ry, ..., X +27R4)

def 1
= —MGytq Z y pE)
(et €2 (124 3 (x =27 (1-1) jR;)?) 2
Jj=1
1 8.5
=—MGira 3, d d+1 ®
(n1,...,ng)€z? (}’2 + Z (Xj _27”1]. Rj)2) 2
j=1
=Viya(x,y,2,x1,...,Xxq),

where of course we have used that n; — 1 varies over Z as nj does. Thus,
analogously to equation (8.3), we look for a Fourier series expansion

Vara(x,p,2,X1,...,xq) = Z fﬁ(x,y,z)exp(iﬁ-(fe—ll,...,;—‘;}), (8.6)

nez?

where the functions f;(x, y,z) on R® — {0} would be called the Kaluza—Klein
modes of V1 4(x,y,2,X = (x1,...,Xq)).

It is easy, in fact, to establish the expansion (8.6) and to compute the modes
J7(x.p, z) explicitly. For this, define

a; déf (27TRj)2 >0, bj =

2n R; ’

. 2
and note that since (x; — 27 n; R;j)? = (27er (2nx—]R —f’lj)) =a;(bj —nj)?
we can write, by definition (8.4), J

- 1
V4+d(x,y,Z,X)=—MG4+d Z d d+1

ez (Z aj(nj —bj)? +r2)T
j=1
%’r;a’g)’

:_MG4+dE( (8.7)
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by definition (7.24). Thus we are in a pleasant position to apply formula (7.26):
For

d 20
def d ) def
=) TR Q4= T (8.8)
/=1 F( 2 )

1/2

we have (]_[;1’:1 aj)"’* = X4, and we see that

V4+d(xsy’zy)_é) =

MGy4ya824 (.ﬁ (xl X4 ) ( ( d ”,2)%)
_ €X I\ —,..., =5 €X —-r —= 89
7y, ’gz:d P R, R;)) P L R2 (8.9)

j=1

by definition of a; and b;, for r2 82 + y2 4 z2. This proves the Fourier series
expansion (8.6), where we see that the Kaluza—Klein modes f;(x, y,z) are in
fact given by

MGy 4824 d n3\3
fn(x, y,Z) = —W exp| —r (J;l R—Jz) (810)

for i = (ny.....ng) € 7%, (x,y,z) € R* —{0}. Since Vyyg(x,y,z, %) is
actually real-valued, we write equation (8.9) as

Viga(x,y.z,x1,...,Xq) =
MG4+de nZ % = (X1 Xd
35, Z exp —r( 1R2> cos|n- <R1 R_d . (8.11)

Since 271R is the length of I7, ' = &ef ]_[l 1 I has volume ]_[l 1 2 R;
(27r)d ]_[l_1 R;. That is, X; in definition (8.8) (or in formula (8.11)) is the
volume of the compactifying d-torus I” d Similarly §2; in (8.8) or in (8.11),
one knows, is the surface area of the unit sphere {x € R¥*!||x|| =1} in R¥T1.

In [21], for example, the choice x; = -+ = x4z = 0 is made. Going back to
the compactification on a circle, d = 1, Ry = R for example, we can write the
sum in (8.11) as

1+ Z —r|n|/R 1+2Z —r/R
nezZ—{0}
2e_’/R .
_1+1_e_r/R_1+26 (8.12)
for x; = 0, where we keep in mind that R is extremely small. Thus in (8.12),
r/ R is extremely large; i.e., ™" /R s extremely small. For

Ka € MGy q24/25,.
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we get by (8.11) and (8.12)
K
Vs(x, y,2,x1) = —— (14 2¢ 7"/ R), (8.13)
r

which is a correction to the Newtonian potential V' = —K/r due to an extra
dimension.

The approximation (8.13) compares with the general deviations from the
Newtonian inverse square law that are known to assume the form

K
V=—"(14ae"*
r

for suitable parameters o, A. Apart from the toroidal compactification that we
have considered, other compactifications are important as well [21] — especially
Calabi—Yau compactifications. Thus the d-torus I'? is replaced by a Calabi—
Yau manifold —a compact Kéhler manifold whose first Chern class is zero.

Lecture 9. Modular forms of nonpositive weight, the entropy of a
zero weight form, and an abstract Cardy formula

A famous formula of John Cardy [9] computes the asymptotic density of
states p(Lg) (the number of states at level Lg) for a general two-dimensional
conformal field theory (CFT): For the holomorphic sector

p(Lg) = e¥Velo/6, ©.1)

where the Hilbert space of the theory carries a representation of the Virasoro
algebra Vir with generators { L, }»c7 and central charge c. Vir has Lie algebra
structure given by the usual commutation rule

C
[Lyn, L] = (n—m)Lytm+ En(nz - 1)fsn—i-m,o 9.2)

for n,m € Z. The CFT entropy S is given by

L
S = log p(Hy) = 271,/0?". 9.3)

From the Cardy formula one can derive, for example, the Bekenstein—-Hawking
formula for BTZ black hole entropy [10]; see also my Speaker’s Lecture pre-
sented later. More generally, the entropy of black holes in string theory can be
derived — the derivation being statistical in nature, and microscopically based
[34].

For a CFT on the two-torus with partition function

Z(7) = trace ¢*™Lo—3p)T (9.4)
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on the upper half-plane 7+ [5], the entropy S can be obtained as follows. Re-
garding Z(7) as a modular form with Fourier expansion

Z(T) — Z Cne2m’(n—c/24)r’ (95)
n=0
one takes
S =logcy 9.6)

for large n. In [5], for example, (also see [4]) the Rademacher—Zuckerman exact
formula for ¢, is applied, where Z(7) is assumed to be modular of weight w = 0.
This is problematic however since the proof of that exact formula works only for
modular forms of negative weight. In this lecture we indicate how to resolve this
contradiction (thanks to some nice work of N. Brisebarre and G. Philibert), and
we present what we call an abstract Cardy formula (with logarithmic correction)
for holomorphic modular forms of zero weight. In particular we formulate, ab-
stractly, the sub-leading corrections to Bekenstein—Hawking entropy that appear
in formula (14) of [5].

The discussion in Lecture 4 was confined to holomorphic modular forms
of non-negative integral weight. We consider now forms of negative weight

w = —r for r > 0, Wheredrfneed not be an integer. The prototypic example
will be the function Fy(z) = 1/n(z), where 5(z) is the Dedekind eta function
defined in (3.27), and where it will turn out that w = —%. We will use, in fact,

the basic properties of F(z) to serve as motivation for the general definition of
a form of negative weight.

We begin with the partition function p(n) on Z+. For n a positive integer,
define p(n) as the number of ways of writing 7 as an (orderless) sum of positive
integers. For example, 3 is expressible as 3 =1+2=14+ 141, so p(3) = 3;
4=4=143=242=14+14+2=14+14+1+4+1,50 p(4) =5;

5=5=243=144=1+143=1424+2=14+14+14+2=14+14+1+1+41,

so p(5) = 7; similarly p(2) = 2, p(1) = 1. We set p(0) ey, Clearly p(n)
grows quite quickly with n. A precise asymptotic formula for p(n) was found
by G. Hardy and S. Ramanujan in 1918, and independently by J. Uspensky in

1920:
en«/Zn/S

v

(the notation means that the ratio between the two sides of the relation (9.7)
tends to 1 as n — o0). For example, it is known that

p(1000) = 24,061,467,864,032,622,473,692,149,727,991
~2.4061 x 1031, 9.8)

asn — oo 9.7
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whereas for n = 1000 in (9.7)

2n
eﬂ\/;/4m/§ ~ 2.4402 x 10%1, 9.9)

which shows that the asymptotic formula is quite good.
L. Euler found the generating function for p(n). Namely, he showed that

— 1
pn)z = ———— (9.10)
,12:;) l_[,fil (1-2z")
for z € C with |z| < 1. By this formula and the definition of 7(z), we see
immediately that

ef 1 ; ad .
Fo(Z) d=f =e—m1:/122p(n)e27nnr (911)
n(z) —

on 77.'+.

