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J 6�5 8 6=; c 9 E 6�5 K�Y<K7DFE]KeGQC@k S R ; C@I@G 〈ϕ〉 E 9o6=?<5dA J�I@I<E 9 S K7D]JLG�G S R ; C@I@G:V ]q9Da�5 K 6 E ;L9o¢ V]£L[T 5 K ;LA I�J�R 5 J�GQI 5 K7E]J�DHD ; K7C�GBE 9�6�?@54AB; 8#C@DFE{GQI�JLK 54;LN J 6=; I ; D ; S E]K:J�D{GQC@R N JLK 5 S ;LN
6 Y#I 5 (g, n)

6=;e6=?@5ZAB; 8#C@DFE�GQI@JLK 5a;LN6�?@5m6�; I ; D ; S E`K:J�D�j%C ;�6 E 5:9%6 S/ϕ [@G ?<; T E 9 S �)k@JLG 5 8;L9 J 6=?<5:; R 5\A 8#C 5d6�;Xd J�RQ| 5 Y 576 J�D&V � 6=? J 6�6�?@5e9<; R A J�DFEF \J 6 E ;L9�;LN�6=?<5 c@R=G 6 I<R ; |�E]8 5 G
J4c 9 E 6�5 K ; | 5 R�E 9 S ;LN¡6�?@5 G 5 K ;L9 8iV�¤ 5 S EF| 5B6 T ; K ;L9 8<E 6 E ;L9 G ;L9 ϕ 6=? J 6d5\9 GQC@R 5B6�? J 65 JLK ? EFR=R 5 8#C�K7EFk@D 5 K ;LA I ;L9<5:9%6-;LNH6�? E]Gec 9 E 6�5 K ; | 5 R�E 9 S E]G-JLK 6 C�J�DFD^Y�J 9 E]G ;LAB; R�I ? E]G A [
C<I 6�; J 6 R�E^|#E]J�D ; R�k@E N�; D]8�G 6 R�C�K 6 C<R 5 8<C 5�6=;o6=?<5 J�C 6�;LAB; R�I ? E]G A JLG�G ; K:E]J 6�5 8 6=; ϕ J 65 | 5 RQYMI ; E 9%6�;LN�6=?<5 GQI 5 K7E]J�D�D ; K7C@G\V ]�9Da%5 K 6 E ;L9�¢ V � [ T 5a6 R=J 9 GQD]J 6=5d6=?<5 c 9 E 6�5 K ; | 5 R�E 9 S
E 9%6�; J ?@;LAB;�AB; R�I ? E`G A ;LN"6�?@5 J�G=G ; K:E]J 6�5 8 N C 9 8@J AB5:9%6 J�D S R ; C<I�G:[iJ 9 8 6 R=J 9 GQD]J 6=5e6=?<56 T ; K ;L9 8#E 6 E ;L9 G ;L9 ϕ E 9�6=; nqp�w u2�&�)u2���4J 9 8_n���}�)\r=s:�)u�*0u2�,+4K ;L9 8#E 6 E ;L9 G ;�9M6=? E]G ?<;LAB;LA-; R z
I ? E]G A V�¤ ?@5:9-6=?@5 G 5 6 T ; K ;L9 8#E 6 E ;L9 G"J�R 5HN C@DFc<D]D 5 8i[ T 5 G ?@; T 6=? J 6 T 5{; k 6 J�E 9�9<5 T J 9 8
E 9%6�5 R 5 G 6 E 9 S nqp@r=s7ufv�w�¥<y � y � y�}qp�¥%u`n � nBk 576 T 5:5:9�A J�I<I@E 9 S K7D]JLG�G S R ; C<I�G:[ T ? E]K ?�? J\| 5S 5:;LA-5:6 R�E]K{J 9 8-J�R�E 6=?@A-5:6 E]K{GQE S 9 EFc@K\J 9 K 5 V ]�9 a%5 K 6 E ;L9B¢ V %<[ T 5 I<R ; | 5 6�? J 6�6=?<5 6 T ; K ;L9#z
8#E 6 E ;L9 GXJ�R 5 G�J 6 E]GQc 5 8 T ?<5:9@5 | 5 R ϕ E]G"Jmc 9 E 6�5:zf; R=8 5 R 5 D 5:AB5:9%6";LN J S 5:9 C@G�  5 R ;aA J�I<I@E 9 S
K7D]JLG�G S R ; C@I Γ0,[n] V l ? E]G AB5 J 9 G 6=? J 6 v�w�w%nqp@rts7u&v�w#w]y\s7u�u��-�%r7�@�%n.-0r7}=y � y0���#w u�nfp@v�strPsty�}0/
}�r�nqp@y�����u2���d�qyes0+%s7w ufs n��@~q��}=y��0p�n�yQ�H��¥<r � vtp�p�u2���es:wFv
ntn���}=y��0p�nPv�}=rP�2¥<r � n:r:w(*�r�n � y0���#w u
nfp@v�str�n7V l ?@5 D`JLG 6m6 T ; G 5 K 6 E ;L9 GZJ�R 5 8 5 | ;�6=5 8 6�;>6 T ;457� J A I@D 5 G ;LNX6�?@5 GQI<DFE 6Q6 E 9 S J 9 8
GQC<R,1 5 K 6 E^|#E 6 Y�K ;L9 8<E 6 E ;L9 GeJ 9 8 57� I@DFE]K7E 6 8 576�5 R A E 9 J 6 E ;L9�;LN 6=?<5 K ; R�R 5 GQI ;L9 8#E 9 S GQI 5 K7E`J�D?<;LAB;LA-; R=I ? E]G A G:V
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@( ]�9M6�? E]GPG 5 K 6 E ;L9 [ T 5 S E^| 5 J-| 5 RQY4k<R�E 5:N
GQU 576 K ?�;LN�6=?<5 K ;L9<9@5 K 6 E ;L9 k 576 T 5:5:9�6=?<5 G�I 5 K7E`J�D�D ; K7E�E 9�AB; 8<C<DFE�GQI�JLK 5 J 9 8 6�?@5 JLG�G ; K:E z
J 6�5 8eGQI 5 K7E`J�D ?<;LAB;LAB; R=I ? E]G A Gk 576 T 5:5:9eA J�I@I<E 9 S K:D]JLG�G S R ; C<I�G:[�J 9 8 6=?<5 T E]8 5 R T ; R=D]8;LN� J�D ; E]GZJ 9 8 � R ;�6=?@5:9 8<E 5 KtU�� l5 E]K ?<A�� DFD 5 R 6=?@5:; RQY�V _ D 6�?@; C S ? T 5 8 ;>9<;�6 R 576 C@R 9�6�;6�? E]G 6�; I@E]K T E 6�? E 9e6=?<5 I�J�I 5 R\[�E 6 G ?@; C<D`8�I@R ; |#E]8 5 J 9 C 9 8 5 R=G 6 J 9 8<E 9 S ;LN<6=?<5 A-;�6 E^|�J 6 E ;L9
k 5:? E 9 8 6=?<5 R 5 GQC<D 6 G:Vl ?@5 J�R�E 6�?@A-5:6 E]KPGQE S 9 EFc�K:J 9 K 5{;LN�?<;LAB;LA-; R�I ? E]G A GXk 576 T 5:5\9�A J�I@I<E 9 S K:D]JLG�G S R ; C<I�G
K ;LA E 9 S N R ;LA 6�; I ; D ; S E`K:J�D A J 9 EFI@C<D`J 6 E ;L9 GXD 5 JL8<E 9 S 6�; S 5\;�AB576 R�E]K AB; R�I ? E`G A GXk 576 T 5\5:96�?@5�AB; 8<C<D]E¡GQI@JLK 5 GdE]G 6�?@5�N�; DFD ; T E 9 S V l ?@5�AB; 8<C<D]E¡GQI�J�K 5 G 6=?<5\A G 5 D^| 5 GeJ�R 5 8 5 c 9@5 8; | 5 R Q V [�576 S J 9 8 T k 5"6=; I ; D ; S E]K\J�D<GQC@R N JLK 5 G�J 9 8�D 576 M(S) J 9 8 M(T ) 8 5:9@;�6�5�6=?<5 E]R
JLG�G ; K:E]J 6�5 8 AB; 8#C@DFE�GQI�JLK 5 Ge� T E 6�?_; R T E 6�?@; C 6 J�DFD ; T E 9 S I 5 R A C 6 J 6 E ;L9�;LN�6�?@5�A J�R�U 5 8
I ; E 9%6 G � V ]�N T 5-? J\| 5 J S 5:;LAB576 R�E]K A-; R�I ? E`G A f : M(S) → M(T ) T ? E]K ? E]Ga8 5 c 9@5 8; | 5 R Q [ 6=?<5\9 C@I 6=; E 9<9@5 RdJ�C 6�;LAB; R�I ? E]G A G:[ 6�?@5BN2; D]D ; T E 9 S 8<E]J S R=J A K ;�ABA C 6�5 G N2; R
J�DFD σ ∈ Gal(Q/Q) �

π̂1(M(S))
f∗ ��

σ ��
π̂1(M(T ))

σ ��
π̂1(M(S))

f∗ ��
π̂1(M(T )),

(1.3.1)

T ?<5 R 5o6�?@5 π̂1 J�R 5o6=?<5 J�D S 5 k<R=J�E]K��)I<R ; c 9 E 6�5 � N C 9 8@J AB5:9�6 J�D S R ; C@I@G ;LNm6=?<5�AB; 8<C<D]E
GQI@JLK 5 G:[ T ? E]K ? J�R 5Z5 j%C<EFI@I 5 8 T E 6=? JBK:J 9<;L9 E]K:J�D ; C 6�5 R Gal(Q/Q)

z JLK 6 E ;L9 V[576Z6=?@5 �qy���r7} T K ;L9 GQE]G 6�;LN"6�?@5 S R ; C@I@G π̂1(M(S))
N�; RdJ�DFD 6=; I ; D ; S E]K:J�D 6 Y#I 5 G S [5 j%C<EFI@I 5 8 T E 6�?�?@;LA-;LAB; R�I ? E]G A G f∗ K ;LA E 9 S N R ;LA S 5:;LAB576 R�E]K AB; R�I ? E]G A G f k 576 T 5\5:96�?@5PAB; 8<C@DFE�GQI�JLK 5 G T ? E]K ? J�R 5 8 5 c 9<5 8 ; | 5 R Q V�¤ 5 K:J 9 8 5 c 9<5{6=?@5 nqp@rts7u&vLw�y��<�qr�}av�� /

�fy � y�}qp�¥%u�n � ��}=y��0p�yQ� T
6�; k 5{6=?<5 K ; DFD 5 K 6 E ;L9�;LNx6 C@I@D 5 G (φS)S T ?@5 R 5 φS E]G J�GQI 5 K:E]J�D; C 6=5 RZJ�C 6�;LAB; R�I ? E]G A ;LN
π̂1(M(S)) [�E&V 5 V][iJ 9�; C 6=5 RZJ�C 6�;LAB; R�I ? E]G A I@R 5 G 5 R�|�E 9 S K ;�9<z

1 C S JLK�Y>K:D]JLG�G 5 G ;LN E 9@5 R 6 E]J S 5:9@5 R=J 6�; R=G\[@J 9 8MGQC@K ?46�? J 6H6�?@5Z6 C@I<D 5dA J�U 5 G{J�DFD8#E`J S RtJ A G
� £LV %<V]£ � K ;LABA C 6�5�N2; R 5 | 5 RQY f∗ E 9 6�?@5�6=; T 5 R0V ]q6 E]G 6�?@5:9 K7D 5 J�R 6=? J 6 Gal(Q/Q)

E 9 1 5 K 6 GoE 9%6�; 6�?@5 J�C 6=;�AB; R�I ? E`G A S R ; C@I ;�N
T [dJ 9 8 E 6 E]G�J 9 ; I 5:9 j�C 5 G 6 E ;L9 �&8#C 56�;�� R ;�6=?<5:9 8#E 5 K=U � T ?@576=?<5 R 6=? E]G�J�C 6=;LA-; R�I ? E]G A S R ; C<I�[ ;�N T ? E`K ? |�J�R�E ; C�GZ| 5 R=G�E ;L9 G? J\| 5 k 5\5:9M5:� I@DFE]K7E 6 D^Y�K ;LA I@C 6=5 8i[�JLK:K ; R=8<E 9 S 6=;B6=?<5 I<R 5 K7E]G 5 K ; DFD 5 K 6 E ;L9�;�N�?<;LAB;LA-; R z

I ? E]G A G f∗ T ? E]K ? J�R 5 E 9 K7DFC�8 5 8-E 9-6=?@5¡6=; T 5 R\[�J 9 8 T ? E`K ? E`G S 5\9<5 R�E`K:J�DFD^Y-U 9@; T 9 JLG 6=?<5� R ;�6�?@5:9 8#E 5 K=U�� l�5 E`K ?@A�� DFD 5 R S R ; C@Ii[ A J\Y�JLK 6 C�J�DFD^Ydk 5"5 j%C�J�D 6=; Gal(Q/Q) V l ?<5�AB; R 5
Q
zq?<;LAB;LAB; R�I ? E]G A G�J�R 5 E 9 K7DFC�8 5 8�E 9�6=?<5{6=; T 5 R T [ 6=?<5 K7D ; G 5 R 6�?@5 K ; R=R 5 GQI ;L9 8#E 9 S J�C z6�;LAB; R�I ? E]G A S R ; C@I�� � R ;�6�?@5:9 8#E 5 K=U�� l�5 E]K ?<A�� DFD 5 R S R ; C<I � T EFDFD�k 5H6=; Gal(Q/Q) V�� 9<z6 EFD 9@; T [ 6=?@5dl�5 E]K ?@A�� DFD 5 R 6�; T 5 R ? JLG k 5\5:9M5 j%C<E]I<I 5 8 T E 6=?o?<;LAB;LA-; R�I ? E]G A G{K ;LA E 9 SN R ;LA+A-; R=I ? E]G A GPk 576 T 5:5:9�AB; 8#C@DFE�GQI@JLK 5 GPK ;LA E 9 S N R ;LA 5 R=JLGQE 9 S A J�R�U 5 8oI ; E 9%6 G ;L96�?@5 6�; I ; D ; S E`K:J�D@GQC@R N JLK 5 G:[�J 9 8-E 9 K:DFC@8<E 9 S GQC@k@GQC@R N JLK 5 G�E 9%6=; GQC@R N JLK 5 G�k%Y-K7C 6�6 E 9 S J�D ;L9 S