The following profound result is due to R. Dedekind. To prepare the ground,
for x € R define ] . p
def [x—[x]—5 ifx&Z,
(x) = S
0 ifxe”Z,
where, as before, [x] denotes the largest integer not exceeding x.

LSL2,7), with ¢ > 0, and define

d 1
S(y) =T -4 —s(d.o),

where s(d, c¢) (called a Dedekind sum) is given by

ot 5 (B)(%)

WEZ[cZ

THEOREM 9.12. Fixy = [ZS] er

Then, for z € at,

. 1 _1
Foly-2) = "D D Ciez+d) FR) 014
for —m/2 < arg(—i (cz+ d)) < 1 /2, where y - z is defined in equation (4.3).

The sum in definition (9.13) is over a complete set of coset representatives i in
Z. The case ¢ = 0 is much less profound; then

C[£1b
V=1 0 +1

Fo(z £ b) = Fo(y -z) = e TTP/12 o (2). (9.15)

(since 1 = dety = ad), and
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In particular we can write Fo(z + 1) = e /12 Fy(z) = ¢727i/24+27i (7)) =

ez”i(1_21_4)F0(z) = ™% [ (z) for - 21—4 = %.
In summary, Fy(z) = 1/n(z) satisfies the following conditions:

(i) Fy(z) is holomorphic on . (This follows from Lecture 3).)

(i) Fo(z+ 1) = e?™® Fy(z) for some real € [0, 1) (indeed, with o = %).

(iii) Fo(y -z) = e(a.b,c.d)(—i(cz + d))_rFo(Z) for y = [Zfl] € I' with
¢ >0, for some r >0, —/2 < arg(—i (cz+ d)) < /2, and for a function
e(y)=e(a,b,c,d)on I" with [e(y)| =1 (indeed, for r = % ande(a,b,c,d)=
exp(—in(“lgf —s(d,¢))), by Theorem 9.12).

(iv) Fo(z) = e¥™@2 Y02 ane*™™ on 't for some integer 1 > 1 (indeed,
foru=1,a, = p(n+1) forn > —1, and a, = 0 for n < —2, by Euler’s
formula (9.11)).

Note that by conditions (i) and (ii), the function f(z) & =279 [ (z) is holo-

morphic on 7F, and it satisfies f(z 4+ 1) = f(z). Thus, again by equation

(4.1), f(z) has a Fourier expansion f(z) = Y_,c7 @ne?™"? on . That is,

conditions (i) and (ii) imply that Fy(z) has a Fourier expansion

Fo(Z) — eZniaz Z aneZHinz
nez

on 7T, and condition (iv) means that we require that a_, = 0 for n > u, for

some positive integer /L.

We abstract these properties of Fy(z) and, in general, we define a modular
form of negative weight —r, for r > 0, with multiplier e : I’ — {z € C | |z| = 1}
to be a function F(z) on 7t that satisfies conditions (i), (ii), (iii), and (iv) for
some o and p with 0 <o < 1, w € Z, ;> 1. Thus n(z)~! is a modular form of
weight —1 and multiplier e(a, b, ¢, d) = exp(—izt(“fzrf —s(d,c))), witha = 33,
@ =1, and with Fourier coefficients a, = p(n+1), as we note again.

For modular forms of positive integral weight, there are no general formulas
available that explicitly compute their Fourier coefficients — apart from Theo-
rem 4.23 for holomorphic Eisenstein series. For forms of negative weight how-
ever, there is a remarkable, explicit (but complicated) formula for their Fourier
coefficients, due to H. Rademacher and H. Zuckerman [31]; also see [29; 30].

Before stating this formula we consider some of its ingredients. First, we
have the modified Bessel function

00 2m
ef (1Y (5)
L) = (2) mzzom!l“(v—l-m—l— 1) ©-16)

for t > 0, v € C; the series here converges absolutely by the ratio test. Next, for
k,heZ withk >1,h>0,(h,k) =1, and h < k choose a solution /" of the
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congruence h1h’' = —1(mod k). For example, (4, k) = 1 means that the equation
xh + yk = 1 has a solution (x, y) € Z x Z. Then —xh = —1 + yk means
that &' & —x is a solution. Since ik’ = —1 + Ik for some / € Z, we see that

(hh' + 1)/ k = [ is an integer and

W —(hh'+1)/ k| det [ ' —(hh' +1)/ k
de|:k _h =1, so y= X _h el
Hence
oy _hH+1
e(y) = e(W. =272 k. —h) 9.17)
is well-defined. Finally, for u,v € C we define the generalized Kloosterman
sum

2 ’
Apu®) = A (0,0 3 o)l F @Gl g 4
0<h<k
(h,k)=1

for e(y) given in (9.17), and for 0 < @ < 1 above. If kK = 1, for example, then
0<h<k,soh=0, and we can take ' = 0:

ALy () = A (v.u) =60.-1,1,00 " =£(0.—-1.1,0) €5y (9.19)

The desired formula expresses the coefficients a, for n > 0 in terms of the
finitely many coefficients a—y,a_y41.a—y42,...,a—2,a_1 as follows:

THEOREM 9.20 (H. RADEMACHER AND H. ZUCKERMAN). Let F(z) be a
modular form of negative weight —r,r > 0, with multiplier ¢, and with Fourier

expansion F(z) =e?7i*? Zn__“ ane®™"z on 7t given by condition (iv) above,
where 0 <a <1 < € Z. Then for n > 0 with not both n,a = 0,
an ==
Ak](n) j—« erl dm . 1/2 1/2
2nZ a; Z (£22) % frd (FU -0 P4 @)'2), 021)

where Ay j(n) is defined in (9.18) and I,(t) is the modified Bessel function in
(9.16).

Note that for 1 < j < pu,j >1>a = j—a > 0in equation (9.21). Also
n + « > 0 there since n, o > 0 with not both n,« = 0.
Using the asymptotic result

lim V2ntl,(t)e " =1 (9.22)
—>00

for the modified Bessel function 7,,(¢) in (9.16), and also the trivial estimate
| Ak, j(n)| < k that follows from (9.18), one can obtain from the explicit formula



LECTURES ON ZETA FUNCTIONS, L-FUNCTIONS AND MODULAR FORMS 75

(9.21) the following asymptotic behavior of a, as n — co. Assume that a_,, # 0
and define

+

NN

exp(471(,u—oz)1/2(n —i—oz)l/z), (9.23)

Blw| =

a®(n) = NG €0

n+a +

NN

def d—y (L —a)
)

say for n > 1, for gy & s([(l) _(1)]) in (9.19). Then in [23], for example, it is
shown that
an~a>*(n) asn— oo (9.24)

which gives the asymptotic behavior of the Fourier coefficients of a modular
form F(z) of negative weight —r with Fourier expansion as in the statement of
Theorem 9.20. For forms of zero weight a quite similar result is given in equation
(9.30) below. The asymptotic result (9.7) follows from (9.24) applied to Fy(z),
in which case formula (9.21) provides an exact formula (due to Rademacher)
for p(n) [2; 29; 30].

Fora, b, k € Z with k > 1 the classical Kloosterman sum S(a, b; k) is defined
by

Sa.biky= Y F@h+dh (9.25)
hez/kz
(hk)=1

where /i = 1(mod k). These sums will appear in the next theorem (Theorem
9.27) that is a companion result of Theorem 9.20.

We consider next modular forms F(z) of weight zero. That is, F(z) is a
holomorphic function on 7 such that F(y - z) = F(z) for y € I', and with
Fourier expansion

o0
Fo)= ) ane®™"* 9.26)
n=—u

on 7™, for some positive integer 1. In case F(z) is the modular invariant j(z),
for example, this expansion is that given in equation (4.44) with ; = 1, in which
case the a, there are computed explicitly by H. Petersson and H. Rademacher
[27; 28], independently - by a formula similar in structure to that given in (9.21).
For the general case in equation (9.26) the following extension of the Petersson—
Rademacher formula is available [6]:

THEOREM 9.27 (N. BRISEBARRE AND G. PHILIBERT). For a modular form
F(z) of weight zero with Fourier expansion given by equation (9.26), its n-th
Fourier coefficient ay is given by

124 . o0 . -
Jj S(n,—j; k) 4 /nj
anp = anE_l a—j/ - kE_l B I B (9.28)
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forn > 1, where S(n,—j; k) is defined in (9.25) and I; (¢t > 0) in (9.16).

M. Knopp’s asymptotic argument in [23] also works for a weight zero form (as
he shows), provided the trivial estimate |4y ;j(n)| < k used above is replaced
by the less trivial Weil estimate |S (a, b: k)| < C(e)(a, b, k)'/2k1/2+e Ve > 0.
The conclusion is that if a_,, # 0, and if

1/4
a® (n) &ef %'ﬁ;ﬁe“”*/ﬁ, n>1, (9.29)
then
ay ~a®(n): lim —1_ 1. (9.30)

n—00 aoo(n) B

We see that, formally, definition (9.29) is obtained by taking ¢g = 1,7 = 0,
and o = 0 in definition (9.23) - in which case formulas (9.21) and (9.28) are
also formally the same. Going back to the Fourier expansion of the modular
invariant j(z) given in equation (4.44), where a_,, = a_; = 1, we obtain from
(9.30) that ([27; 28])

edm/n
N

A stronger result than (9.31), namely that

ap as n — oQ. (9.31)

e47‘rﬁ 3
= 1 —
ﬁn3/4 ( 327T\/E

(also due to Brisebarre and Philibert [6]) plays a key role in my study of the
asymptotics of the Fourier coefficients of extremal partition functions of certain
conformal field theories; see Theorem 5-16 of my Speaker’s Lecture (page 345),
and the remark that follows it.

Motivated by physical considerations, and by equation (9.5) in particular, we
consider a modular form of weight zero with Fourier expansion

.055
dp + Sn) ) |8n| = T (9.32)

f(Z) — eZniAz Z cneZHinz (9.33)

n=0

on 7, where we assume that A is a negative integer. A corresponds to —c/24
in (9.5), say for a positive central charge c; thus ¢ = 24(—A), a case considered
in my Speaker’s Lecture. 1 = —A is a positive integer such that for a, = ¢, s
we have (taking ¢, = 0 for n < —1) a—, = 0 for n > pu. Moreover, since
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def i
Yoo dn—p =Yg, dn, we see that for d, = a,e* "% we have

o o0
Z aneZninz — Z an_ueZni(n—u)z
n=—u n=0
def X 2mi(n+A)z .
= ) cpe = f(2), (9.34)
n=0
by (9.33). That is, f(z) has the form (9.26), which means that we can apply

formula (9.28), and the asymptotic result (9.30).
Assume that ¢y # 0, and define

1/4
ger co A" ATIAN2 (4 4)1/2

00y def €O
c®(n) = 75 it A (9.35)
for n + A > 1. By definition (9.29), for n —u & n+ A > 1,
1/4
o0, _ ad—ul 4/ u(n—p) def oo
a>(n M)_—ﬁ(n—;m/“e =% (n),
asa_y &ef co # 0. Therefore by (9.30)
1 = lim _Gnmn lim G tep ~c®(n) as n — oo, (9.36)

n—o00 q®(n — ) T nSoo c®(n) )

for ¢®°(n) defined in (9.35). Thus (9.36) gives the asymptotic behavior of the
Fourier coefficients ¢, of the modular form f(z) of weight zero in (9.33).

Motivated by equation (9.6), and given the result (9.36) we define entropy
function S(n) associated to f(z) by

S() Elog ¢ (n) (9.37)

forn + A > 1, in case ¢y > 0. Also we set

So(n) & 27 JA[Al(n + A), (9.38)

for n + A > 1. Then for ¢ = 24(—A) = 24| A|, as considered above, (i.e., for
4|A| = ¢/6) So(n) corresponds to the CFT entropy in equation (9.3), where
n + A corresponds to the L there. Moreover, by definition (9.37) we obtain

S(n) = So(n) + (3 log|A| — 3 log(n + A) — 3 log2 +logcp),  (9.39)

which we can regard as an abstract Cardy formula with logarithmic correc-
tion, given by the four terms parenthesized. Note that, apart from, the term
log cp, equation (9.39) bears an exact resemblance to equation (5.22) of my
Speaker’s Lecture. We regard S (#) in definition (9.38), of course, as an abstract
Bekenstein—Hawking function associated to the modular form f(z) in (9.33) of
zero weight. Equation (9.39) also corresponds to equation (14) of [5].
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To close things out, we also apply formula (9.28) to f(z). Forn —u > 1,

0 , o ——
cn:an_uzznZa_j,/niMS(” s ]’k)11(4“(” “)J). (9.40)

k k
j=1

Use Y0 dj=dy+dy1+...+dy+d = S dy—jand a_,_jy L

j=0
to write equation (9.40) as

=203 g JEL SO k) (AVOEDGIY (g
j=o] e k

k

where,udéf—A. For0<j=<u—-1=-A-1,j €Z, wehave j > 0 and
j+A=<—-1<0. Converselyif j >0, j €eZ,and j + A <O0,thenas AeZ
wehave j + A<—-1,500<j <-A—-1=pu—1.0f course j + A < 0 also
means that u — j = —A— j =|j 4+ A|. Thus we can write equation (9.41) as

_ A S+A, j+AK) - (4n/(n+A)]j+A|
Cn =2 2 EATRT k h k
J

j+A<0 (9.42)
forn+A(=n—pn) > 1.

THEOREM 9.43 (A REFORMULATION OF THEOREM 9.27). For a modular
form f(z) of weight zero with Fourier expansion given by equation (9.33), its
n-th Fourier coefficient cy is given by equation (9.42), forn + A > 1. Here A is
assumed to be a negative integer.

Instead of applying Theorem 9.20 and taking r = 0 there, without justification,
physicists can now use Theorem 9.43 for a CFT modular invariant partition func-
tion, such as that of equation (9.4), and therefore stand on steady mathematical
ground.

Appendix

A. Uniform convergence of improper integrals. For the reader’s convenience
we review the conditions under which an improper integral /(s) = [, a°° F(t,s)dt
defines a holomorphic function f(s). In particular, a verification of the entirety
of the function J(s) in equation (1.4) is provided.

The function F(z,s) is defined on a product [a, c0) x D with D C C some
open subset, where it is assumed that [ a°° F(t,s)dt exists for each s € D —say
t — F(t,s) is integrable on [a, b] for every b > a. Thus f(s) is well-defined
on D. By definition, the integral f(s) is uniformly convergent on some subset
Dy C D if to each ¢ > 0 there corresponds a number B(g) > a such that for b >
B(e) one has ‘ / : F(t,s)dt— f (s)’ < ¢ for all s € Dy. An equivalent definition
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is given by the following Cauchy criterion: f(s) is uniformly convergent on
D% if and only if to each € > 0 there corresponds a number B(g) > a such that
|[p2 F(t,5)dt| <eforall by > by > B(e) and all s € Dy. For clearly if f(s) is
uniformly convergent on Dg and & > 0 is given, we can choose B(¢) > a such
that | [* F(z,5) di— f(s)| < /2 for b > B(s), s € Dy. Then for by > by > B(e)
and s € Dy, we have

by by by
/ F(t,s)dt =/ F(t,s)dt— f(s)— (/ F(,s) dz—f(s)),
by a a

which implies | /; If’ 12 F(t,s)dt } <¢g/24¢/2 =¢. Conversely, assume the alternate
condition. Define the sequence { f;,(s)},>4 of functions on Dy by

def

fu(s) = /n F(t,s)dt.