GQE A I<D 5 K7D ; G 5 8�D ;�; I@G:V _ G J 9 J 6 C<R=J�DxG 5 j�C 5 D 6=;�6�?@5 I<R 5 G 5:9%6 J�R 6 E]K7D 5 [ 6�?@5 J�C 6=?@; R ?<; I 5 G6�; K ;LA I<C 6�546=?@5M9@5 T � R ;�6=?<5\9 8<E 5 KtU�� l5 E]K ?<A�� DFD 5 R S R ; C@I�JLG=G ; K:E]J 6�5 8 6=;�6=?<546=; T 5 R5 j%C<EFI@I 5 8 T E 6�?M6�?@5 nqp@r=s7ufv�w�¥<y � y � y�}qp�¥%u�n � naJLG T 5 D]D�JLG 6=?<5 G 5 V
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S k 5 J 6�; I ;�z

D ; S E]K:J�DxGQC@R N JLK 5�;LN S 5:9 C@G g 5 j�C@EFI@I 5 8 T E 6=? n ; R=8 5 R 5 8 A J�R�U 5 8�I ; E 9%6 G x1, . . . , xn � T 5
G�J\Y 6=? J 6 S E`G ;LN"6 Y�I 5 (g, n) � V _ O E 5:A J 9@9 GQC@R N JLK 5 X ;LN S 5:9 C�G g T E 6�? n ; R=8 5 R 5 8A J�R�U 5 8�I ; E 9%6 G y1, . . . , yn E]G�G=J�E`8 6=; k 5�� v�}! Lrt��E N T 5 K ?@;%; G 5 J�8<EF� 5:;LAB; R=I ? E]G A
Φ : S → X GQC�K ?o6=? J 6 Φ(xi) = yi

N2; R 1 ≤ i ≤ n V l T ;�A J�R�U 5 8 O E 5:A J 9@9 GQC@R N JLK 5 G
X � T E 6=?oA J�R�U 5 84I ; E 9�6 G y1, . . . , yn J 9 8 A J�R�U�E 9 S Φ � J 9 8 X ′ � T E 6�?�A J�R�U 5 84I ; E 9%6 G
y′1, . . . , y

′
n J 9 8 A J�R�U%E 9 S Φ′ � J�R 5 G�J�E]8 6=; k 5 u�n:y � y�}qp�¥%ufsaE N�6=?<5 R 5e57� E]G 6 GmJ 9 E]G ;LAB; R z

I ? E]G A α : X → X ′ ;LN�O E 5:A J 9@9 GQC@R N JLK 5 G T E 6�? α(yi) = y′i
N2; R 1 ≤ i ≤ n [J 9 8_J

8#EF� 5:;LAB; R�I ? E]G A h : S → S T E 6=? h(xi) = xi
N2; R 1 ≤ i ≤ n [ T ? E]K ? E`GZE]G ;�6=; I<E]K 6�;6�?@5 E]8 5:9%6 E 6 Y�[�GQC@K ?>6=? J 6H6=?<5ZN2; DFD ; T E 9 S 8<E]J S R=J A K ;LABA C 6=5 G �

S

h ��

Φ ��
X

α��
S

Φ′ ��
X ′.

(2.1.1)

l ?<5�" r7ufs�¥ �$# w�w]r7} nqp<v�str Tg,n E]G 6�?@5 G 576";LN E]G ;LAB; R�I ? E]G A K7D`J�G=G 5 G ;LN�A J�R�U 5 8 O E 5\A J 9@9
GQC<R N JLK 5 G ;LNZ6 Y#I 5 (g, n) V ]q6 E]G T 5 DFD z U 9@; T 9 6�? J 6�6�?@5_l5 E]K ?<A�� DFD 5 RoGQI�J�K 5�N2; R A G>J
K ;L9�6 R=JLK 6 EFk@D 5 K ;LA I<D 57� J 9 J�DFY 6 E]KaGQI@JLK 5Z;LN 8#E AB5:9 GQE ;L9 3g − 3 + n V[576

S k 5 J 6�; I ; D ; S E]K:J�DGQC<R N JLK 5Z;LN6 Y#I 5 (g, n) JLG{J�k ; | 5 [<J 9 84G 576

Γg,[n] = Diff+([S])/Diff0(S),

T ?<5 R 5 Diff+([S]) 8 5\9<;�6=5 G 6=?<5 S R ; C@I ;LNx; R�E 5:9%6 J 6 E ;L9#z I<R 5 G 5 RQ|#E 9 S 8<EF� 5:;LA-; R=I ? E]G A G ;LN
S T ? E]K ? I 5 R A C 6=5e6=?<5BA J�R�U 5 8_I ; E 9�6 G:[�J 9 8 Diff0(S) E]G 6=?<5 S R ; C<I ;LN"6�?@; G 5 T ? E]K ?
J�R 5 E`G ;�6�; I@E]K 6=;-6=?@5 E]8 5:9%6 E 6 Y%V l ?<5 S R ; C@I Γg,[n] E]GHU 9<; T 9 JLG 6�?@5 �=�#w2w � vtp�p�u2���>s:wFv
ntn
��}�y��
p�V�¤ 5 J�D]G ; 8 5 c 9<5�6=?<5 p���}=r � vtp�p�u2����s:wFv
ntn{��}=y��
p�[ ; R�p��#}=rmn��@~q��}=y��0p�yQ�m�2¥<rX�t�#w2w� vtp�p�u2���>s7w]v
ntnP��}=y��0p�[<k�Y4G 576�6 E 9 S

Γg,n = Diff+(S)/Diff0(S),

T ?<5 R 5 Diff+(S) E]G 6�?@5 GQC<k S R ; C<I ;LN Diff+([S]) K ;L9 GQE]G 6 E 9 S ;LN 8#E]� 5:;LA-; R�I ? E]G A G T ? E]K ?
c �>5 JLK ?MA J�R�U 5 8>I ; E 9�6 Vl ?@5{A J�I<I@E 9 S K:D]JLG�G S R ; C<I Γg,[n] J�K 6 G ;L9B6=?<5�l�5 E]K ?@A�� D]D 5 R GQI@JLK 5 Tg,n [%JLG N2; D]D ; T G:Vl�; k 5 S E 9 T E 6=? [XE N ψ ∈ Γg,[n] [XD 576 ψ′ 8 5:9@;�6�5 J�DFE N�6 E 9 S ;LN ψ 6�; J_8<EF� 5:;LAB; R=I ? E]G A;LN
S V l ?@5:9 ψ′ A J�I�G 6=?<5BA J�R�U 5 8 O E 5\A J 9@9 G�C<R N JLK 5 (Φ,X)

6=;
(Φ ◦ ψ′,X) V e�; TT 5 G ?@; T 57� I@DFE]K7E 6 D^Y 6=? J 6P5 D 5:AB5:9%6 G ;LN Γg,[n] JLK 6P;L9 E]G ;LAB; R�I ? E]G A K7D]JLG�G 5 G ;LN�A J�R�U 5 8O E 5:A J 9<9 GQC@R N J�K 5 G:V�¦�E]R=G 6 [ T 5 G ?<; T 6=? J 6 E N (Φ,X) J 9 8 (Φ′,X ′) J�R 5 E]G ;�AB; R�I ? E`KA J�R�U 5 8 O E 5\A J 9@9 GQC<R N JLK 5 G>J 9 8 ψ′ E]G>J�8<EF� 5:;LAB; R=I ? E]G A ;�N

S [ 6�?@5:9�6�?@5 E A J S 5 G
(Φψ′,X) J 9 8 (Φ′ψ′,X ′) J�R 5 E]G ;LAB; R�I ? E]KLV l; G 5:5P6�? E]G:[%D 576 α k 5 J�G"E 9 � � V]£�V]£ � V l ?@5:9
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6�?@5 8#E`J S R=J A

S
ψ′ ��

ψ′−1hψ′ ��
S

Φ ��
h ��

X

α��
S

ψ′ ��
S

Φ′ ��
X ′

K ;LA-A C 6=5 G:[<E&V 5 V
S

Φψ′ ��
ψ′−1hψ′ ��

X

α��
S

Φ′ψ′��
X ′

K ;LA-A C 6=5 G:[�J 9 8 ψ′−1
hψ′ E]G"E]G ;�6�; I@E]K 6=;a6�?@5 E]8 5:9%6 E 6 Y�GQE 9 K 5{6�?@5 8#E]� 5\;LA-; R�I ? E`G A G"E]G ;�z6�; I@E]K 6=;�6�?@5 E]8 5:9%6 E 6 Y N2; R A J 9@; R A J�DXGQC<k S R ; C<I ;LN�6=?<5 S R ; C@I ;LN 8<EF� 5:;LAB; R�I ? E]G A G:VeP5:�%6 [ T 5 G ?<; T 6�? J 6�6 T ;Z5 j�C@E^|�J�D 5:9%6 8#EF� 5:;LAB; R�I ? E]G A G ;LN S 6 J�U 5 J A J�R�U 5 8 O E 5\A J 9@9

GQC<R N JLK 5 (Φ,X)
6�;>6 T ; E]G ;LAB; R�I ? E]K A J�R�U 5 8 O E 5\A J 9@9 GQC<R N JLK 5 G\V [�5:6 h k 5 J>8#EF� 5\;�zA-; R�I ? E]G A+;LN

S T ? E`K ? E]G�E]G ;�6=; I<E]K 6=;�6=?<5 E]8 5:9%6 E 6 Y b�6=?<5:9 (Φ ◦ ψ′,X) E]G�E]G ;LAB; R�I ? E]K6�;
(Φ ◦ ψ′ ◦ h,X) [@GQE 9 K 5 T 5Z? J\| 5

S
Φ◦ψ′��

h−1 ��
X

id��
S

Φ◦ψ′◦h��
X.l ? E]GXG ?<; T G 6�? J 6�6�?@5 A J�I<I@E 9 S K7D`J�G=G S R ; C@IM� 5 j%C<E^|�J�D 5:9 K 5 K7D]JLG�G 5 G ;LN 8<EF� 5:;LAB; R�I ? E]G A G;LN

S � JLK 6 G ;L9a6=?<5�l5 E]K ?@A�� D]D 5 R�GQI@JLK 5 Tg,n �2E`G ;LA-; R�I ? E]G A K7D]JLG�G 5 G ;LN<A J�R=U 5 8 O E 5\A J 9@9
GQC<R N JLK 5 G � V]q6 E]G T 5 DFD z U 9<; T 9�6=? J 6�6�? E]G�JLK 6 E ;L9�;LN Γg,[n]

;L9
Tg,n E]Gap�}=ytp@r7}�w(+���u`n\sty����)u2�@�@y��%n7Vl ? E]G AB5 J 9 G 6=? J 6eN�; ReJ 9 Y�K ;LA I@JLK 6 GQC<k�G 576 K ;LN

Tg,n [ 6=?<5 R 5 J�R 5 J 6�AB; G 6 c 9 E 6=5 D^YA J 9 Y 5 D 5\A-5\9�6 G γ E 9�6�?@5�A J�I@I<E 9 S K7D`J�G=G S R ; C@I�GQC�K ?�6=? J 6 γ(K) ∩ K 6= ∅ V e�;�6�56�? J 6�6�? E]G N J�K 6 E A I<D]E 5 G 6=? J 6¡6�?@5 G 6 J�k<EFD]EF  5 RHE 9�6=?<5mA J�I@I<E 9 S K7D]JLG�G S R ; C@I ;LN J 9 Y�I ; E 9%6
x ∈ Tg,n E`G Jec 9 E 6=5 S R ; C@I�[#GQE 9 K 5 E N K E]G JeG A J�DFDiK ;LA I�JLK 6 9@5 E S ? k ; R ?@;�; 8 ;LN x [ 6=?<5:9
γ(K) ∩K 6= ∅

N2; R 5 | 5 RQY γ E 946=?<5 G 6 J�k<EFDFE]  5 R ;LN x Vl ?@5 ����y�}=��r7}=rt� � y0���<w u{nqp@v�str Mg,[n] E]G�R 5 J�DFEF  5 8�JLG 6=?<5 j%C ;�6 E 5:9%6e;LN 6�?@5>l5 E]K ?<zA�� DFD 5 RHGQI�JLK 5 Tg,n k%Y 6�?@5 JLK 6 E ;L9>;LNi6�?@5�A J�I@I<E 9 S K7D]JLG�G S R ; C@I Γg,[n] V l ? E]G�E]G 6 J 9%6 J zA-; C 9%6P6�;>N�; R S 576�6 E 9 S 6�?@5�A J�R=U%E 9 S [xG ;�6=?<5 I ; E 9%6 G ;LN Mg,[n] K ; R�R 5 GQI ;L9 8 6=; E]G ;LAB; R z
I ? E]G A K7D`J�G=G 5 G ;LNXO E 5:A J 9<9 GQC@R N JLK 5 G ;LN S 5:9 C�G g T E 6=? n C 9@; R=8 5 R 5 8 A J�R�U 5 8�I ; E 9%6 G\Va E A EFD`J�R=D^Y�[ 6=?<5 y�}���r7}=rt� � y0���<w u�nqp@v�str Mg,n E]G 6=?<5 j%C ;�6 E 5\9�6¡;LN Tg,n k%Y 6=?<5 I@C<R 5 GQC@k zS R ; C<I Γg,n

;LN
Γg,[n] [LJ 9 8dE 6 G�I ; E 9%6 G�K ; R=R 5 GQI ;L9 8 6�; E]G ;LAB; R�I ? E]G A K7D]JLG�G 5 G ;LN@O E 5\A J 9@9

GQC<R N JLK 5 G ;�N S 5:9 C�G g T E 6=? n ; R=8 5 R 5 8 A J�R�U 5 8�I ; E 9�6 G:V�W 5 K\J�C�G 5¡6=?<5 l5 E]K ?<A�� DFD 5 R"GQI�JLK 5
E]G 6�; I ; D ; S E`K:J�DFD^Y�1 C�G 6 J�k@J�DFDf[�J 9 8 6=?<5�AB; 8#C@DFE�GQI�JLK 5 E]G 6�?@5 j%C ;�6 E 5:9%6�;LNXl5 E]K ?@A�� D]D 5 R
GQI@JLK 5 k�Y 6=?@5 I<R ; I 5 R{8#E`G�K ;L9%6 E 9 C ; C�G{J�K 6 E ;L9M;LN JB8<E]G�K7R 5:6�5 S R ; C@Ii[ 6=?<5ZAB; 8#C@DFE�GQI�JLK 5 G
J�R 5 �qytp@y�wFy=��ufs=v�w�y�}:~7u �:y�wF�
n��)E N�6�?@5 S R ; C<IMJLK 6=5 8-�t}=rtr:w +�[@JLG E]G{JLK 6 C�J�D]D^Y 6=?<5 K:JLG 5aN2; R 6=?<5
I<C@R 5 S 5:9 C�G�  5 R ; S R ; C@I@G Γ0,n [ ; R T ?@5:9@5 | 5 R n E`G"GQC���K7E 5\9�6 D^YBD]J�R S 5 T E 6�? R 5 G�I 5 K 6X6=; g [
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6�?@5 Y T ; C@D]8�k 5 GQE A I@D^Y�y�}=��u���v�} +4�qytp@y�wFy=��ufstv�w � v��@u �7y�w]�
n � V�¤ ?<5\9 J 9�; R�k@E N2; D]8�J�R�E]G 5 G
E 9�6�? E]G A J 9<9@5 R\[xJLG�J�j%C ;�6 E 5:9%6m;LN J�GQE A I@D^Y z K ;L9@9<5 K 6�5 8 6�; I ; D ; S E`K:J�D�GQI�J�K 5 k%Y�J�8<E]G z
K7R 576=5 S R ; C@IoJLK 6 E 9 S I<R ; I 5 R�D^YM8<E]G�K ;L9%6 E 9 C ; C@GQDFY�[�E 6 E]G�K:J�DFD 5 8�J��%y0y0�>y�}\~7u �7y�w]��[�J 9 8 6=?<5
8#E]G=K7R 576=5 S R ; C@I4E]G{K:J�DFD 5 8 6=?<5 y�}\~7u �7y�w]�{�t������v � r7���qv�w@��}�y��
p�V l ? C�G T 5a? J0| 5