Given & > 0 we can choose, by hypothesis, B(g) > a such that | |, bblz F(t,5)dt| <
for by > by > B(s) and s € Dy. Let N(¢) be an integer > B(g). Then for
integers n > m > N(¢) and for all s € Dy we see that ‘ Iu(s) — fm (s)‘ =
‘ frZ F(t,s) dl| < ¢. Therefore, by the standard Cauchy criterion, the sequence
{ 1 (8)}n>q converges uniformly on Dy to a function g(s) on Dy: Forany &; >0,
there exists an integer N(g1) > a such that for an integer n > N(g1), one has
&1 > }f},(s) —g(s)! = ‘f: F(t,s)dt — f(s)| for all s € Dy, since necessarily
g(s) = f(s). Now let ¢ > 0 be given. Again, by hypothesis, we can choose
B(g) > a such that for b, > b; > B(e) one has that {f[f’f F(t,s) dt‘ <¢g/2
for all s € Dy. Taking the quantity & considered a few lines above equal to
¢/2, we can find an integer N(e1) > B(e1) such that for an integer n > N(g;),
e/2 =& > |[) F(t,s)dt — f(s)| for all s € Dy. Thus suppose b > N(g1).
Then, for all s € Dy,

N(e1) b
/ F(t,s)dt— f(s) +/ F(t,5)dt
a N(ey)

& &
< = i
<s+5=¢e

b
/ F(t,s)dt — f(s)

where N (g1) > a since B(g1) > a, with N (g1) dependent only on &. This shows
that f(s) is uniformly convergent on Dy. The Cauchy criterion is therefore
validated.

As an example, we use the Cauchy criterion to prove the following, very
useful result:

THEOREM A.l1 (WEIERSTRASS M-TEST). Let M(t) > 0 be a function on
[a,00) that is integrable on each [a,b] with b > a. Assume also that I =
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[ M (t) dt exists. If | F(t, 5)| <M () on[a, 00)x D, then [ (s)= [ " F(t,s) dt
converges uniformly on Dy. Again D is any subset of D.

PROOF. Let ¢ > 0 be assigned. That [ = limp_, /| : M (t) dt implies there
exists a number B(g) > a such that ‘I — fab M(t) dt‘ < ¢g/2 for b > B(e). If
by > by > B(s), then

by
M(t)dt

b2 bl
M@)de—1+1-— M) dt

a a

_ &8 _ .
= <5t5=¢

by

hence !fbblz F(t,5)dt| < fbblz‘F(Z,s)‘ dt < fbblz M(t)dt = ‘fbblz M (1) dt| (since
M(t)>0,by > by). But this is less than ¢, for all s € Dg. Theorem A.1 follows,
therefore, by the Cauchy criterion. U

The question of the holomorphicity of f(s) is settled by the following theorem.

THEOREM A.2. Again let F(t,s) be defined on [a, 00) x D with D C C an open
subset. Assume

(1) F(z,5s) is continuous on[a, 00) x D (in particular for each s € D, t — F(t, s)
is integrable on [a, b] for every b > a);

(ii) for everyt > a fixed, s — F(t, s) is holomorphic on D;

(iii) for every s € D fixed, t — 0F(t,s)/ds is continuous on [a, 0);

@iv) f(s) &ef faoo F(t,s) dt converges for every s € D; and

(v) f(s) converges uniformly on compact subsets of D.

Then f(s) is holomorphic on D, and f'(s)= faoo oF(t,s)/0s dt for every s € D.
Implied here is the existence of the improper integral | aoo o0F(t,s)/dsdt on D.

The idea of the proof is to reduce matters to a situation where the integration
/ aoo over an infinite range is replaced by that over a finite range | ; , where
holomorphicity is known to follow. This is easi}iy done by considering again the
sequence { f,(s)}n>q discussed earlier: f;(s) ) f: F(t,s)dt on D, which is
well-defined by (i). If K C D is compact, then given (v), the above argument
with Dy now taken to be K shows exactly (by way of the Cauchy criterion) that
{ fn(8) }n>aq converges uniformly on K (to f(s) by (iv)). On the other hand, by
(i), (ii), (iii) we have that (i)’ F(¢,s) is continuous on [a, n] x D, (ii)’ for every
t € [a,n] fixed, s — F(t,s) is holomorphic on D, and (iii)’ for every s € D
fixed, t — 0F(t,s)/0s is continuous on [a, n]; here a < n € Z. Given (i), (ii)
and (iii)’, it is standard in complex variables texts that f,(s) = /. : F(t,s)dt is
holomorphic on D and that f,,(s) = /. ; dF /0ds(t, s) dt. Since we have noted that
the sequence { f»(5) }n>q converges uniformly to f(s) on compact subsets K of
D, it follows by the Weierstrass theorem that /() is holomorphic on D, and that
Ja(s)— f’(s) pointwise on D — with uniform convergence on compact subsets
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of D, in fact. That is, f7(s) = limy—occ f;(s) = limy—oo [, OF(t,5)/ds dt =
f > 9F(t,s)/ds dt on D, which proves Theorem A.2.

As an application, we check that the function J (s) in deﬁmtlon (1.4) is an
entire function. First we claim that the function 6, (t) = Zn e 2 ,fort >0,
converges uniformly on [1, co). This is clear, by the Weierstrass M-test, since
for n,t > 1, we have n? > n, hence nn?t > wnt > 7n, hence e~ Tnt <e TN
and moreover Zoo_l e~ ™" is a convergent §eometrlc series. Therefore y(¢) is
continuous on [1, 00), since the terms e~ """ are contmuous int on[l,00). By
definitions (1.2), (1.4), J(s) = fl F(z,s)dt for F(t, s) 90(t)ts on [1,00)xC,
where F(t, s) therefore is also continuous. Again for n,¢ > 1, wn*t > wnt and
also 71 > 77, 50 e Tt < TN and e < o7 50l —e T > 1 — e, 50

1 1 e
< def

l—e ™ ~ l—e 7  em—1]

That is,

—Trt

90(1‘) — Z e—nnZt < Z TN — Z(e—nt)n _ —nt <Ce™™

fort > 1, so ‘F(t,s)‘ < Ce ™'tReS on [1, 00) x C, where foo —btia gt con-
verges for b > 0,a € R. Thus J(s) converges absolutely for every s € C.
We see that conditions (i) and (iv) of Theorem A.2 hold. Conditions (ii) and
(iii) certainly hold. To check condition (v), let K C C be any compact subset.
The continuous function s — Res on K has an upper bound o : Res < o
on K = R <19 on[1,00) x K (since logt > 0 for t > 1). That is, on
[1,00) x K the estimate | F(z,5)| < Ce™™¢ holds where [ ™1 dt < o0,
implying that J(s) converges uniformly on K, by Theorem A.1. Therefore J(s)
is holomorphic on C by Theorem A.2.

B. A Fourier expansion (or g-expansion). The function q(z) e?71Z is holo-
morphic and it satisfies the periodicity condition ¢(z+ 1) = ¢(z). Suppose f(z)
is an arbitrary holomorphic function defined on an open horizontal strip

Spy b, 24z €C | by <Imz < by} (B.1)

as indicated in the figure at the top of the next page, where by, b, € R, by < b,.

Suppose also that f(z) satisfies the periodicity condition f(z + 1) = f(z)
on Sp, p,; clearly z € Sy, p, implies z +r € Sp, 5, for all ¥ € R. Then f(z)
has a Fourier expansion (also called a q-expansion)

f@) =) ang(2)" =) ane*™"* (B.2)

nez nez
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y

on Sy, p,, for suitable coefficients a, € C; see Theorem B.7 and equation (B.6)
below for an expression of the a,. The finiteness of b, is not essential for the
validity of equation (B.2). In fact, one of its most useful applications is in case
when Sj, p, is the upper half plane: b; = 0, b, = oo. The Fourier expansion
of f(z) follows from the local invertibility of the function ¢(z) and the Laurent
expansion of the function (/o ¢~!)(z). We fill in the details of the proof.

Note first that ¢(z) is a surjective map of the strip Sp, 5, onto the annulus
Ar, s & {weC|r <|w|<ry}forr & p—2mby o 0, rp LI (see
figure below).