Γg,[n] = πorbifold
1 (Mg,[n]) and Γg,n = πorbifold

1 (Mg,n). (2.1.2)

l ?<5 U 5 Y 6=; G 6 C@8#Y#E 9 S GQC@K ?�; R�k<E N2; D]8@G�E]G 6=?<5 G 6 C@8#Y ;LN�6=?<5 �2c 9 E 6�5 � E]G ;�6 R ; I%YBGQC@k S R ; C@I@G;LNm6�?@5oN C 9 8@J A-5\9�6 J�D S R ; C@Ii[HE&V 5 V][ 6�?@5 GQC<k S R ; C<I�G T ? E`K ? c � I ; E 9%6 G ;LNm6�?@5 GQE A I@D^Y
K ;L9<9@5 K 6=5 84G�I@JLK 5 V]�9�6=?<5 K:JLG 5�;LN�6=?<5�AB; 8<C@DFE"GQI�JLK 5 [ 6�?@5 G 5 E]G ;�6 R ; I%Y�GQC@k S R ; C@I@G ? J\| 5 JMI�J�R 6 E]K:C<D]J�RS 5:;LA-5:6 R�E]K AB5 J 9 E 9 S V e J AB5 DFY�[ 6�?@5 E]G ;�6 R ; I%Y_GQC@k S R ; C@I ;�N J>I ; E 9%6a;LN�AB; 8<C<D]E�GQI�JLK 5
�2E&V 5 V][@J 9 E]G ;LAB; R�I ? E]G A K7D]JLG�G ;LNO E 5\A J 9@9 GQC<R N JLK 5 G � E 9 GQE]8 5Z6�?@5mA J�I@I@E 9 S K:D]JLG�G S R ; C<I
E]G 57� JLK 6 DFY 6�?@5 J�C 6�;LAB; R�I ? E]G A S R ; C@I ;LNP6=?<5oO E 5\A J 9@9 GQC@R N JLK 5 JLG�G ; K7E]J 6=5 8 6=;�6=?<5
I ; E 9%6 V l ?<5HA J�E 9�N2; K:C@G ;�N�6�? E]G"J�R 6 E]K:D 5 E]G 6�?@5 G 576�;LN�5 D 5\A-5\9�6 G ϕ ;LN c 9 E 6=5H; R=8 5 RXE 9 GQE]8 56�?@54A J�I<I@E 9 S K7D`JLG�G S R ; C<I�G4�)I@J�R 6 E]K7C@D]J�R�D^Y�E 9 S 5\9 C�G-  5 R ; � [¡J 9 8 6=?<5 K ; R�R 5 GQI ;L9 8#E 9 S
nfp@rts7ufv�w�wFy0s7u2[�E&V 5 V][ 6�?@5 G 576P;LN I ; E 9�6 G ;L9M6�?@5dA-; 8<C<DFE�GQI�J�K 5a? J\|#E 9 S J 9 J�C 6�;LAB; R�I ? E]G AT ? E]K ? [ 6=; I ; D ; S E]K:J�DFD^Y%[�K ; R�R 5 GQI ;L9 8<G 6�; ϕ V]q6 E]G 5 JLG Y 6�; S EF| 5 J 9�5:� I@DFE]K7E 6 8 5 G�K:R�EFI 6 E ;L9 ;LNZ6=?<5 S 5:9 C@G�  5 R ;�AB; 8#C@DFEmG�I@JLK 5 G\V]q9 8 5\5 8x[HJ 9 E`G ;LA-; R�I ? E`G A K7D]JLG�G ;LN GQI ?@5 R 5 G T E 6�? n

; R=8 5 R 5 8 A J�R�U 5 8 I ; E 9%6 G�E]G�J 9; R�k<E 6 ;�N n z&6 C<I@D 5 G ;LN I ; E 9%6 G�C<I 6=;d6=?<5 JLK 6 E ;L9�;LN PSL2(C) V l ? E]G A-5 J 9 G 6�? J 6 T 5 K:J 9
K ?@;%; G 5 J�C 9 E]j%C 5 R 5 I@R 5 G 5:9%6 J 6 E^| 5-;LN�5 JLK ? K7D]JLG�G T E 6=?�6�?@5 c<R=G 6�6=? R 5:5 I ; E 9%6 G�c �#5 8�J 66�? R 5:5 S E^| 5:9 |�J�D]C 5 G\[<C�GQC�J�D]D^Y 6 J�U 5:946=; k 5 0 [ 1 J 9 8 ∞ V l ? C@G:[<I ; E 9%6 G ;LN6=?<5a; R=8 5 R 5 8A-; 8<C<DFEGQI�JLK 5 M0,n J�R 5 E 9 k@E 1 5 K 6 E ;L9 T E 6=? n zf6 C@I@D 5 G (0, 1,∞, x4, . . . , xn) T ?<5 R 5Z6=?<5
xi J�R 5 8<E]G 6 E 9 K 6{N R ;LA 0 [ 1 [ ∞ J 9 8 5 JLK ?M;�6=?@5 R\[ T ? E]K ? S E^| 5 G

M0,n '
(
P1 − {0, 1,∞}

)n−3 − ∆ (2.1.3)

T ?<5 R 5 ∆ 8 5:9@;�6=5 G 6�?@5�A C@D 6 E]8<E]J S ;�9 J�D ;LN I ; E 9%6 G T E 6=? xi = xj V l ?@5 C 9@; R=8 5 R 5 8A-; 8<C<DFE�GQI�JLK 5 E]G 6=?<5 j%C ;�6 E 5:9%6{;LN�6=? E`G{GQI�J�K 5 k�Y 6=?<5 JLK 6 E ;L9M;�N Sn V
��(��(�� �\. �	����� ��.�����1��01,���#��� ���. � ������1���� ����� � � ��/ �����"( _ G�k 5\N�; R 5 [�D 576 S k 5
J 6�; I ; D ; S E]K\J�D�GQC@R N JLK 5P;LNx6 Y�I 5 (g, n) [#J 9 8�K ;L9 GQE]8 5 R�E 6 G N C 9 8<J AB5:9%6 J�D S R ; C@I S E^| 5:9 k%YS 5:9<5 R=J 6�; R=GHJ 9 8>R 5 D`J 6 E ;L9 GHJLG
πg,n = π1(S) =

〈
a1, b1, . . . , ag, bg, c1, . . . , cn

∣∣∣∣
g∏

i=1

(ai, bi)c1 · · · cn = 1

〉
. (2.2.1)

dP5 R 5 [ 6=?<5 D ;�; I@G c1, . . . , cn K ; R�R 5 GQI ;L9 8 6=; D ;%; I�G�J�R ; C 9 8 5 JLK ?-;LN<6=?<5 ; R=8 5 R 5 8 A J�R�U 5 8
I ; E 9%6 G ;LN S [@J 9 8 6�?@5 Y4J�R 5m6�?@5 S 5\9<5 RtJ 6=; R=G ;LN�6=?@5 E 9@5 R 6 E]J�GQC@k S R ; C@I@G E 9 π1(S) V
¦ ; RHJ 9>5 D 5:AB5:9%6 c ∈ π1(S) [<D 576 〈c〉 8 5:9@;�6�5m6�?@5 K ;�9 1QC S JLK�Y>K7D]JLG�G ;LN c V O{5 K\J�D]D 6=? J 6; C 6=5 R�J�C 6=;LAB; R=I ? E]G A G�JLK 6�;L9 K ;L9 1QC S JLK�Y�K:D]JLG�G 5 G:V & 5 c 9<5o6�?@5 S R ; C@I ;LN�� E 9@5 R 6 E]J z

I<R 5 G 5 RQ|#E 9 S�� ; C 6=5 R{J�C 6=;LAB; R=I ? E]G A G Out∗([πg,n])
6=; k 5m6=?<5 S R ; C<I

{ψ ∈ Out(πg,n) | ∃σ ∈ Sn such that ψ(〈ci〉) = 〈cσ(i)〉 for 1 ≤ i ≤ n}.
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l ?<5�9@;�6 J 6 E ;L9 T E 6=? G�j%C@J�R 5 k@R=JLK=U 576 G [ ] E 9 8<E]K:J 6=5 G 6=? J 6>6�?@5 E 9<5 R 6 E]J�GQC@k S R ; C@I@G
K:J 9 k 5 I 5 R A C 6=5 8i[ A E A E`K=U�E 9 S 6=?<5Z9@;�6 J 6 E ;L9 Γg,[n] T ?@5:9�6=?<5ZA J�R=U 5 8>I ; E 9%6 GHK\J 9 k 5
I 5 R A C 6�5 8xV�¤ 5Z? J\| 5 J 9 J 6 C<R=J�D ?@;�AB;LAB; R�I ? E]G A

Out∗([πg,n]) → Sn

ψ 7→ σ,

J 9 8 T 5 D 576 Out∗(πg,n) k 5m6=?<5 U 5 R 9<5 D ;LN�6=? E]G ?<;LAB;LAB; R�I ? E]G AMb#6�? C@GHE 6 E]G 6�?@5 S R ; C<I;LN p���}=rBJ�C 6=;�AB; R�I ? E`G A G ψ [�EfV 5 VF[xJ�C 6�;LAB; R�I ? E]G A G�GQC�K ?�6=? J 6 ψ(〈ci〉) = 〈ci〉
N�; R 1 ≤

i ≤ n Vl ? E]G¡8 5 c 9 E 6 E ;L9 J�� ; Rt8<G¡J 9<5 T [#J 9 8�| 5 RQY�C�G 5:N C<Df[#8 5 c 9 E 6 E ;L9>;�Ni6�?@5�A J�I<I@E 9 S K7D`JLG�GS R ; C<I�[<JLGHJ 6�6�5 G 6�5 84E 946�?@5ZN2; DFD ; T E 9 S T 5 DFD z U 9@; T 946=?<5:; R 5\A V��� Á,¾���Á����
	��
	��	�� r:� S ~tr-v��qytp@y�wFy=��ufstv�w�n���})�:v�streyQ�Z�,+tp@r (g, n) V " ¥<r7�
Out∗([πg,n]) ' Γg,[n] v���� Out∗(πg,n) ' Γg,n.l ? E]GHE]GPJBK7D]JLG�GQE]K\J�D�R 5 GQC@D 6 �)G 5\5�� ! JLK � � [�G ; T 5 8 ;�9<;�6 S EF| 5Z6�?@5 K ;LA I@D 576=5 I@R ;�;LN?@5 R 5 V

¤ 5 GQE A I@D^Y>E 9 8<E]K:J 6=5m6=?<5 S 5:9<5 R=J�D T ?<5 R 5:N2; R 5m;�N E 6 [<k%Y S E^|#E 9 S J 9457� I@DFE]K7E 6 8 5 G�K:R�EFI 6 E ;L9;LN�6=?<5Z?@;LA-;LAB; R�I ? E]G A
Γg,[n] → Out∗([πg,n]).]f6 E]G 5 J�GQY 6=; G 5:5�6�? J 6 J 9�5 D 5:AB5:9%6 ψ ∈ Γg,n K:J 9 k 5 DFE N�6�5 8 6=; J�8<EF� 5:;LAB; R�I ? E]G A ψ′

T ? E]K ? c �#5 G 6=?<5 k@JLG 5 I ; E 9%6m;LN πg,n ;L9 S − {x1, . . . , xn} [�J 9 8 T ? E]K ?�6�? C@G�E 9 8#C�K 5 G
J 9 J�C 6�;LAB; R�I ? E]G A ;LN

πg,n GQE A I<DFY�k�Y�JLK 6 E 9 S ;�9 S V ]qN ψ′′ E]GeJ 9<;�6=?<5 RaD]E N`6 E 9 S ;�N ψ
J�D]G ; c � E 9 S 6�?@5 k@JLG 5 I ; E 9�6 [ 6�?@5:9 ψ′′ · ψ′−1 E`G-E]G ;�6=; I<E]K 6=;�6=?<5 E]8 5\9�6 E 6 Y�J 9 8�c �#5 G6�?@5 k�JLG 5 I ; E 9%6m;LN πg,n [iG ; E 6 JLK 6 G�k�Y�J 9 E 9@9@5 RmJ�C 6�;LAB; R�I ? E]G A ;L9

πg,n V l ? C�G ;L9@5; k 6 J�E 9 G-J T 5 DFD z 8 5 c 9@5 8 A J�I N R ;�A Γg,n
6=;

Out(πg,n) [ T ?<; G 5 E A J S 5 JLK 6 C�J�DFD^Y�D]E 5 G
E 9 Out∗([πg,n]) GQE 9 K 5�5 JLK ? ci K:J 9 k 5 R 5 I@R 5 G 5:9%6=5 8�k�Y�JoD ;�; I c̃i J�R ; C 9 8 xi T ? E]K ?
K ;L9 GQE`G 6 G ;LN J�I�J 6�? γi N R ;LA 6=?<5 k@JLG 5 I ; E 9%6m9<5 J�R=D^Y 6�; xi [ N�; D]D ; T 5 8�k�Y�J 6 E 9 Y�K7EFR=K7D 5
J�R ; C 9 8 xi J 9 8 6=?<5\9 γ−1

i

b J_8#EF� 5\;�AB; R�I ? E`G A 9@5 K 5 G�G�J�R�EFD^Y A J�I�G 6�? E]GeD ;�; I c̃i 6�; J
K ;L9 1QC S J 6=5{;LN JdI ; T 5 R ;LN c̃j V ]q6 E]G¡G 6 R=J�E S ?%6=N�; R T J�R=8 6=; K ?<5 K=U 6�? J 6 T 5P; k 6 J�E 9 J S R ; C<I?<;LAB;LA-; R=I ? E]G A V
��(��x( �>. � � ����.%/ ��� ������1���������� � � ��/���������( ]�9a6=? E]G�G 5 K 6 E ;L9 [ T 5 K ;L9 GQE]8 5 R�JPK 5 R 6 J�E 9S 5:9<5 R=J 6 E 9 S G Y<G 6=5:A N2; R 6�?@5�A J�I<I@E 9 S K7D`JLG�G S R ; C@I@G Γg,[n] J 9 8 Γg,n [ k%Y 5 D 5:AB5:9%6 G
U 9@; T 9 JLG��er�¥%�M� ��u�n��2n7V l ?<5\9 T 5 K ;L9 GQE`8 5 R 6�?@5 K:JLG 5 g = 0 J 9 8�G ?<; T ?@; T 6=?<5 & 5\?<96 T E`G 6 G{J�DFD ; T C@G 6�;BA J�U 5m6=?@5 E]G ;�AB; R�I ? E`G A G

Γ0,[n] ' πorbifold
1 (M0,[n]) and Γ0,n ' Out∗(π0,n)57� I<DFE`K7E 6 [�J 9 8 6�; G ?@; T 6=? J 6�6=?<5 S 5:9 C@G�  5 R ;mA J�I@I@E 9 S K7D]JLG�G S R ; C<I�G�J�R 5 K:D ; G 5 D^YeR 5 D]J 6=5 86�;46=?<5Þ_ R 6 E 9 k@R=J�E]8 S R ; C@I@G\V O{5 K:J�DFD 6=? J 6dN�; R n ≥ 2 [ 6=?<5�� }7�)u���~7}=v�uf����}=y��0p Bn E`GS 5:9<5 R=J 6�5 84k�Y n− 1 S 5:9@5 R=J 6=; RtGH8 5:9@;�6�5 8 σ1, . . . , σn−1 GQC@k�1 5 K 6H6�;B6�?@5 R 5 D]J 6 E ;�9 G

σiσi+1σi = σi+1σiσi+1

J 9 8
σiσj = σjσi if |i− j| ≥ 2.
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y1 = z1 = 1 [�J 9 8 N2; R 2 ≤ i ≤ n [mG 576 yi = σi−1 · · ·σ1 · σ1 · · ·σi−1 J 9 8
zi = (σ1 . . . σi−1)

i V ]q6 E]G�U 9@; T 9m6=? J 6i6�?@5 K 5:9%6�5 R ;LN%6=?<5 S R ; C@I Bn E]G�K�Y<K7DFE]K�[ S 5:9<5 R=J 6�5 8
k�Y zn V ¦ ; R 1 ≤ i < j ≤ n [ T 5 T R�E 6�5 xij = σj−1 · · ·σi+1σiσ

−1
i+1 · · ·σ−1

j−1

b E 9
I@J�R 6 E]K7C@D]J�R xi,i+1 = σ2

i

N2; R 1 ≤ i < n V l ?@5 G 5-5 D 5\A-5\9�6 G S 5:9@5 R=J 6�5�6=?@5 GQC<k S R ; C<I ;LN
p���}=r�k@R=J�E]8@G:[�E&V 5 V][k<RtJ�E`8<G 5 JLK ?�;LN T ?@; G 5 G 6 R=J 9 8@G 5:9 8<GaC<I�E 9�6=?@5 G�J AB5 I ; GQE 6 E ;L9 E 6
G 6 J�R 6=5 8 N R ;LA V% . ����1��01,���X( [576

S k 5 J 6�; I ; D ; S E`K:J�D�GQC<R N JLK 5d;LN�6 Y#I 5 (g, n) J 9 8oD 576 γ k 5 J�GQE A I<D 5
K7D ; G 5 8>D ;�; I ;L9 S I@JLG�GQE 9 S 6=? R ; C S ?>5 E 6=?<5 RH  5 R ;-; R 6 T ;-A J�R�U 5 8>I ; E 9%6 G:V�¤ 5 8 5 c 9@5 J
K 5 R 6 J�E 9 8#E]� 5\;�AB; R�I ? E`G A ;LN

S JLG�G ; K7E]J 6=5 8 6�;Z6=?@5 D ;�; I γ [�E 9B6=?<5{N2; D]D ; T E 9 S T J\Y�V�¦�EFR=G 6 [
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	 ¤ 5 DFE]G 6d6�?@5 G 6 J�k@D 5 K7C@RQ| 5 G ;LNX6 Y#I 5
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GQI 5 K:E]J�DxJ�C 6�;LAB; R�I ? E]G A S R ; C<I�G:V l ?@5 c@R=G 6¡6=? R 5:5 J�R 5�6�?@; G 5 S E^| 5:9 k%Y�R 5 I@R 5 G 5\9�6 J 6 EF| 5 G
(τ, 0, 1,∞) T E 6=? τ ∈ {1/2, 2,−1} [ T ? E]K ? J�I@J�R 6mN R ;LA k 5 E 9 S c �#5 8ok�Y 6=?<5�� D 5 E 9�¢�zS R ; C<IeJ�R 5 J�D]G ; c �#5 8dk%Y 6�?@5 I 5 R A C 6 J 6 E ;L9 G (23) [ (34) J 9 8 (24) R 5 G�I 5 K 6 E^| 5 DFY�[ N2; R A E 9 S6�? R 5:5 8#EF� 5 R 5:9%6 8#E ?@5 8<R=J�D S R ; C<I�G ;LN"; R=8 5 R��<V l ?<5 G 5 J�C 6=;LA-; R�I ? E]G A S R ; C<I�GmK:J 9 k 5
E]8 5\9�6 EFc 5 8 T E 6=?�6=?<5 J�C 6=;�AB; R�I ? E`G A S R ; C<I ;LN 6=?<5�; K 6 J ?<5 8#R ;L9 [�k%Y�E]8 5:9%6 E N Y#E 9 S 6=?<5; K 6 J ?@5 8#R ;L9 T E 6=?�6=?<5 GQI ?<5 R 5 T E 6�?_N�; C@R A J�R�U 5 8�I ; E 9%6 GmJ�R ; C 9 8 6=?@5�5 j%C�J 6=; RmJ 9 8�J9<; R 6=? J 9 8�J>G ; C 6=? I ; D 5�b�6=?@5 J�C 6�;LAB; R�I ? E]G A S R ; C@I�E`G S 5:9<5 R=J 6�5 8�k�Y�J�R ;�6 J 6 E ;L9_;LN; R=8 5 R ¢ J�R ; C 9 8 6=?<5d9@; R 6�?<z G ; C 6�? J � E]GPJ 9 8MJ 9<; R 6=?#z G ; C 6=?�� EFI ;LN�; R=8 5 R � V l ?@5a6 T ;
R 5:A J�E 9 E 9 S I ; E 9%6 G T E 6�? GQI 5 K:E]J�DPJ�C 6�;LAB; R�I ? E]G A S R ; C<I�J�R 5M6�?@5 I ; E 9%6 G (τ, 0, 1,∞)

T E 6�? τ = exp(±2πi/6) [ T ? E]K ? J�R 5e5 JLK ? c �#5 8�k�Y 6�?@5 I 5 R A C 6 J 6 E ;L9 S R ; C<I 〈(123)〉
JLG T 5 DFDmJLG 6�?@5	� D 5 E 9�¢�z S R ; C@Ii[ N2; R A E 9 S J S R ; C<I ;LNZ; Rt8 5 R�£ � E]G ;LAB; R�I ? E]K 6�;�6=?<5
J�D 6�5 R 9 J 6 E 9 S�S R ; C@I A4 [�R 5 J�DFEF  5 8�JLG 6�?@5 J�C 6�;LAB; R�I ? E]G A S R ; C<I ;LN¡6�?@5B6�5:6 R=J ?@5 8<R ;L9 [
k�Y�E]8 5:9%6 E N Y#E 9 S 6�?@5{6=576 RtJ ?@5 8<R ;L9 T E 6�?�6=?<5 GQI ?@5 R 5 T E 6=?�6�? R 5:5PA J�R�U 5 8�I ; E 9%6 G¡J�R ; C 9 86�?@5Z5 j%C@J 6=; R{J 9 8 ;�9@5 J 6H6=?<5Z9@; R 6�? I ; D 5 V
 '�Á0- )8)�/ /²¾,- ) 	 a I 5 K7E]J�DHD ; K7EPJ�R 5M; R�k<E N�; D]8�I ; E 9%6 G\[¡J 9 8 6=?<5 R 5 J�R 5M9<;L9@54;L9 M0,4 [T ? E]K ?�? J�G 9<;M; R�k@E N2; D]8�G 6 R�C@K 6 C@R 5 V _ GZR 5\A J�R�U 5 8�J�k ; | 5 [ 6=?<5 I ; E 9%6 G ;LN GQI 5 K7E`J�D"J�C z6�;LAB; R�I ? E]G A S R ; C<I S EF| 5\9 J�k ; | 5 8 576�5 R A E 9<5 T ?@5 R 5e6�?@5 GQI 5 K7E]J�D�D ; K7E T EFDFD�D]E 5B;L9�6=?<5
C 9@; R=8 5 R 5 8 AB; 8#C@DFE�GQI�JLK 5 M0,[4] V
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M0,[4]
�

��� Á � )(' ' )�¿,+ -0/1)ZÂ/Â + ��¾�2('
Γ0,[4]

	 l ? E]G S R ; C@I�E]G S 5:9@5 R=J 6�5 8�k%Y & 5:?<9�6 T E]G 6 G
σi
N2; R i = 1, 2, 3 [GQC<k 1 5 K 6Z6=;46�?@5 R 5 D]J 6 E ;L9 G σ1σ2σ1 = σ2σ1σ2 [ σ2σ3σ2 = σ3σ2σ3 [

σ1σ3 = σ3σ1 [ σ3σ2σ
2
1σ2σ3 = 1 J 9 8 (σ1σ2σ3)

4 = 1 V l ?<5 G 5 R 5 D]J 6 E ;L9 G�E A I@D^Y 6�?@5N�; DFD ; T E 9 S � 



σ2
1 = σ2

3

(σ1σ2)
3 = 1

(σ1σ2σ1)
2 = 1.l�; I<R ; | 5m6�?@5 G 5 K ;L9 84R 5 D]J 6 E ;L9 [ T 5 1 C�G 6 C@G 5m6�?@5 k@R=J�E]84R 5 D]J 6 E ;L9 G 6=; G ?@; T 6�? J 6

(σ1σ2)
3(σ3σ2σ

2
1σ2σ3) = (σ1σ2σ3)

4 = 1,

G ; (σ1σ2)
3 = 1 V l ?<5\9 ["k%Y 6�?@5 k@R=J�E]8�R 5 D`J 6 E ;L9 G:[ T 5M? J\| 5 (σ1σ2)

3 = σ2
1σ2σ

2
1σ2,

G ; σ2
1 = σ−1

2 σ−2
1 σ−1

2 V W¡C 6�6=?@5 R 5 D]J 6 E ;L9 σ3σ2σ
2
1σ2σ3 = 1 G ?<; T G 6=? J 6 σ2

3 =

σ−1
2 σ−2

1 σ−1
2 [ G ; σ2

1 = σ2
3 [ T ? E]K ? S E^| 5 G 6=?<5 c<RtG 6 R 5 D`J 6 E ;L9 V ¦ ; R 6�?@5M6�? EFR=8i[¡C�GQE 9 S;L9 D^Y σ1σ2σ1 = σ2σ1σ2 [ T 5 G 5:5Z6=? J 6

(σ1σ2σ1)
2 = (σ1σ2)

3 = 1.

l ?@5¡6=; R=GQE ;L9B5 D 5:AB5:9%6 GXE 9 Γ0,[4] J�R 5 JLG N2; DFD ; T G:V l ?<5 R 5 E]G ;�9 D^Y ;L9@5 K ;L9 1 C S JLK�YeK7D`JLG�G;LN5 D 5\A-5\9�6 G ;LN; R=8 5 R 4 [ 9 J AB5 D^Y 6�?@5 K7D]JLG�G ;LN σ1σ2σ3 V l ?<5 R 5 E]G ;�9 D^Y ;L9@5 K ;L9 1 C S JLK�Y
K7D]JLG�G ;LNZ5 D 5:AB5:9%6 G ;LNm; R=8 5 R 3 [ 9 J AB5 D^Y 6=? J 6�;LN σ1σ2 V l ?@5 R 5 J�R 5M6 T ; K ;L9 1 C S JLK�Y
K7D]JLG�G 5 G ;LNi; R=8 5 R 2 [ 9 J AB5 D^Y 6=? J 6 ;LN (σ1σ2σ3)

2 J 9 8 6�? J 6 ;LN σ1σ2σ1 VH� e�;�6�5�6�? J 6�6=? E`G
K ;L9�6 R=JL8<E]K 6 G 6�?@5 G 6 J 6=5:AB5:9%6Z;LN�6�?@57c�; R ; DFD]J�RQY ;L9 IiV�' � � ;LNP� d !M�qb�6�?@5 EFRZK ; R ; D]D]J�RQYoE`G?<; T 5 | 5 R |�J�DFE]8 N2; R n ≥ 5 V ���� Á9Â�À()#34/´Á -,¾ ��'�)#-	À )87 )9-0)²À )�¾z¿F¾�7

M0,[4]

	 & 5 S 5:9<5 R=J 6�5 G 6 J�k<D 5 K:C<RQ| 5 G T E 6�?4N�; C@R
C 9@; R=8 5 R 5 8 A J�R�U 5 8�I ; E 9%6 G A C�G 6 K ; R�R 5 GQI ;L9 8 6=;d6=?@5 C 9 E`j�C 5P6 R�EF|�J�D 5:9%6¡6 R 5:5 T E 6=?�N�; C@R
C 9@9 C A k 5 R 5 8 6 J�EFD]G:[G ;>6�?@5 R 5 E`G ;L9 D^Y ;L9@5 GQC@K ? I ; E 9%6 V ]q9 8 5:5 8i[ 6�? E]GaK ; R�R 5 G�I ;L9 8@G 6�;6�?@5HN JLK 6�6=? J 6 C 9 8 5 R 6=?<5HAB; R�I ? E]G A M0,4 ' P1−{0, 1,∞} → M0,[4] k%YBj%C ;�6 E 5:9%6 E 9 S
k�Y 6�?@5 JLK 6 E ;L9M;LN S4 [ 6=?<5Z6�? R 5:5 I ; E 9%6 G 0, 1,∞ J�DFDiI�JLG�G 6�; JBGQE 9 S D 5 I ; E 9�6{;L9 M0,[4] V� ¾(',¾#/²¾ + )9-0)#/üÀ()z¿ +{Á�¿{À )8)#/ 34)ZÂ2Á '	¾ )�¿zÀzÂÞ¾z¿