ArlarZ
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For if z = x + iy € Sp, p,,» we have |g(z)| = e 2™ and b; < y < b,
50 e72h1 5 o727V 5 =272 and w = q(z) € Ay, ,r,. On the other hand, if
W € Ay, r, is given choose 7 € R such that e’ = w/|w| (since w # 0), and define
r =log|w|. Then one quickly checks that z d— t/2w +ir/(=2m) € Sp, b, such
that ¢(z) = w, as desired.

From f(z + 1) = f(z), it follows by induction that f(z + n) = f(z) for
every positive integer n, and therefore for every negative integer n, f(z) =
fz+n+(—n)) = f(z+n);ie. f(z+n)= f(z) forevery n € Z. Also since
q(z1) = q(z2) <> 27171 = 27i%2 =y 2721722 = | = 7; =z, +n for
some n € Z, the surjectivitiy of ¢(z) implies that the equation F(g(z)) = f(z)
provides for a well-defined function F(w) on the annulus A4,, ,,. To check that
F(w) is holomorphic, given that f(z) is holomorphic, take any wo € A, r,
and choose zg € Sp, p, such that ¢(z9) = wo, again by the surjectivity of ¢(z).
Since ¢'(z) = 2mie?™ % implies in particular that ¢’(zo) # 0, one can conclude
that ¢(z) is locally invertible at zy: there exist € > 0 and a neighborhood N of
20, NV C Sp, b,, on which g is injective with

g(N) = Ne(g(z0)) = Ne(wo) = {w € C | |w—wo| < &} C Ay, .
and with ¢~! holomorphic on Ng(wg). Thus, on Ng(wy),
F(w) = F(q(¢~" (W) = (fog~H(w).

which shows that F is holomorphic on Ng(wg) and thus is holomorphic on
Ay ry»> as Wo € Ay, r, is arbitrary.
Now F(w) has a Laurent expansion

F(w) = Zanw + Z o
m=1

on the annulus A4,, ,, where the coefficients ay, bm are given by

. 1 Fw)dw - 1 F(w)
an = 5 — bm=-— ———dw,
2ni Jp whtl 2ni Jp w—mtl
for any circle I in A,, ,, that separates the circles |w| = r, |[w| = r. We
. . . def _ .
choose I to be the circle centered at w = 0 with radius R = e~27? given any

b with by < b < by; r1 < R < ry. For a continuous function ¥ (w) on I" the
change of variables v(¢) = 27t on [0, 1] permits the expression
2n

1
/ Y(w)dw = V(Re!Y)Rie'Vdv = 27 / ¥ (Re2™if) Re2™i! gy
r 0

i
:2]”./ (2T IHiB)) 27 (Hib) gy
0



84 FLOYD L. WILLIAMS

by definition of R. For the choices ¥ (w) = F(w)/w"T!, F(w)/w™™*+!, re-
spectively, one finds that

1
i =/ F(e2mi+ib)) p=2min(e+ib) 4,
o (B.3)
5, :/ F(2mi+ib)) 2mim(t+ib) gy
0

forn > 0,m > 1. However t +ib € Sy, 5, since by < b < by so by definition
of F(w) the equations in (B.3) are

1
an =/ f(l + ib)e—ann(t-Hb) dl,
0 (B.4)

1
bm =/ f(l +ib)62nlm(t+lb) dt,
0
for n >0, m > 1, and moreover the Laurent expansion of F(w) has a restatement

0 0 Em
= anq(z)" B.5
/) ngoa 4() +mZ:1 v (B.5)

on Sp, 5, One can codify the preceding formulas by defining
d f 1 . .
an = f (& +ib)e™2rint+ib) gy (B.6)
0

for n € 7, again for by < b < b,. Then a, = a, forn > 0 and a_, = 5,, for
n > 1. By equation (B.5) we have therefore completed the proof of equation
(B.2):

THEOREM B.7 (A FOURIER EXPANSION). Let f(z) be holomorphic on the
open strip Sp, p, defined in equation (B.1), and assume that f(z) satisfies the
periodicity condition f(z + 1) = f(z) on Sp, p,. Then f(z) has a Fourier
expansion on Sp, p, given by equation (B.2), where the ay are given by equation
(B.6) forn € Z, for arbitrary b subject to by < b < b,.

Theorem B.7 is valid if Sp, p, is replaced by the upper half-plane xt (with
by =0, b, = 00), for example, as we have indicated. For clearly the preceding
arguments hold for b, = oco. Here, in place of the statement that g : Sp, p, —
Ay, r, is surjective (again for ry défe_znb% Iy &l p—27by , by < 00), one simply
employs the statement that ¢ : 7+ — {w € C | 0 < |w| < 1} is surjective.
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C. Poisson summation and Jacobi inversion. The Jacobi inversion formula
(1.3) can be proved by a special application of the Poisson summation formula
(PSF). The latter formula, in essence, is the statement

Y fm=>"fm, (C.1)
nez nez
for a suitable class of functions f(x) and a suitable normalization of the Fourier
transform f (x) of f(x). The purpose here is to prove a slightly more general
version of the PSF, which applied in a special case, coupled with a Fourier
transform computation, indeed does provide for a proof of equation (1.3).
For a function /(x) on R, the definition

h) & [ ” h(t)e 27Xt gy (C.2)

will serve as our normalization of its Fourier transform. Here’s what we aim to
establish:

THEOREM C.3 (POISSON SUMMATION). Let f(z) be a holomorphic function
on an open horizontal strip Sg o {zeC| -6 <Imz < §},6 > 0, say with
flg € LY(R,dx). Assume that the series Yy oo f(z + 1), > oo f(z —n)
converge uniformly on compact subsets of Sg. Then for any z € S

Y fl+m) =P f (). (C.4)

nez nez

In particular for z = 0 we obtain equation (C.1).

PROOF. By the Weierstrass theorem, the uniform convergence of the series
> o f(z+n)and Y o2 | f(z—n) on compact subsets of Ss means that the
function

def = X
FOEY fe+m=3Y [C+n+ L [G-n
nez n=0 n=1
on Ss is holomorphic. F(z) satisfies F(z + 1) = ) ., fz+n+1) =
Y nez Sz +n) = F(z) on S5. Therefore, Theorem B.7 of Appendix B is
applicable, where the choice » = 0 is made (by = —§,b, = §): F(z) has a
Fourier expansion
F(z) =Y ape®™n? (C.5)
nez
on Sg, where a, &ef fol F(t)e 27" dt for n € Z. Since [0, 1] C S is compact,
for n € Z fixed the series > 5o f(t + [)e™2™in and Y 72, f(t — [)e 27
(whose sum is F(t)e~2%"") converge uniformly on [0, 1] (by hypothesis, given
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of course that |e~27"!| = ). Therefore a, can be obtained by termwise inte-
gration; we start by writing

s int S —2mint
n = /O (EO F(t+ e~ +l§1 ft—De™? )dt
1

1 . oo .
/ f(l +Z)e—2mnt dt + Z f(t_l)e—ant dt
0

I+1 . oo p—l+1 _
f(v)e—Zmn(v—l)dv + Z f(v)e—Zmn(v+1)dv,

o0
2.
=0
o0
2.
=0
by the change of variables v(¢) =¢+/ and v(¢) =t —/ on [/, [+1], [/, =] +1],
respectively (with / € Z), This is further equal to Y ;= fll+1 f(t)e™2mint g 4

Zloil f—_l[+1 f(t)e—zm'nt dt = fOOO f(t)e—2m'nt dl+fi)oo f(t)e—Zm'nt dt =
[, f()e=27mt dt = f(n), by definition (C.2). That is, by (C.5), for z € S
Y nez f(n)e?™inz = F(z) &ef > nez f(z + n), which concludes the proof of

Theorem C.3. O

Other proofs of the PSF exist. In contrast to the complex-analytic one just pre-
sented, a real-analytic proof (due to Bochner) is given in Chapter 14 of [38],
for example, based on Fejér’s Theorem, which states that the Fourier series of a
continuous, 27r-periodic function ¥ (x) on R is Cesaro summable to vy (x).