M0,[4]

	 l ?@5a9@5 E S ? k ; R ?@;%; 8 ;LN�6=?<5A E`G�GQE 9 S I ; E 9%6 E`GZJ48<E]GQU�[�G ; 8<E^|#E]8#E 9 S E 6 E 9%6�;46 T ; GQE A I<DFY_K ;�9@9@5 K 6=5 8�R 5 S E ;L9 G:[ 6�?@5 R 5
J�R 5�6 T ;�6 J 9 S 5:9�6 E]J�D k�J�G 5 I ; E 9%6 G-J 6e6=?<5>A J � E A J�D]D^Y�8 5 S 5\9<5 RtJ 6=5 I ; E 9%6 V e�;�6�5�6�? J 6;L9 D^Y ;L9<5Z;LN6=?<5 G 5 E]G 6=?<5 E A J S 5Z;LN J�DFD�GQE ��6 J 9 S 5:9%6 E]J�Dxk�JLG 5 I ; E 9%6 G ;L9 M0,4 V
� �63 )87²¾#/�� Â2À
�02,-	À 2 ��Á 	 [576

S k 5 J�GQI ?<5 R 5 T E 6=?�N2; C@R A J�R�U 5 8�I ; E 9�6 G x1 [ x2 [ x3

J 9 8 x4 VHW�Yo8 5 c 9 E 6 E ;L9 [ 6=?<5 C 9@; R=8 5 R 5 8 A-; 8<C<DFE�G�I@JLK 5 M0,[4] E`G 6=?<5 j%C ;�6 E 5:9%6�;LN�6=?<5l�5 E`K ?<A�� DFD 5 R¡GQI@JLK 5 T0,4 k%Y 6=?<5 JLK 6 E ;�9�;LN�6=?<5{N C@DFD A J�I<I@E 9 S K7D]JLG�G S R ; C@I Γ0,[4] [ T ? E]K ?T 5 R 5 K:J�DFDH�2¦�E S C@R 5�� V]£ � E]G S 5:9@5 R=J 6=5 8�k%Y & 5:?<9�6 T E]G 6 G σi N2; R i = 1, 2, 3 J�D ;L9 S D ;%; I�G
I@JLG�GQE 9 S 6=? R ; C S ?>6�?@5aA J�R�U 5 84I ; E 9%6 G xi J 9 8 xi+1 R 5 GQI 5 K 6 E^| 5 D^Y�V _ GHE 9M6�?@5 I@R 5 |#E ; C@G
G 5 K 6 E ;L9 [ T 5Z? J\| 5 J 9 E`G ;LA-; R�I ? E]G A

Γ0,[4]
∼→ π1(M0,[4],

−→∞0).

dP; T 5 | 5 R\[ 6=?<5 R 5 E`G-J N C 9 8@J AB5:9�6 J�D 8#EF� 5 R 5:9 K 5 k 576 T 5:5:9�6=?<5>; R=8 5 R 5 8 AB; 8#C@DFE GQI�JLK 5
M0,4 J 9 8 6=?<5 C 9<; R=8 5 R 5 8�GQI�J�K 5 M0,[4] = M0,4/S4 [�8#C 5{6�;d6=?<5P; R�k<E N�; D]8�G 6 R�C�K 6 C@R 5P;LN



�0����	���ªuOu���	x���)� û������Zu%���0�¨	x�����ª»�	��Z¦	����� � ô'ô
M0,[4] T ? E]K ? J�R�E]G 5 G N R ;LA�6=?@5aN JLK 6H6�? J 6 Γ0,[4] 8 ;%5 G 9@;�6 JLK 6{N R 5:5 DFY ;L9 T0,4 V \ j%C<EF|�J z
D 5:9%6 DFY�[�GQE 9 K 5 Γ0,4 JLK 6 G N R 5\5 D^Y ;L9 T0,4 J 9 8 T 5Z? J\| 5 J 9457� JLK 6 G 5 j�C 5:9 K 5

1 → Γ0,4 ↪→ Γ0,[4] → S4 → 1,

6�?@5Z; R�k<E N�; D]8MG 6 R�C�K 6 C@R 5 J�R�E]G 5 GHk 5 K:J�C@G 5 S4 8 ;�5 G 9@;�6 JLK 6{N R 5:5 D^Y ;L9 M0,4 V
¤ 5 G�J T E 9�6=?@5 8#E]G�K:C@G�GQE ;L9�;LNm; R�k<E N�; D]8 N C 9 8@J AB5:9%6 J�D S R ; C<I�G S E^| 5\9 1 C�G 6 k 5:N2; R 5a%5 K 6 E ;L9 %<VF£LV]£ 6=? J 6 GQC�K ? J S R ; C@I�K:J 9 k 5 E]8 5\9�6 EFc 5 8 T E 6=? J S R ; C@I ;LN D ;�; I@G�E NH6=?<5

k@JLG 5 I ; E 9%6 E`G 9@;�6 J 9�; R�k@E N�; D]8�I ; E 9%6 [�E&V 5 V][ ? JLG 6 R�EF|�E]J�D�E]G ;�6 R ; I%Y�V d�; T 5 | 5 R\[�E 9�6�?@5 K:JLG 5;LN
M0,[4] [ 5 | 5 RQY-I ; E 9%6"? JLG"J 9<;L9%6 R�E^|#E]J�D@E`G ;�6 R ; I%Y�GQC<k S R ; C<I�E 9 Γ0,[4] V ]q9 8 5\5 8x[�D 576�6 E 9 S

σ41 = σ3σ2σ1σ
−1
2 σ−1

3 [ σ′
24 = σ−1

3 σ2σ3 J 9 8 σ13 = σ2σ1σ
−1
2 [ 6�?@5m6=? R 5\5Z5 D 5:AB5:9%6 G

a = σ1σ
−1
3 , b = σ13σ

′−1
24 and c = σ41σ

−1
2

J�DFD�c �o5 | 5 RQY�I ; E 9%6Z;�N T0,4 Vm¤ 5 G ?@; T 6�? J 6�6=?<5 G 5e5 D 5:AB5:9%6 GaJ�R 5 J�D]D ;LN"; R=8 5 R � [xJ 9 8
K ;LA-A C 6=5 E 9 Γ0,[4] V�¦ ; R 6=?@5 c@R=G 6�;L9<5 [ T 5 C@G 5H6�?@5{N JLK 6"6�? J 6 σ2

1 = σ2
3 E 9 Γ0,[4] [ T ? E]K ?T 5 G=J T E 9�6�?@5 I�J�RtJ S R=J�I ?�;L9�6�?@5�A J�I<I@E 9 S K7D]JLG�G S R ; C@I�J�k ; | 5 V l ?<5\9 [�E 6-N�; DFD ; T G

8#EFR 5 K 6 DFY N R ;LA T R�E 6 E 9 S 6=?<5 EFR 57� I@R 5 G�GQE ;L9 G 6=? J 6{6=?<5d;�6=?<5 R 6 T ;�5 D 5:AB5:9%6 G�J�R 5d;LN�; R=8 5 R6 T ; [xGQE 9 K 5 E 9�N JLK 6 b = σ2aσ2 J 9 8 c = σ3σ2aσ
−1
2 σ−1

3 V e�; T T 5 G ?<; T 6=? J 6 〈a, b, c〉
E]G�J � D 5 E 9�¢�z GQC@k S R ; C@I ;LN Γ0,[4] V�¤ 5 c<RtG 6 G ?<; T 6=? J 6 ab = c V ]q9�N JLK 6 [%C@GQE 9 S ;L9 DFY 6�?@5
k<R=J�E]84R 5 D]J 6 E ;L9 G\[ T 5 K ?@5 K=U 6=? J 6

ab = σ1σ
−1
3 σ2σ1σ

−1
3 σ−1

2 = σ2
1σ

−2
3 σ3σ2σ1σ

−1
3 σ−1

2 σ−1
3 = σ2

1σ
−2
3 c,

J 9 8 6=? E]GZE]G 5 j�C�J�D 6=; c GQE 9 K 5 σ2
1 = σ2

3 V l ? C@G\[ T 5-? J\| 5 ab = c [�G ; abab = 1 GQE 9 K 5
c E`G ;LN ; R=8 5 R � [�G ; ab = b−1a−1 = ba GQE 9 K 5 a J 9 8 b J�R 5�;LN ; R=8 5 R � [�G ; a J 9 8 b
K ;LA-A C 6=5 V l ? E]G{G ?<; T G 6=? J 6 〈a, b, c〉 E]G{J � D 5 E 9M¢�z GQC<k S R ; C<I�Ve�; T T 5 K\J 9 S E^| 5 J�K ;LA I<D 5:6�5 8 5 G�K7R�EFI 6 E ;L9�;LN 6=?<5�; R�k<E N2; D]8�G 6 R�C�K 6 C@R 5�;LN M0,[4] V\ | 5 RQY�I ; E 9%6-;LN M0,[4] E]G-J 9 ��; R�k@E N�; D]8�I ; E 9%6 � E 9�6=?<5 G 5:9 G 5�6�? J 6 E 6-? JLG 9<;L9%6 R=E^|�E`J�D
E]G ;�6 R ; I%YBE 9 Γ0,[4] V l ?@5 GQI 5 K7E]J�D�� 9<;L9<z S 5:9@5 R�E]K � ; R�k<E N�; D]8�I ; E 9�6 G"J�R 5{6=?<5 E A J S 5 G ;LN�6=?<5
I ; E 9%6 G T E 6=? GQI 5 K7E]J�D�J�C 6�;LAB; R�I ? E]G A S R ; C@I S E^| 5:9 E 9 M0,4 V l ?@5-6=? R 5:5 I ; E 9%6 G x =

1/2, 2,−1
;L9

M0,4 T E 6�? 8<E ?@5 8<R=J�D�J�C 6�;LAB; R�I ? E]G A S R ; C@I ;LNi; R=8 5 R �dI�JLG�G 6�; JeGQE 9 S D 5
I ; E 9%6�;L9 M0,[4] [LJ 9 8 6=?<5�6 T ; I ; E 9%6 G j, j ;L9 M0,4 T E 6=? GQI 5 K7E]J�D<J�C 6=;�AB; R�I ? E`G A S R ; C<I;LN�; R=8 5 R�£ � �)E]G ;LAB; R�I ? E]K 6=; A4 � I�JLG�G 6�; JMGQE 9 S D 5 I ; E 9%6d;L9 M0,[4] V l�; I ; D ; S E]K:J�DFD^Y�[
M0,[4] E`G�JmGQI ?<5 R 5 T E 6�?B;L9<5 A E`G�GQE 9 S I ; E 9%6 J 6 E 9 c 9 E 6 Y b E 6 G ; R�k<E N2; D]8-G 6 R�C�K 6 C<R 5 E]G S EF| 5:9
k�Y 6=?<5 G 5{6 T ; GQI 5 K7E`J�D�I ; E 9�6 G�J 9 8 6�?@5 S 5:9@5 R�E`KHE]G ;�6 R ; I%Y S R ; C<I Z/2Z×Z/2Z J 6�5 JLK ?
I ; E 9%6 Vl ? E]G"GQI�JLK 5 E]G 9<;�6 8<E]G�GQE A EFD`J�R 6�;a6=?<5{AB; 8<C<D]E�GQI�JLK 5{;LN�5 DFD]EFI 6 E]K�K7C@RQ| 5 G:[ S EF| 5\9 JLG 6=?<5
j�C ;�6 E 5:9�6Z;LN�6�?@5-l�5 E]K ?@A�� DFD 5 RdGQI@JLK 5 T1,1 [ T ? E]K ? E]GZJ S J�E 9�6=?<5�h�; E 9 K\J�R���C@I<I 5 R ? J�D N`z
I<D]J 9@5 [%k%Y 6�?@5 JLK 6 E ;L9�;LN SL2(Z)

b E 6 D ;�; U#G�DFEFU 5 J�GQI ?<5 R 5 T E 6�?�;L9@5�A E`G�GQE 9 S I ; E 9%6 J 9 86 T ; � GQI 5 K:E]J�D � I ; E 9%6 G:[%J 9 8 6=?<5 R 5 E]G�J 9@;�9%6 R�E^|#E]J�D�E]G ;�6 R ; I%Y S R ; C<I�J 6"5 | 5 RQY-I ; E 9%6 [ ;L9 DFY
E 6 E]G 1 C�G 6 Z/2Z E 9 G 6=5 JL8 ;LN Z/2Z × Z/2Z V ]�9 8 5:5 8i[E N M′

1,1 8 5:9@;�6�5 G 6=?@5 R 5 8#C�K 5 8; R�k<E N2; D]8 ;LNP5 DFDFEFI 6 E`KMK7C@RQ| 5 G:[ T 5M? J\| 5 J 9�; R=k<E N2; D]8�E]G ;LA-; R�I ? E`G A M′
1,1 ' M0,4/S3 [

k ;�6�?M;LN�6=?<5 G 5Z; R�k@E N2; D]8<G ? J\|�E 9 S π1 E]G ;�AB; R�I ? E`K 6�; PSL2(Z) V
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S0,[4]

	 W�Y 6=?<5 8<E]G�K7C�G�GQE ;L9�;LN�6�?@5�; R=k<E N2; D]8 N C 9 8@J AB5:9%6 J�D S R ; C<IS E^| 5:9 1QC@G 6 k 5:N2; R 5 a%5 K 6 E ;�9 %<VF£LV]£L[ T 5 G 5:5B6=? J 6 GQE 9 K 5�6�?@5 R 5 E]G�J 9@;L9�6 R�E^|#E]J�D"E]G ;�6 R ; I%YS R ; C<IoJ 6P5 JLK ? I ; E 9%6P;LN M0,[4] [@E N T 5 J 6�6�5\A I 6P6�; E]8 5:9�6 E N Y 6=?<5 S 5:9@5 R=J 6 E 9 S 5 D 5:AB5:9%6 G
σ1, σ2, σ3