As an example, choose f(z) = f:(z) & o=72% for ¢ > 0 fixed. In this case
f(z) is an entire function whose restriction to R is Lebesgue integrable; the

restriction is in fact a Schwartz function. We claim that the series
o0 o0
Y. f(z+n) and 3} f(z—n)
n=0 n=1

converge uniformly on compact subsets K of the plane. Since K is compact
the continuous functions z > e~"2°! and z > Re z on C are bounded on K :
‘e‘“2’| < Mj, |Rez| < M; on K for some positive numbers My, M,. Let ng
be an integer > 1+2M,. Then for n € Z with n > ng one has n? > n(1+2M,),

hence n2 —2nM, > n, so that f(z +n) = e "7 e~ +2n2)1 for - ¢ K But

(2 (2 (2 _
|e w(n +2nz)t‘ —e nw(n“+2nRez)t <e w(n“—2nM>)t —e nnt

and ‘e‘”zt} < My, so |f(z+n)| < Mie ™" on K, with Y ;2 Me ™"
clearly convergent for ¢ > 0. Therefore, by the M -test, Y .- f(z + n) con-
verges absolutely and uniformly on K. Similarly, for n € Z, we have f(z—n) =
e~ pm (1 =2n2)t yhere for n > no and z € K again n> —2nM, > n, but

where we now use the bound Rez < My: n> —2nRez > n?> —2nM, > n
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| f(z—n)| < Mye™™" on K (for n > ng), s0 Y pey S (z —n) converges abso-
lutely and uniformly on K, which shows that f;(z) & e"”zt,t > 0, satisfies
the hypotheses of Theorem C.3. The conclusion

doeT =" i) (C6)

nez nez

is therefore safe, and the left-hand side here is 6(¢) by definition (1.2). One is
therefore placed in the pleasant position of computing the Fourier transform

o0
Jfr(x) €2 / e~V pm2mixy dy, (C.7
—o0
which is a classical computation that we turn to now (for the sake of complete-
ness).

: —v2 2micv//Tt _
For real numbers a, b, c,t with a < b, t > 0, note that e™" ¢ =
e~V eRicv/nfi — p=mc?/t o=(v—icv/x[D? By the change of variables v(x) =

Jrtx on[a~/mt, b/mt], therefore,

e—ncz/t bi/mt
/a

—(v—ic/7/[1)?
e dv. (C.8)
Tt Jrt

b
/ e—nxzte27ricxdx —
a
Next we show that for b € R
o0 ib 2 o0 2
/ e~ i gy = / e dx. (C.9)
—00 —0o0

To do this, assume first that b > 0 and consider the counterclockwise oriented
rectangle Cg of height » and width 2R : Cg = C1 + Cy + C3 + Cy.

y &)

Cy
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def

By Cauchy’s theorem, 0 = I = fCRe_szz. Now

fC] e~ dz = f_RR e~ dx.

fcze_zzdz =i f(f e~ (RHix)? 1y — jo—R? fob e 2XRipxX2 1
fC3 e~ dz = —f_RR e~ x+ib)? g .
fC4 e dz = —fC2 e~ dz

Thus UCZ e_ZZdZ’ < e_szOb e**dx, which tends to 0 as R — oco. That is,
0 =limp_oo IR = ffgo e~ dx — ffooo e_(x+ib)2dx, which proves equation
(C.9) for b > 0. If b < 0, write [ e~ Fib? gy — 125 e~ (X +iD gy —
ffzo e~ A0 gy = ffooo e’ dx by the previous case, since —b > 0. Thus
(C.9) holds for all b € R (since it clearly holds for b = 0). By (C.8) it then
follows that
o) ) . R 5 )
/ e X teZntcxdx = lim e X t82mcxdx
—00 R—oo0 J_R

—mc?/t RJ/mt
= ¢ i lim " e~ XFHIEAVTD? 4

B Tt R—>o0 J_R./xt

—nc?/t poo ) e—ncz/t
= e dx = . C.10
A/ Tt [oo A/ Tt \/_ ( )

PROPOSITION C.11. Forc € R and t > 0, we have
—nc?/t
NG

Hence equation (C.7) is the statement that ft(x) = e_”xz/’/ﬁ.

e

o] ) . 00 ) .
/ e—nx te—2nzcxdx — / e—:rx teancxdx —
—00 —00

Having noted that the left-hand side of equation (C.6) is 6(¢), we see that (C.6)
(by Proposition C.11) now reads 6(t) =), e‘””z/t/ﬁ déf@(%)/\/f, which

proves the Jacobi inversion formula (1.3).

D. A divisor lemma and a scholium. The following discussion is taken, nearly
word for word, from [38] and thus it has wider applications — for example,
applications to the theory of Eisenstein series (see pages 274-276 of that ref-
erence). For integers d,n with d # 0 write d | n, as usual, if d divides n, and
write d {n if d does not divide n. Forn > 1,v € C let 0y, (n) def > o<d, d|nd’
denote the divisor function, and for k,n > 1 in Z let

|1 ifk|n,
d(k’”)_{o if ktn.
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def
Let {an};2 | be a sequence of complex numbers such that a = Yor2 i lan| < oco.
We shall prove a lemma to the effect that

Z( Z m amn) =Y oy(man. (D.1)
n=1

n=1

Before formulating a precise statement of (D.1) it is useful to consider some
simple observations. For m, k > 1 in Z set

m km
sOE S . i PEY Ak Day.
j=1 I=1

We first prove by induction that the mi-th partial sum s(k) equals t(k) for every
m. Form =1, sgk) = ay.. On the other hand, tl(k) = ay, because an integer / in
the range 1 </ <k is amultiple of k if and only if / = k. Proceeding inductively,
one has s(k) = s +a £ + On the other hand, (k)
M1 m k(m+1) = Im Ak(m+1)- On the other hand, 7,

1 L d e, km+1)agmar + dk. km+2)agmes + - + d(k, km+k)akm+k
For/ eZ and 1 </ <k, we have k | km+] < k|l < k =1 (again), so

Z;k}rl 0+ Akem+k = s,(fJ)rl, which completes the induction.

Now take m — oo in the equality s(k)
exists and

1) to conclude that doie) akj

D ag; =) d(k.Da. (D.2)
j=1 I=1

If Rev < —1, then since |d(k,n)kVay,| < |a,|/k~ R, we have

S [d(k. )k ] < lan] £(~Re )
k=1

(where {(s) = no; 1/n%,Re s > 1,is the Riemann zeta function) and moreover
the iterated series Y n; (Y%= |d(k.n)k"ay|) converges:

[e.¢] [e.e]
Z( Z |d(k,n)k"an|) <af(—Rev). (D.3)
n=1 k=1
By elementary facts regarding double series (found in advanced calculus texts) it
follows that one can conclude that the double series Y po; Y rey d(k,n)k ay
converges absolutely, and that

e} o0 o0

Z( Z d(k, n)k"an) = Z ( Z d(k, n)k”a,,) (D.4)

n=1 k=1 k=1

Similarly for k > 1 fixed, equation (D.2) (with {a,}°2 | replaced by {|an |} )
yields Y0 [k gl = KR S50, Jagm| = KR Y52, d(k. Dlay . That s,
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> 1 |k agm| < 00 and moreover the iterated series Y ey (e [k dkml)
converges, as it equals Y po; KRV 372 d(k,l)|a;| <al(—Rev). Thus, sim-
o o0

ilarly to equation (D.4), one has that the double series > 7, > ", k¥agy,
converges absolutely, and equality of the corresponding iterated series prevails:

él(él k”akm) - mé </§1 k”akm>. (D.5)

Given these observations, we can now state and prove the main lemma regarding
the validity of equation (D.1):

DIVISOR LEMMA. Let {an}72 | be a sequence of complex numbers such that the
series Y no_y |an| converges. Let o, (n) = Zo<d, d|nd" bethe divisor function,
as above, forv € C,n > 1in Z. If Rev < —1, then the series Y, 0y(n)ay
converges absolutely, the iterated series ZZO=1 (an°=1 m¥amy, n) converges and
formula (D.1) holds, i.e.,

o0

io:( io: mvamn> =Y oy(n)ay.

n=1 "m=1 n=1

The double series ano=1 Z,O;l mYamy, in fact, converges absolutely and the
corresponding iterated series Y -1 (3 oy M amn)s >t (Dmei M dmn)
coincide.