;LN
Γ0,[4] T E 6�? D ;�; I@G ;L9�6�?@5�AB; 8#C@DFEmGQI�JLK 5 M0,[4] � ; R>I@J 6=? G ;�9 M0,4 �

k@JLG 5 8�J 6 J 9 J�R=k<E 6 R=J�RQY 9@;L9#z GQI 5 K:E]J�D�I ; E 9%6 [ T 5 T EFDFD 9<;�6 k 5 J�k@D 5�6=; 8#E`G 6 E 9 S C<E`G ? σ1N R ;LA σ3 V [�5:6 C@G�G ?@; T 6=? E]G 5:� I@DFE]K:E 6 DFY�[ T ; R�U�E 9 S ;L9 M0,4 �)I@J�R=J AB576 R�EF  5 8 k�Y 6=?<5
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M0,5 K ;L9 GQE]G 6 G ;�N E]G ;LAB; R�I ? E]G A K7D`JLG�G 5 G ;LN GQI ?<5 R 5 G T E 6=? c#| 5�A J�R�U 5 8
I ; E 9%6 G (x1, x2, x3, x4, x1) [�J 9 8 6=?@5 G 5 E]G ;LA-; R�I ? E`G A K7D`JLG�G 5 GPJ�R 5d5:9 C A-5 R=J 6�5 8Mk%Y 6=?<5
R 5 I@R 5 G 5:9%6 J 6 E^| 5 G ;LN@6�?@5¡N2; R A (λ, 0, 1,∞, λ) [ T ?@5 R 5 λ 6∈ {0, 1,∞} � ;�6=?<5 R T E`G 5 ;L9@5�? JLG
J A J � E A J�D]D^Y�8 5 S 5:9@5 R=J 6=5 I ; E 9%6 � V l ?<5 G 576m;LN I�J�R 6 E`J�D]D^Y�8 5 S 5:9<5 R=J 6�5 GQI ?<5 R 5 G ;LN�6 Y#I 5
x1 = x5 E]G 6=? C�G¡E]G ;LAB; R�I ? E]K 6�; P1 − {0, 1,∞} [#E&V 5 V][ 6=; M0,4 [#G ;e6=? J 6 6�?@5 8#EF|�E`G ; RHJ 6
E 9 c 9 E 6 Y ;LN M0,5 JLK 6 C@J�DFD^Y�K ;L9%6 J�E 9 G 6�5\9 K ; I@E 5 G ;�N M0,4 V l ? E`GPK ;�A I@D 576=5 D^Y�8 5 G�K7R�E]k 5 G6�?@5 K ; 8#E A-5\9 GQE ;L9o;L9<5 I�J�R 6H;LN6�?@5 8#E^|#E]G ; RPJ 6 E 9 c 9 E 6 Y ;LN M0,5 Vc�;L9 GQE]8 5 R 6�?@5 K ; 8<E AB5:9 GQE ;L9 � I@J�R 6 [dK ; R�R 5 GQI ;L9 8<E 9 S 6�;�A J � E A J�DFD^Y 8 5 S 5:9@5 R=J 6=5
I ; E 9%6 G\[�E&V 5 V][�I�J 9�6 G�8 5 K ;LA I ; G�E 6 E ;L9 G:V _ I@J 9%6 G�8 5 K ;LA I ; GQE 6 E ;L9�;L9 S K ;L9 GQE]G 6 G ;LN�6 T ;
8#E]G,1 ; E 9%6 D ;�; I@G\[�J 9 8 5 J�K ? D ;�; I A C�G 6 K ;L9%6 J�E 9�6 T ;�A J�R�U 5 8�I ; E 9%6 G:[XG ; JoI@J 9%6 Ge8 57z
K ;LA I ; GQE 6 E ;L9 E]GaC 9 E]j%C 5 D^Y�8 576�5 R A E 9<5 8�k�Y�GQI 5 K7E N Y#E 9 S 6 T ; 8<E]G�1 ; E 9�6 I@J�EFRtG ;LN¡A J�R�U 5 8
I ; E 9%6 G�J AB;L9 S 6�?@5 c<| 5 V l ? E]G A J�U 5 GBc N`6=5:5:9 I@J 9%6 GB8 5 K ;LA I ; GQE 6 E ;L9 G\[¡K ; R�R 5 GQI ;L9 8 z
E 9 S 6=; c N`6=5:5:9 I ; E 9%6 G ;�N¡A J � E A J�D�8 5 S 5:9@5 R=J 6 E ;L9 V l ?@5 I@J 9%6 Ga8 5 K ;LA I ; GQE 6 E ;L9 S EF| 5:9
k�Y 6 T ; D ;�; I@G ;L9@5 GQC@R�R ; C 9 8<E 9 S I ; E 9�6 G xi J 9 8 xj J 9 8 6=?<5-;�6=?@5 R�I ; E 9�6 G xk J 9 8 xl
K ; R�R 5 GQI ;L9 8@G 6�;M6=?<5 8 5 S 5:9@5 R=J 6=5 G�I ?@5 R 5 T E 6�?�A J�R�U 5 8�I ; E 9%6 G x1, . . . , x5 GQC�K ?�6�? J 6
xi = xj J 9 8 xk = xl V l ?<5 G 5 c N�6=5:5:9 I ; E 9%6 G A C�G 6 J�D]G ; k 5 JL8@8 5 8 6=; M0,5

6=;B; k 6 J�E 96�?@5 G 6 J�k@D 5 K ;LA I�JLK 6 EFc@K\J 6 E ;L9 V l ?<5 Y�K:J 9 k 5 |#E]GQC@J�D]EF  5 8�JLG"I ; E 9%6 G T ?<5 R 5H6=?@5 G 6 RtJ 6 C A
xi = xj K7R ; G�G 5 G xk = xl [ T E 6�? {i, j} ∩ {k, l} = ∅ [ G ;�6�? J 6 E 9 N JLK 6B6=?<5 G 6 J�k<D 5
K ;LA I�JLK 6 EFc@K\J 6 E ;L9 E]G ; k 6 J�E 9<5 8�k�Y�JL8@8#E 9 S 6�5\9 K ; I@E 5 G ;LN P1 6�; M0,5 V e�;�6�5e6=? J 6 k�Y
� � V]£LV % � [ T 5Z? J\| 5

M0,5 ' (P1 − {0, 1,∞})2 − 〈x = y〉
= (P1C)2 − 〈x = 0, x = 1, x = ∞, y = 0, y = 1, y = ∞, x = y〉,

G ;a6=? J 6 M0,5 E]G 9 J 6 C@R=J�DFD^Y ; k 6 J�E 9@5 8 N R ;LA (P1C)2 k%YBR 5\A-; |#E 9 S G 5 | 5:9 DFE 9@5 G:[#J 9 8 6=?<5
G 6 J�k@D 5 K ;�A I�JLK 6 E]c@K:J 6 E ;L9 E`G ; k 6 J�E 9<5 8-k�Y-JL8<8<E 9 S 6=5:9 D]E 9<5 G 6�;m6=?<5 R 5 GQC<D 6 �2E 6 E]G:[LE 9-N JLK 6 [6�?@5 k@D ; T C@I ;�N P1×P1 J 6X6�?@5H6=? R 5:5 I ; E 9�6 G T ?<5 R 5 6=?<5 8#E]J S ;L9 J�D A-5\576 G y = 0 [ y = 1 [
y = ∞ � V� ¾(',¾#/²¾ + )9-0)#/@À()z¿ +{Á�¿zÀ )8)�/�34)ZÂ2Á ',¾()�¿zÀzÂf¾z¿

M0,5
	 ¤ 5 K ;�9 GQE]8 5 R ;L9 D^Y 6 J 9 S 5:9%6 E]J�D

k@JLG 5 I ; E 9%6 GdE 9�6=?<5�9@5 E S ? k ; R ?@;%; 8 ;LN¡6�?@5 c N�6�5\5:9�A J � E A J�DFD^Y�8 5 S 5:9<5 R=J 6�5 I ; E 9%6 G ;LN
M0,5 V _ 8 576 J�E]D 5 8�R 5:N25 R 5:9 K 5"N2; R 6=?<5 G�U 5:6 K ? S EF| 5:9�?<5 R 5 E]G�K ? J�I 6=5 R=G"£�J 9 8 � ;LNi� hia%� V _ GN�; R M0,4 [ T 5 T EFDFDK ;�9 GQE]8 5 R 6�?@5 R 5 J�DiD ; K7C�G ;LN6�?@5Z9@5 E S ? k ; R ?@;�; 8 ;LN�5 J�K ?MA J � E A J�DFDFY
8 5 S 5\9<5 R=J 6=5 I ; E 9%6 V l ? E]G4R 5 J�DZD ; K7C�G N J�DFD]G 9 J 6 C@R=J�DFD^Y E 9�6=;�N2; C<RMGQE A I@D^Y K ;L9@9<5 K 6�5 8
R 5 S E ;L9 G:[�E 9�6=?<5mN�; DFD ; T E 9 S T J\Y�V c�;L9 GQE`8 5 R 6=?<5 I ; E 9%6 ;LNiA J � E A J�Dx8 5 S 5:9@5 R=J 6 E ;�9 S EF| 5:9
k�Y 6=?@5 I�J 9�6 GZ8 5 K ;LA I ; GQE 6 E ;L9�5:9 K7D ; GQE 9 S I ; E 9%6 G x1 J 9 8 x2

6=; S 576�?@5 RaJ 9 8�I ; E 9�6 G x4

J 9 8 x5
6�; S 576=?<5 R0[
G ; K ; R�R 5 GQI ;L9 8<E 9 S 6=;H6=?<5 E]G ;LAB; R�I ? E]G A K:D]JLG�G ;LN�6�?@5 GQI ?<5 R 5 T E 6=? c<| 5A J�R�U 5 8oI ; E 9%6 G (x2, x2, x3, x4, x4) V l ?<5 R 5 I@R 5 G 5:9%6 J 6 E^| 5 E 9 G 6 J 9 8<J�R=8 N2; R A E]G S EF| 5:9

k�Y (0, 0, 1,∞,∞) V h�; E 9%6 G ;LN M0,5 E 9�6�?@5�9@5 E S ? k ; R ?@;%; 8 ;LN�6=? E]G�I ; E 9%6 K ; R�R 5 GQI ;�9 86�; E]G ;LAB; R�I ? E]G A K7D]JLG�G 5 G ;LN GQI ?@5 R 5 G T E 6�? c#| 5PA J�R�U 5 8�I ; E 9%6 G (λ, 0, 1,∞, µ) T ?<5 R 5 λ
E]G"| 5 RQY 9@5 J�R 0 J 9 8 µ E`GX| 5 RQY 9<5 J�R ∞ � T 5 J�R 5 D ;%; U�E 9 S E 9 M0,5 G ; T 5 8 ;L9 h 6 K ;L9 GQE]8 5 R6�?@5 I�J�R 6 E`J�DFD^Y�8 5 S 5\9<5 RtJ 6=5 I ; E 9%6 G T ?@5 R 5 λ = 0

; R µ = ∞ � V e�; T [ 6�?@5 R 5 J�D�D ; K7C�G



� ò � u�����u´��
	�µ�������
;LNi6=? E]G 9<5 E S ? k ; R ?<;�; 8>K ;L9 GQE`G 6 G ;LN�6�?@5 I ; E 9%6 G K ; R�R 5 GQI ;L9 8#E 9 S 6=; GQI ?@5 R 5 G T E 6=? λ J 9 8
µ R 5 J�D&[�J 9 8 6�?@5 G 5 GQI ?<5 R 5 G�K:J 9 k 5 K:D]JLG�G 5 8�E 9%6�;>N�; C@RPR 5 S E ;L9 G�JLK:K ; Rt8#E 9 S 6=; T ?<576=?@5 R
λ < 0

; R λ > 0 [ µ < ∞ ; R µ > ∞ � 6�? E]GBG 5 K ;�9 8�K ;L9 8<E 6 E ;L9 E]G ; k�|#E ; C�GQD^Y 6=; k 5
E 9%6�5 R�I@R 576=5 8�JLG AB5 J 9 E 9 S 6=? J 6 µ E]G 9<5 S J 6 E^| 5 J 9 8 |µ| E]GdD]J�R S 5 � V c D 5 J�R=D^Y 6=?<5 G 5�N�; C@R
G A J�D]DxR 5 S E ;L9 G J�R 5 8<E]G�1 ; E 9�6 J 9 84GQE A I<D^Y4K ;L9@9<5 K 6�5 8iV l ?<5 R 5 J�R 5mN�; C@RHGQC@K ? R 5 S E ;L9 G N2; R5 JLK ?4;LNi6=?<5 c N�6=5:5:94A J � E A J�DFDFY48 5 S 5\9<5 RtJ 6=5 I ; E 9%6 G:[@G ; T 5m; k 6 J�E 9 J-G 5:6 B̂0,5

;LN GQE �%6 Y6 J 9 S 5:9�6 E]J�Dik�JLG 5 I ; E 9%6 G ;L9 M0,5 [ 5 JLK ?M? J\|#E 9 S J 9 J�C 6=;LAB; R=I ? E]G A ;LN�; Rt8 5 R � V
� �63 )87²¾#/�� Â�À
�02,-	À 2��zÁ 	 _ G N�; RJ�DFD 6�?@5X; R=8 5 R 5 8 S 5:9 C@G�  5 R ;{A-; 8<C<DFE%G�I@JLK 5 G:[ 6�?@5 I@C@R 5A J�I@I<E 9 S K7D]JLG�G S R ; C@I Γ0,5 JLK 6 G N R 5:5 D^Y ;L9�6=?<5Zl�5 E]K ?@A�� DFD 5 R{GQI�J�K 5 T0,5 [<G ;�6�? J 6 M0,5? JLG 9<; G�I 5 K7E`J�D ; R�k@E N2; D]8�I ; E 9�6 G¡k<C 6 E]G GQE A I@D^Y�J 6�; I ; D ; S E]K\J�DxGQI@JLK 5 [ T E 6�?>6�; I ; D ; S E]K\J�DN C 9 8@J AB5:9%6 J�D S R ; C@I Γ0,5 V0@Á � ¿UÀ�� )�Â2ÀzÂü¾z¿

S0,5
	 [576

x k 5 J4k@JLG 5 I ; E 9%6a;L9 M0,5 V � 9<5 K:J 9 I@J�R=J AB576 R�EF  56�?@5 G 5¡6 T E]G 6 G ;L9 S0,5 J 9 8 6=?<5\9 JLG�D ;%; I�G ;�9-6�?@5 A-; 8<C<DFE@GQI�J�K 5 [ 1QC�G 6 JLG�E 9 ¦�E S C@R 5 G %<V �\z
%<V ¢ V�¤ 5 8 ;B;�9 D^Y x12 [@G 6 J�R 6 E 9 S N R ;LA 6�?@5m6 J 9 S 5:9%6 E`J�Dik�JLG 5 I ; E 9%6 S EF| 5\9>6=; I ; D ; S E]K:J�DFDFY
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=
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(
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)
=

(
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( −λ
1 − λ
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µ− λ

1 − λ

)
,

ρ
(
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)
=

(
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)
∼

(
1

µ
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√
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√
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2µ−1 , µ) 〈(14)(23)〉
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2λ−1 ) 〈(23)(45)〉
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(λ, λ− 1) 〈(12)(35)〉
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1−λ ) 〈(14)(35)〉
( µ
1−µ , µ) 〈(13)(45)〉

(λ, 1
2−λ ) 〈(12)(45)〉

( 1
2−µ , µ) 〈(14)(25)〉

(λ, λ
λ−1 ) 〈(15)(34)〉

(λ, 1/λ) 〈(15)(24)〉
(λ, 1 − λ) 〈(15)(23)〉
(−1+

√
−3

2 , −1−
√
−3

2
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√
−3

2 , −1+
√
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√
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2 , −1+
√
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2