PROOF. Y} _, d(k,n)k” o di<k<n kin k" d=ef(r,,(n) , where d(k,n) = 0 for
k > n. That is,

o0

> d(k.n)k” = oy (n) (D.6)

k=1
for any v € C. The series Y .- Orev(n)|an| is, by (D.6), the iterated series
oy (Xop2 d(k, n)kRev|a, |), which we have seen converges and is bounded
above by {(—Rev) according to (D.3). Clearly |oy,(1n)| < orev(n), so that
also Y0 | |oy(n)||an| converges. Again by (D.6), we have Y oo oy (n)a, =
Yooy (%2 d(k,n)k ay). Now apply equations (D.4), (D.2), (D.5), suc-
cessively, to express the latter iterated series as Y ;= (>_p—; d(k,n)k"a,) =
Sret (K" Yooy akm) = Yot (ke k¥ agm), which proves (D.1). We
have already seen that the double series anozl Zflozl mY amn ( which equals
Y hey Yom—1 k¥agm) converges absolutely. By equation (D.5), then one de-
rives the equality of the corresponding iterated series Y .o, (Z;’;l m”amn)

and Y ;2 (Do m amn). O

Going back to the equality s,(,lf ) = t,(nk) of the previous page, we actually have

the following fact, recorded for future application:
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SCHOLIUM. Given a sequence of complex numbers {an};2 | and k € Z with
k > 1, the series Z;il ayj converges if and only if the series Z;’il d(k, j)aj
converges, in which case these series coincide.

As an example, we use the Divisor Lemma to prove the next lemma, which is
important for Lecture 4.

LEMMA D.7. Fix z,k € C with Imz > 0, Rek > 2. Then the iterated series
S (o0 nkte2mimny oxists, the series Y ey 01 —g (M)nk~1e27inZ con-

verges absolutely, and

[e}e) o0 k X oo k . x .
Z(Z n —le2ntmn)=2 Ol_k(}’l)l’l —le2nmz=2 Ok_l(n)eannz. (D.S)
m=1"n=1 =1 n=1

PROOF. The last equality comes from oy, (n) = n¥o_,(n). To show the first,
set ap Ll pk=1p2minz Thep 3% lan] = 302 nRek—le=2mnImz conyerges
by the ratio test, since Imz > 0. Also m' %a,,, = m'=*(mn)k—1e2mimnz
= nk—1e2mimnz where Rek > 2 = Re(1 —k) < —1. By the Divisor Lemma
(for v = 1 — k), the series Zflo:l 01—k (n)a, converges absolutely, the iterated

series D vy (Yopei ml_kamn) converges, and Y 2 (>0, ml_kamn) =

> o2 01—k (n)ay,. Substituting the value of a, proves the desired equality. [
As another example, consider the sequence {a,} > | given by

def 1
dcl e:|:2rrnxt Ks

ay _%(27tny)ns_%

forx,y eR, y>0,s eC fixed, where

Ky (2) déf%/:o exp(—g(z+ %))z”—l d1 (D.9)

is the K-Bessel function for Rez > 0, v € C. To see that Y > | |a,| < 0o, one
applies the asymptotic result

Jim VK, (t)e! = \/g . (D.10)

In particular, choose My, > 0 such that }ﬁKv(t)e’—\/n/2’< Jvr/2fort>M,y;
that is, |K,(¢)| < 2+/m/2te™" for ¢t > M,. Then if Nj, is an integer with
N,y > Ms_%/Zny we see that for n > Ng , 2wrny > Ms_%, o)

T n—1/2
‘K _1(2nny)| <2 [—— 27Ny _ e2mny.
T2 2-2mny Jr

therefore |a,| < (nR”_l/ﬁ) e=271Y where Yoo nRes=1e=271Y converges
by the ratio test since y > 0.
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def .
Now da§sume that Res > 1 so that v = —12s + 1 satisfies Rev < —1. Also
mY apy = eErmmnxi K,_1(2mmny) (%)s_7 for m, n > 1. The Divisor Lemma
2

gives

&0 oo . n S—%
) ( pE2mmnxi K,_1(2nmny) (—) )
m=1\n=1 2 m
& +2mnxi s—4
= ) o_a5t1(n)e Ky 1Q@rny)n™2, (D.11)
n=1
with absolute convergence of the latter series, and convergence of the iterated

series which coincides with the iterated series
o0 00 . s—1
Z ( Z e:l:2nmnx1Ks_L(2nmny)(ﬂ) 2)'
— — 2 m
n=1 \m=1

E. Another summation formula and a proof of formula (2.4). In addition to
the useful Poisson summation formula

Y rmy=>"fm (E.1)
nez nez

of Theorem C.3, there are other very useful, well known summation formulas.
The one that we consider here assumes the form

> f(n) =—the sum of residues of (7 cotwz) f(z) at the poles of f(z), (E.2)
nez

for a suitable class of functions f(z). As we applied formula (E.1) to a specific
function (namely the function f(z) =e¢ "% * fort >0 fixed) to prove the Jacobi
inversion formula (1.3), we will, similarly, apply formula (E.2) to a specific
function (namely the function f(z) = (z 4+ a?)~! for a > 0 fixed) to prove
formula (2.4) of Lecture 2. The main observation towards the proof of formula
(E.2) is that there is a nice bound for |cot 7 z| on a square C with side contours
Ry, Ly and top and bottom contours 7, By, as illustrated on the next page,
for a fixed integer N > 0. The bound, in fact, is independent of N. Namely,

|cot wz| <max(1l, B) <2 (E.3)

on Cy, for B &ef (14+e7™)/(1—e™). We begin by checking this known result.
Forz=x+4iy,x,y € R, we have inz = —my + imx, and simple manipu-
lations give

.elﬂZ_i_e—l]TZ _e—yryewrx _"_eﬂye—lﬂx
cotmz =1— — = - — (E.4)
elT[Z —_ e—lﬂZ e—nyelrrx _enye—lrrx
Hence
e Ve - eV eV

|cotmz| < - . <
|e—7ryelnx_e7rye—lﬂx| |e—7'ry_erry|
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y /TN
(VDN D) (V1N
Ly~
- N+3
. . X
N+1
(~(V+D.~ N+ D) - (N+3-(V+D)
\BN

(since |a —b| > ||a| — |b|‘ for a, b € C). Since |a| > %a for a € R, this becomes

e Ve
|cotmz| < ———. (E.5)
(e ™V —e™V)
Suppose (in general) that y > % Then 27y >m,s0e 2™ <e™™ and 1—e 2™ >
1 —e™7, which, by the choice of the minus sign in (E.5), allows us to write

’

e 4™\ e e 4] e 4 ger
= < =
emV —eTY J eV 1 —e72TY ]l —e7 T

|cotrz| < (

for y > 1. Similarly if y < —1, then 27y < —7, s0 €™ < e and 1 —e?™ >
1 —e™7, and by the choice of the plus sign in (E.5) we get

cot 2| < e e ﬂ_l—i—ez’” 1+e‘”_B
TN =N —eny ) ey T 12y “1—en
Thus we see that
I1+e™™
lcotz| < B & 2T (E.6)
l—e™7

for z € C with either Imz > % or Imz < —%. In particular on Ty, Imz =

N + % > % and on By, Imz = —(N + %) < —% so by (E.6) the estimate
|cotmz| < B (E.7)

holds on both the contours 7n and By .
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Regarding the contours Ry and Ly we have z = N + % + iy on Ry and
z=—(N+ %) +iy on Ly. On Ry we have e27i%Z = —¢=2™Y (since N € Z)
and, similarly, e2miz — _p=27Y op Ly.

Now consider the first equation in (E.4) and multiply the fraction by 1 =
e'™Z /ei™Z On both Ry and Ly this leads to

i D
emiz _ =1 —e—2my ’

cotmz =1

and we conclude that

|1 _e—ZnImzl 1+ e—ZnImz

1+ e—27tImz 14 e—27‘r Imz
on both contours Ry and L. The inequalities (E.7), (E.8) therefore imply
(E.3), as desired, where we note that e > 1+t fort eR,s0e”* > 147 >3 =
2(e™ —1)—(e™ + 1) =e™ —3 > 0. That is, indeed

4 1 —TT 1 —TIT
RN i A )
e T l—e 7

|cotmz| = =1 (E.8)

We note also that sinwrz =0 <= z =n € Z. That is, since (again) N € Z we
cannot have sinzz = 0 on Cp; in particular C avoids the poles of cot 7z =
coswz/sinmz, and cot 7z is continuous on Cy .

Consider now a function f(z) subject to the following two conditions:

Cl. f(z) is meromorphic on C, with only finitely many poles zy, z5, ..., zg,
none of which is an integer.
C2. There are numbers M, p > 0 such that | f(z)| < M/|z|? holds for |z| > p.

Then:

THEOREM E.9. limpy_, o 2111\[:—N f(n) exists and equals minus the sum of the
residues of the function f(z)m cotmz at the poles z1,z, ...,z of f(2). One
can replace condition C2, in fact, by the more general condition (E.11) below.

PROOF. Since the poles z; are finite in number we can choose N sufficiently
large that C encloses all of them. The function 7 cot 7z has simple poles at
the integers (again as sinwz =0 <= z =n € Z) and the remdue at z=nelis
immediately calculated to be 1. Therefore the residue of qﬁ(z) f (z)mcotmz
atz=neZis f(n). As none of the z; are integers (by C1) the poles of ¢(z)
within Cy are given precisely by the set {z;,n|1=<j <k,—N <n=<N,neZj}.
By the residue theorem, accordingly, we deduce that

L e
27i
the sum of the residues of ¢(z) at the z; + Z f(m). (E.10)

n=—N
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Now if
lim ¢(z)dz =0, (E.11)

N—>o0 Cn
we can let N — oo in equation (E.10) and conclude the validity of Theorem E.9
(more generally, without condition C2).
We check that condition (E.11) is implied by condition C2. Since |z| > N + %

on Cp, we have for N + l > p and z on Cy the bound
M

(N +3)°
By the main inequality (E.3), we have |r cotrz| < 27 on Cy, so |¢(z2)| =

| f(2)m cotmz| < 2nM/(N + %)2 on Cy. Given that the length of Cy is
4(2 (N + %)) we therefore have the following estimate (for N + % > p):

‘/ P(z)dz| < 32mM
Cn

=" Q(N+ L

(N+%)2 (V+3)= 2N +1°
where we note that ¢(z) is continuous on Cp, because, as seen, cot 7z is con-
tinuous on Cp. The inequality (E.12) clearly establishes the condition (E.11),
by which the proof of Theorem E.9 is concluded. O

|f(z )|§W§

(E.12)

As an example of Theorem E.9 we choose

1 1
f(2)= 22 4 g2 - (z—ai)(z+ai)

for a > 0 fixed. Hence f is meromorphic on C with exactly two simple poles
Zq défai, Zy i, Suppose, for example, that |z| > +/2a: Then

ar 1 |
W>§, SO + —

a2

sl _W’

22

22 +a?

1

1— <2.

2

a
1+ %5
‘ 22

Therefore | f(z)| <2/|z|?; that (iisf [ (z) satisfies conditions C1, C2 with M =2,
p = +/2a. The residue of ¢(z) = f(z)m cotmz at zq is
meotmwz  mcotmai b4

hm (z—zl)¢(z) lim al ~tai =" - 22 coth a,

since cosiw = coshw, siniw = i sinh w. Similarly, the residue of ¢(z) at z;

is —(/2a) cothwa. As f(=2) = f(2), Lal_n f() =5 +23 0, 1.

Theorem E.9 therefore gives

1 1 T T T
— +2 Z e =— (—2— cothma — Zcothna) = —cothra,

a + a? a a
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which proves the summation formula (2.4).

F. Generators of SL(2 Z) Let ' & SL(2,7Z). To prove that the elements

T [ ] nd S & [ ] € I" generate I', we start with a lemma.

LEMMA F.1. Let y = [ ] € I' with ¢ > 1. Then y is a finite product y; - - yj,
where each y; € I' has theform yj =T" S§" for some nj,mj € Z. Here for a
group element g and 0 > n € 7, we have set g" = ( —hy=n,

The proof is by induction on ¢. If ¢ = 1, then | = dety = ad —bc = ad — b,
sob=ad—1,so

y=[1"T" =[50 ol t1lo i1 =nr

for y; = [(1)‘11][(1)_(1)] =748, y, = [(1)‘11][(1)(1)] = T98° Proceeding by
induction, we use the Euclidean algorithm to write d = gc +r for ¢, r € Z with
0<r<c=>2,say. If r =0, then 1 =dety = ad — bc = (aqg — b)c, which
shows that ¢ is a positive divisor of 1. That is, the contradiction ¢ = 1 implies
that r > 0. Now

T =[eallo¥1=[c28gial =171

soyT98 =4 a¢£+b][1 o ]—[ a’frb ~%], which equals y; - - - ; by induc-
tion (since 1 < r < c), where each y; has the form y; = T S™ for some

nj,mj € Z. Consequently,
y=y1nST T = (yr - =) (T S™THTESC,

which has the desired form for ¢ and which therefore completes the induction
and the proof of Lemma F.1.

THEOREM F.2. The elements T, S generate I': Every y € I is a finite product
Y1 y; where each yj € I has the form y; = T™ S™i for some nj,mj € Z.

PROOF. Let y = [‘C’Z] € I' be arbitrary. If ¢ = 0, then 1 = dety = ad, so
a=d==l,s0

y=[o1]=7"5" o y=[7_1]=

o=l M S]=77"s2

Since the case ¢ > 1 is already settled by Lemma F.1, there remains only the case

¢ < —1. Then yS? = y[_(l) _(1)] = [:? :S] =y ---Y1, by Lemma F.1 (since

—c > 1), where the y; have the desired form. Thus y =y ---y; - (T°S72), as
desired. U
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G. Convergence of the sum of |1 +ni |~ for o > 2. To complete the argument
that the Eisenstein series Gy (z) converge absolutely and uniformly on each of
the strips S4 s in definition (4.5) (for k = 4,6,8,10,12,...), we must show,
according to the inequality (4.10), that the series

def 1
S(x) = _
@) Z |m +ni|*
(m,n)ez2

converges for a > 2, where Z2 = Z x Z — {(0, 0)}.

Forn > 1,n € Z, let , denote the set of integer points on the boundary of
the square with vertices (n,n), (—n, n), (—n, —n), (n, —n). As an example, 3
is illustrated here, with 24 = § - 3 points.

y

[ ]
[ ]
[ ]
[ ]

In general m, has || @ 8n points. Also the m;, partition out all of the
nonzero integer pairs:

o0
ZxZ—{(0.00} = U 7 (G.1)
n=1
is a disjoint union.
1
LEMMA G.2. . %jeﬂ FEwHG < na8_l fora=0,n>1.

PROOF. For (a, b) € my, either a = +n or b = +n, according to whether (a, b)
lies on one of the vertical sides of the square (as illustrated above for m3), or
on one of the horizontal sides, respectively. Thus a® + b? = either n? + b? or
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a’+n? = a*>+b%>n?. Thatis, for (a, b) € m, we have |a+bi|> =a®>+b? > n?,
so |a + bi|* > n“ (since o > 0). Inverting and summing we get

1 1 8n .
Z mf Z n_o‘fn_“ (by (1))

(a,b)em, (a,b)en,
8
T opa—1°
which proves Lemma G.2. (]

Now use (G.1) and Lemma G.2 to write

ad 1 > 8
S(O{)=Z Z mfgna_l (G.3)

n=1 (a,b)emny,

for o > 0, which proves that S(a) < oo for @ — 1 > 1, as desired.
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