) [ ( 1−
√

5
2 , −1−

√
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)
〈(12345)〉

(i,−i) [ (−i, i) 〈(1234)〉
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σiσi+1σi = σi+1σiσi+1 J 9 8 σiσj = σjσi E N |i − j| ≥ 2 [ JLG T 5 D]DPJLG 6=?<5 K 5:9%6=5 R
R 5 D]J 6 E ;L9 (σ1σ2σ3σ4)

5 = 1 J 9 8 6�?@5 GQI ?@5 R 5 R 5 D]J 6 E ;�9 σ4σ3σ2σ
2
1σ2σ3σ4 = 1 V
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l ?@5 R 5 E]G ;L9 D^Y ;L9<5 K ;L9 1 C S JLK�Y�K7D]JLG�G 5 JLK ?�;LN"5 D 5:AB5:9%6 G ;LN�; R=8 5 R 2 [ 3 [ 4 J 9 8 5 E 9

Γ0,[5] V ��5:9@5 R=J 6=; RtG ;LN{6=?<5 G 5 K ;L9 1 C S J�K7Y�K7D]JLG�G 5 G�J�R 5 S EF| 5\9 k%Y (σ1σ2σ3)
2 [ σ2

1σ2σ3 [
σ1σ2σ3 J 9 8 σ1σ2σ3σ4 R 5 GQI 5 K 6 E^| 5 D^Y�V��� ÁDÂ�À()�30/´Á -�¾�� '�)6-	À )87 )9-0)²À )�¾z¿N¾#7

M0,[5]

	 ¤ 5 G�J T 6�? J 6 6=?<5 8#EF|�E`G ; R{J 6 E 9 c 9 E 6 Y;LN�6=?<5e; R=8 5 R 5 8 AB; 8#C@DFE�GQI�JLK 5 M0,5 K ;L9 GQE]G 6=5 8 ;LN�6=5:9 K7R ; G=GQE 9 S K ; I<E 5 G ;LN M0,4 [xK ; R z
R 5 GQI ;L9 8#E 9 S 6�;M6�?@5-6=5:9 T J\Y<G ;LN I<E 9 K ? E 9 S J4D ;�; I�GQC<R=R ; C 9 8#E 9 S 6 T ;oA J�R�U 5 8_I ; E 9%6 G;L9

S [E&V 5 V][ 6=?@5-6=5:9 T J\Y<G ;LN K ?@;�; GQE 9 S 6 T ; I ; E 9%6 G�J A-;L9 S c<| 5 V l ? C@G:[ 6�?@5�9 J 6 C<R=J�D
JLK 6 E ;L9M;LN S5

;L9>6=?<5 K ;LA I@JLK 6 EFc�K:J 6 E ;�9 M0,5 I 5 R A C 6�5 G 6=?<5 G 5Z6�5:9 G 6 R=J 6 J<[@J 9 84G ;e6=?<5
K ;LA I�JLK 6 EFc@K\J 6 E ;L9�;LN M0,[5] E`G ; k 6 J�E 9@5 8_k�Y_J�8@8<E 9 S J4GQE 9 S D 5 G 6 R=J 6 C A J 6 E 9 c 9 E 6 Y 6�;
M0,[5] Vl ? E]G¡G 6 R=J 6 C A D ;�; U#G�DFEFU 5�6=?<5 j%C ;�6 E 5:9%6 ;LN M0,4 k%Y 6�?@5 G 6 J�k@EFDFE]  5 R ;LN�5 JLK ? G 6 RtJ 6 C A;LN

M0,5 E 9 S5 V a E 9 K 5e6=?<5 R 5 J�R 5-6�5:9 G 6 R=J 6 J<[ 6�?@5 G 6 J�k@EFDFE]  5 R ;LN"5 JLK ?�;L9<5 E]G ;�N�; R=8 5 R
£ � V l ?<5 G 6 RtJ 6 C A K ; R=R 5 GQI ;L9 8#E 9 S 6�;a6=?<5 I�J�EFR ;�N I ; E 9%6 G i J 9 8 j E]G"c �#5 8�p@y�u2��� ��u�n\r{k%Y6�?@5a6 R=J 9 GQI ; GQE 6 E ;L9 (ij) [�J 9 8MG 6 J�k<EFD]EF  5 8 S D ; k�J�DFD^YMk%Y 6=?<5 K ; I%Y ;LN S3 E 9 GQE]8 5 S5

S E^| 5:9
k�YMJ�DFDI 5 R A C 6 J 6 E ;L9 G{c � E 9 S i J 9 8 j V l ? C�G 6=?<5 G�E 9 S D 5 G 6 R=J 6 C A J 6 E 9 c 9 E 6 Y ;LN M0,[5]

E]GmE`G ;LA-; R�I ? E]K 6=;>6=?<5 j%C ;�6 E 5:9%6a;LN M0,4 k%Y�J S R ; C@I S3 × {±1} T E 6=? S3 J�K 6 E 9 S JLG
C@GQC�J�DJ 9 8 {±1} JLK 6 E 9 S 6 R�E^|#E]J�DFDFY�V l ?<5 c N`6=5:5:9 I ; E 9%6 G ;LN�A J � E A J�D�8 5 S 5:9@5 R=J 6 E ;�9�;L9
M0,5 [ 6�? R 5:5m;LN T ? E]K ? DFE 5Z;L9>5 JLK ?>;LNi6=?<5�6=5:9 K ; 8<E AB5:9 GQE ;L9 £mG 6 R=J 6 J#[<J�R 5 J�DFD A J�I@I 5 86�; J-GQE 9 S D 5 I ; E 9%6{;LNA J � E A J�D8 5 S 5:9@5 R=J 6 E ;L9 E 9 M0,[5] V
� �63 )87²¾#/�� Â2À
�02 -	À 2���Á ){¿ � Â*'�Á4- )8)#/ /²¾,- ) 	 l ?@5 8 576=5 R A E 9 J 6 E ;L9�;LNX6=?<5-; R�k@E N2; D]8
G 6 R�C�K 6 C<R 5�;LN M0,[5] T JLGdI@R 5 I�J�R 5 8�k%Y 6=?<5 8 576=5 R A E 9 J 6 E ;L9�;LN 6�?@5 I ; E 9%6 G ;LN GQI 5 K7E`J�D
J�C 6=;LA-; R�I ? E`G A S R ; C@I�E 9 M0,5 [ N�; R 6�?@5�; R�k@E N�; D`8�I ; E 9%6 G ;LN M0,[5] J�R 5>57� J�K 6 D^Y 6=?<5
E A J S 5 G ;LN�6=?<5 G 5 V
¤ 5 G�J T 6=? J 6 6=?<5 R 5 T 5 R 5 c N�6�5\5:94;L9<57z 8#E A-5\9 GQE ;L9 J�D�D ; K:E ;LN I ; E 9%6 G ;LN G�I 5 K7E`J�DiJ�C 6=;�zA-; R�I ? E]G A S R ; C@IBE 9 M0,5 [ 5 J�K ?�;LN T ? E]K ? E]G 6=?<5 G 576�;LN c �#5 8BI ; E 9%6 G ;LN�;L9@5{;LN�6=?<5 c N`z6�5:5\9 I@R ; 8<C@K 6 G ;LN%6 T ;{6 R=J 9 GQI ; G�E 6 E ;�9 GE 9 S5 V l ?@5 YaJ�R 5 I 5 R A C 6�5 8ak%Y 6�?@5 JLK 6 E ;�9�;LN S5 V\ JLK ?�;L9<5 E]G S D ; k@J�DFDFY�G 6 J�k<E]DFEF  5 8�k%YBJ D4 GQC<k S R ; C<I ;LN S5 J 9 8BI ; E 9%6 T E]G 5 c �#5 8Bk%Y�J 95 D 5:AB5:9%6H;LN�; Rt8 5 R � V l; 8 576�5 R A E 9<5�6=?<5 D ;�; U ;LNi6�?@5 K ; R�R 5 GQI ;L9 8#E 9 S ;L9@57z 8#E AB5:9 GQE ;L9 J�D

GQI 5 K:E]J�D D ; K:C@GeE 9 M0,[5] [�E 6 GQC �BK 5 G 6=; 8 5 G�K:R�EFk 5�6=?<5 j%C ;�6 E 5\9�6-;LN{;L9@5>;LNH6�?@5 G 5 D ; K:E
k�Y�E 6 G J�C 6�;LAB; R�I ? E]G A S R ; C@I D4 V�¤ 5 K ;L9 GQE]8 5 R 6�?@5 D ; K:C@G (0, λ, 1, 1/λ,∞) [ T ? E]K ? E]G5 j%C@J�D 6�; P1 − {0, 1,∞,−1} [<E]GHI ; E 9%6 T E`G 5 c �#5 84k%Y {1, (15)(24)} J 9 8 S D ; k�J�DFD^YoG 6 J z
k<EFD]EF  5 8�k%Y {1, (15), (24), (15)(24), (1254), (1452), (12)(54), (14)(25)} [ T ?@5 R 5 (15)

JLK 6 Gak�Y λ 7→ −λ J 9 8 (1254) JLK 6 Gak%Y λ 7→ −1/λ V l ?@5-; R�k@E N2; D]8�j%C ;�6 E 5:9%6 K:J 9 k 5; k 6 J�E 9<5 8�E 9�6 T ; G 6=5 I@G:V�¦�EFR=G 6 T 5 j%C ;�6 E 5:9%6 k%Y 6�?@5 I ; E 9%6 T E]G 5 JLK 6 E ;L9�;�N�6=?<5 GQC@k S R ; C@I
{1, (15)(24)} [ ; k 6 J�E 9 E 9 S JeGQI@JLK 5 D ;%; U�E 9 S E]8 5:9%6 E]K\J�D 6�; P1 −{0, 1,∞,−1} [�k@C 6 T E 6=?
J Z/2Z J 6�6 JLK ?@5 8 6�;M5 JLK ? I ; E 9%6 V l ?<5:9 [ T 5 j%C ;�6 E 5:9%6a6�? E]GdGQI@JLK 5 k%Y 6=?<5 8 5 S R 5:5B¢A J�I

1

2

(
z2 +

1

z2

)
.

l ?<5 R 5 GQC@D 6 E]G�J P1 T E 6�? �_A E]G�GQE 9 S I ; E 9�6 G:[ 1 J 9 8 ∞ [ J 9 8 ;L9<5 G�I 5 K7E`J�D ; R�k@E N2; D`8
I ; E 9%6 −1 [ T ? E]K ?>? J�G ;L9 D^Y 6�?@5�6 T ; I@R 5 E A J S 5 G i J 9 8 −i V l ? E]G ; R�k@E N2; D]8�E]G 5 j%C@EFI@I 5 8T E 6�? J Z/2Z J 6 5 J�K ? I ; E 9%6 J 9 8>J Z/4Z J 6¡6=?<5 GQI 5 K:E]J�D ; R�k@E N2; D`8>I ; E 9%6 V l ? E`G¡I ; E 9%6
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K ; R�R 5 GQI ;L9 8@G 6=;a6�?@5 I ; E 9%6 G ;LN GQI 5 K7E`J�D�J�C 6=;LAB; R=I ? E]G A S R ; C@I Z/4Z E 9 M0,5
S E^| 5:9 k�Y

(0, i, 1,−i,∞) J 9 8 (0,−i, 1, i,∞) �)J�C 6�;LAB; R�I ? E]G A S R ; C<I S 5\9<5 RtJ 6�5 84k�Y (1254) � Ve�; T K ;L9 GQE`8 5 R 6=?@5 E]G ; D]J 6=5 8 ; R=k<E N2; D]8_I ; E 9%6 G ;LN M0,[5] Vd¤ 5 G�J T 6�? J 6m6=?<5 Y�K ;�AB5N R ;LA % z K�Y<K7D 5 G:[ ¢�z K�Y<K7D 5 G�J 9 8 ' z K�Y<K7D 5 G�E 9 S5 [ 5 J�K ?�;LN T ? E]K ?�? JLG ;L9@5 I�J�E]R ;�N c �#5 8
I ; E 9%6 G\V c�;L9 GQE]8 5 R 6�?@5 I�J�E]R=G ;�N c �#5 8�I ; E 9%6 G ;�Ni¢�z K7Y#K:D 5 G:V � k%|#E ; C@G�D^Y�J�D]D 6=?<5 I�J�EFR=G�k 57z
K ;LA-5 E`8 5:9%6 EFc 5 8eE 9 M0,[5] V�W�C 6�N C<R 6�?@5 R AB; R 5 [ T 5 1QC@G 6 G�J T 6=? J 6�6�?@5 I@J�EFRXK ; R�R 5 GQI ;L9 8 z
E 9 S 6�;�;L9@5 I@J�R 6 E]K7C@D]J�R ¢�z K�Y<K7D 5 [ (1254) [ T ? E]K ? E]G S E^| 5:9 E 9 M0,5 k�Y (0, i, 1,−i,∞)

J 9 8 (0,−i, 1, i,∞) k 5 K ;LAB5 GPJ�GQE 9 S D 5 [ ; R�k<E N2; D]8MI ; E 9%6P;L946=?<5a;L9@57z 8#E AB5:9 GQE ;L9 J�DGQI 5:z
K7E]J�DiD ; K7C�G E 9 M0,[5] Va E A EFD]J�R�D^Y%[ 6�?@5 I@J�EFRtG ;LN c �#5 8�I ; E 9%6 G ;LN % z K�Y<K7D 5 G�k 5 K ;LAB5 E]8 5:9%6 E]c 5 8�E 9 M0,[5] [xG ;6�? J 6 T 5e;�9 D^Y 9@5:5 8�K ;L9 GQE]8 5 R 6=?<5 E A J S 5-;�N�6�?@5 I@J�EFR ;LN c ��5 8oI ; E 9%6 G ;LN�;L9@5 % z K�Y<K7D 5 [
G�J\Y 6=?@5Z;L9@5 S E^| 5:9 E 9¼a�5 K 6 E ;L9 %<V %<V]£L[#c ��5 8>k%Y (135) [ 9 J AB5 D^Y

(
0,

−1 +
√
−3

2
, 1,

−1 −
√
−3

2
,∞

)
and

(
0,

−1 −
√
−3

2
, 1,

−1 +
√
−3

2
,∞

)
.

l ?<5 G 5B6 T ; I ; E 9�6 Gak 5 K ;LAB5 E]8 5:9%6 E]c 5 8�E 9 M0,[5] V�¦�C@R 6�?@5 R AB; R 5 [�JLG 6=?<5 Y�DFE 5�;L9�6=?<5
D ; K7C@G (0, λ, 1, 1/λ,∞) E 9 M0,5 [ 6=?<5 E]R�E A J S 5 D]E 5 G�E 9�6=?<5o;L9<5:z 8<E AB5:9 GQE ;L9 J�DPGQI 5 K7E`J�D
D ; K7C@GHE 9 M0,[5] Vl ?@5 G�J AB5d?@; D]8<G N�; R 6�?@5 I�J�EFR=G ;LN c �#5 8MI ; E 9%6 G ;LN�6�?@5 ' z K�Y<K7D 5 G:V�¤ 5 K ;L9 GQE`8 5 R 6=?<5
I@J�EFR S E^| 5:9 E 9¼a%5 K 6 E ;L9 %<V %<V]£L[#c �#5 8>k�Y (12345) [ 9 J AB5 D^Y

(
0,

1 +
√

5

2
, 1,

−1 +
√

5

2
,∞

)
and

(
0,

1 −
√

5

2
, 1,

−1 −
√

5

2
,∞

)
.

l ?<5 G 5d6 T ; I ; E 9�6 GPI�JLG�G 6=; J�GQE 9 S D 5 I ; E 9%6 E 9 M0,[5] [ T ? E]K ? J�D]G ; DFE 5 G ;L9�6�?@5 GQI 5 K:E]J�D
D ; K7C@G:V
�x(��i( �>. � ��� ����.�� ��3 � � �@/���. � � ��1�� � �L( l ?<5 I ; E 9%6 G ;LNi6�?@5ZA-; 8<C<DFEiG�I@JLK 5 M1,[2]

J�R 5{6=; R�E T E 6=?�6 T ;eA J�R�U 5 8�I ; E 9�6 G¡8 576�5 R A E 9<5 8�C<I 6�;�6 R=J 9 GQD`J 6 E ;L9 VXW 5 K\J�C�G 5P6=?@5 Y�J�R 5
8 576=5 R A E 9@5 8 ;L9 DFYMC@I 6�;�6 R=J 9 GQD]J 6 E ;L9 [ T 5 K\J 9o6 J�U 5 J�C 9 E]j%C 5 R 5 I<R 5 G 5:9%6 J 6 EF| 5�;LN�5 J�K ?
I ; E 9%6m;LN M1,[2]

S E^| 5:9 k%YoJ 9�5 DFDFE]I 6 E]K-K7C@RQ| 5 E 5 j%C<E]I<I 5 8 T E 6=?�6 T ; I ; E 9%6 G P J 9 8 Q
GQC@K ?�6�? J 6 P + Q = 0 V \ | 5 RQY�GQC�K ? K7C@RQ| 54? JLGBJ 9 E 9 | ; DFC 6 E ;L9 � T R�E 6Q6=5:9 z 7→ −z;L9�6=?<5-N C 9 8@J A-5\9�6 J�D�I@J�R=J�D]D 5 D ; S R=J A [ ; R (x, y) 7→ (x,−y) E 9_6�5 R A G ;�N"6�?@5 I ; E 9%6 G � [T ? E]K ?�57� K ? J 9 S 5 G P J 9 8 Q V l ? C@G T 5 G 5:5d6=? J 6�6=?<5�; R=8 5 R 5 8 A-; 8<C<D]E�GQI@JLK 5 M1,2 E`G
I ; E 9%6 T E]G 5a6�?@5 G=J AB5 JLG M1,[2] [<k@C 6 M1,[2] E]G 5 j%C@EFI<I 5 8 T E 6=? J 9 JL8@8#E 6 E ;L9 J�D ; R�k@E N2; D]8
G 6 R�C�K 6 C<R 5 K ;LA E 9 S N R ;LA�6=?<5 I<R 5 G 5:9 K 5Z;LN J 9 E 9 | ; DFC 6 E ;L9 c � E 9 S 5 | 5 RQY>I ; E 9%6 V��� Á �*) ' ' )�¿,+ -0/1)ZÂ/Â + ��¾#2 '	Â

Γ1,2
){¿ �

Γ1,[2]

	 l ?<5 I<C@R 5eA J�I@I<E 9 S K7D]JLG�G S R ; C<I
Γ1,2 E]G S 5:9@5 R=J 6=5 8>k%Y 6=?<5 & 5\?<9>6 T E]G 6 G σ1 [ σ2 [ σ3 J�D ;L9 S 6=?<5 D ;%; I�GHG ?@; T 9 E 9 ¦�E S C@R 5
%<VF£�'�Vl ?@5 G 5�6 T E]G 6 G_G�J 6 E]G N Y 6=?<5 C@G�C@J�Dek<R=J�E]8 R 5 D]J 6 E ;L9 G�k 576 T 5:5:9 6=?<5

σi [eJLG T 5 DFD-JLG
(σ1σ2σ3)

4 = 1 V l ? C�G Γ1,2 E`G4E]G ;LAB; R�I ? E]K 6=;�6=?<5 j%C ;�6 E 5:9%64;LNa6=?<5B_ R 6 E 9 k<R=J�E]8S R ; C<I B4
A-; 8<C<D ; E 6 G-K 5:9%6�5 R\V l ?@5�N C@DFD A J�I@I<E 9 S K7D]JLG�G S R ; C@I Γ1,[2] E`G S 5:9<5 R=J 6�5 8

k�Y 6=?<5 I<C@R 54A J�I<I@E 9 S K7D]JLG�G S R ; C@I 6=; S 576�?@5 R T E 6�? J�GQE 9 S D 5 8<EF� 5:;LAB; R�I ? E]G A K7D`JLG�G57� K ? J 9 S E 9 S 6�?@5Z6 T ;�A J�R�U 5 8MI ; E 9%6 G b E 6 E]GPK ;L9 | 5:9 E 5:9%6{6=;B6 J�U 5d6�? E]G S 5:9@5 R=J 6=; R 6�; k 56�?@5 R ;�6 J 6 E ;L9 c J�R ; C 9 8 6=?<5 | 5 R 6 E]K:J�DJ � E]G E 9 ¦�E S C@R 5 %<V]£�'�V l ? E]G R ;�6 J 6 E ;L94? JLG ; R=8 5 R �
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σ2

1σ

σ3
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Γ1,2
#

J 9 8�E 6 E`G ; k%|#E ; C@G�D^Y�K 5:9%6 RtJ�D"GQE 9 K 5 E 6 K ;LABA C 6�5 G T E 6=? J�DFD 6�?@5 σi V�¦�C@R 6�?@5 R AB; R 5 T 5? J\| 5 Γ1,2 ∩ 〈c〉 = {1} E 9 GQE]8 5 Γ1,[2] GQE 9 K 5�9@;�5 D 5:AB5:9%6e;LN¡6�?@5 I<C@R 5�A J�I<I@E 9 S K7D`JLG�GS R ; C<IMK:J 9 I 5 R A C 6�5Z6�?@5ZA J�R�U 5 8>I ; E 9%6 G:V a%; T 5 c 9 8 6=? J 6
Γ1,[2] ' Γ1,2 × 〈c〉 ' (B4/Z) × Z/2Z.

l ?@5H; R=8 5 R 5 8 AB; 8<C<D]E�GQI�JLK 5 M1,2 K\J 9 k 5 E`8 5:9%6 EFc 5 8 T E 6=?B6=?<5 j�C ;�6 E 5:9�6�;LN M0,5 k�Y6�?@5 G�C<k S R ; C<I S4 ⊂ S5 I 5 R A C 6 E 9 S 6�?@5 c<R=G 6�N2; C<R A J�R�U 5 8�I ; E 9�6 G:V ]q9 8 5:5 8i[ 5 JLK ? I ; E 9%6;LN"6=?<5 j%C ;�6 E 5:9%6 M0,5/S4 E`G S E^| 5:9 k%Y_J 9 C 9@; R=8 5 R 5 8�j%C@JL8<R�C<I@D 5B;LN 8#E]G 6 E 9 K 6 I ; E 9%6 G
J 9 8 ;L9<5 JL8<8<E 6 E ;L9 J�DI ; E 9�60b@6�?@5 j%C�J�8<R�C@I<D 5 8 5:6�5 R A E 9@5 GPJ 9o5 DFDFEFI 6 E`KeK7C<R�| 5 �2k%Y S E^|#E 9 S
E 6 G C 9@; R=8 5 R 5 8�R=J A EFc�K:J 6 E ;L9 I ; E 9%6 G � [<J 9 8 6=?<5 c N�6�? I ; E 9�6 K:J 9 k 5 E]8 5:9%6 EFc 5 8 T E 6=?�6=?<5
x
z K ;�; R=8#E 9 J 6�5m;LNx6=?<5 I ; E 9%6 P −Q � T ? E]K ? E]G¡E 9 8 5 I 5:9 8 5:9%6¡;LNi6=?<5 K ?@; E`K 5�;LN P J 9 8 Q
C<I 6�;-6 R=J 9 GQD]J 6 E ;L9 � V ]q94;�6=?<5 R T ; Rt8<G:[<J�I ; E 9%6 ;LN M0,5 R 5 I<R 5 G 5:9%6�5 8>k�Y (0, 1,∞, λ, µ)6�;m6=?<5 �)E]G ;LAB; R�I ? E]G A K7D]JLG=G ;LN�6=?<5 � 5 DFDFE]I 6 E]KPK7C<R�| 5 S E^| 5:9 k%Y 6=?<5 ¤ 5 E 5 RtG 6 R=JLG�G 5 j%C@J 6 E ;L9
y2 = x(x − 1)(x − λ) [ 5 j�C@EFI@I 5 8 T E 6=? J 9 Y�I@J�EFR ;LN"A J�R�U 5 8�I ; E 9%6 G P J 9 8 Q T E 6=?
µ = x(P − Q) V � k%|�E ; C�GQD^Y�[iK ? J 9 S E 9 S 6�?@5e; R=8 5 R ;LN�6�?@5eN�; C@R�c<R=G 6 I ; E 9%6 G S EF| 5 G�R�E]G 56�; J 9 E]G ;LAB; R�I ? E]K 5 DFD]EFI 6 E]KZK:C<RQ| 5Lb I 5 R A C 6 E 9 S 6=?<5\A J 9 8�R 5:6 C@R 9 E 9 S 6=; G 6 J 9 8<J�R=8 N2; R A;L9 D^Y ? JLG 6=?<5a5 � 5 K 6{;�N R 5 I@D]JLK7E 9 S λ k�Y ;L9<5Z;LN6�?@5 GQE � |�J�DFC 5 G 1/λ [ 1 − λ [ (λ− 1)/λ [
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b G 576�6 E 9 S T = P ′ − P [T 5�? J\| 5 P ′ = T + P J 9 8 Q′ = T + Q [ ; R 5 D]G 5 P ′ − Q′ = Q − P [�E 9 T ? E]K ? K:JLG 5
P ′ − Q = Q′ − P

b G 5:6Q6 E 9 S T = P ′ − Q [ T 5-? J\| 5 P ′ = T + Q J 9 8 Q′ = T + P VeP;�6=5m6=? J 6 µ 6= ∞ 5:9 GQC<R 5 G 6�? J 6 P 6= Q Vl ?@5ZAB; 8<C<DFEGQI@JLK 5 M1,2 K:J 9 k 5 I@J�R=J AB576 R�EF  5 84k%Y4K ; C@I<D 5 G (λ, µ) T E 6�? λ ∈ P1 −
{0, 1,∞} J 9 8 µ ∈ C [ AB; 8#C@D ; J 9B5 j�C@E^|�J�D 5:9 K 5 R 5 D]J 6 E ;�9�N2; R T ? E]K ? (λ, µ) J 9 8 (λ′, µ′)

J�R 5"5 j%C<E^|�J�D 5:9�6 E N J 9 8 ;L9 D^Y 6=?@5"5 j%C@J 6 E ;L9 G y2 = x(x−1)(x−λ) J 9 8 y2 = x(x−1)(x−
λ′) 8 5 G�K:R�EFk 5 E]G ;LAB; R�I ? E]KZK7C<RQ| 5 G:[#J 9 8 µ K ; R�R 5 GQI ;�9 8@G 6=; µ′ C 9 8 5 R 6=?<5 E]G ;LAB; R�I ? E]G A Vl ? E]GPE]G 5:� I@DFE]K:E 6 DFY S E^| 5:9 k%Y 6�?@5�N�; D]D ; T E 9 S 5 j�C@E^|�J�D 5:9 K 5 R 5 D`J 6 E ;L9 S R ; C<I@E 9 S 6=?@5 I�J�EFR=G
(λ, µ) ∈

(
P1 − {0, 1,∞}× C

) E 9%6�;B6=?<5ZN2; DFD ; T E 9 S�S R ; C<I�G ;LN GQE � �
(λ, µ) ∼ (1 − λ, 1 − µ) ∼

(
1

1 − λ
,
1 − µ

1 − λ

)
∼

(
1

λ
,
µ

λ

)

∼
(
1 − 1

λ
, 1 − µ

λ

)
∼

(
λ

λ− 1
,
(

λ

λ− 1

)(
1 − µ

λ

))
.

l ?<5 G�I 5 K7E`J�DI ; E 9%6 G{E 9 M1,2 J�R 5 S EF| 5\9 k�Y 6�?@5 I�J�EFR=G (λ, 0) [ (λ, 1) J 9 8 (λ, λ) V l ?@5 YS R ; C<I4E 9%6�; G 57��6 C@I@D 576 G ;LN�6=?<5aN�; R A
(λ, 0) ∼ (1 − λ, 1) ∼

(
1

1 − λ
,

1

1 − λ

)
∼

(
1

λ
, 0

)
∼

(
1 − 1

λ
, 1

)
∼

(
λ

λ− 1
,

λ

λ− 1

)
.

l ?<5 R 5 E]GMJ 9 ; k%|�E ; C�G4E]G ;LAB; R�I ? E]G A ;LNd6�? E]GMG�C<k�G 576M;LN G 5:�%6 C<I@D 5 G 6=; M S E^| 5:9 k%Y
JLG�G ; K:E]J 6 E 9 S 6�; J�G 5:�%6 C@I<D 576>6=?<5 C 9@; R=8 5 R 5 8 I�J�E]R ;LN |�J�DFC 5 G {λ, 1/λ} ; k 6 J�E 9@5 8�k%Y
K ;L9 GQE`8 5 R=E 9 S ;L9 D^Y 6=?<5 I�J�EFR ;LNZ5 D 5:AB5:9%6 G�E 9�6�?@5 G 5:�%6 C<I@D 576 T ?@; G 5 µ z K ;�A I ;�9@5:9%6 E`G5 j%C@J�D 6=; 0 V �

� Á��*) ��� 	 ]q6 T EFDFD{k 5 G ?<; T 9 E 9 a�5 K 6 E ;L9�¢ VF£ 6�? J 6 T ?<5:9�6�?@5 GQI 5 K7E]J�D{D ; K7C�GBK ; R�R 57z
GQI ;L9 8#E 9 S 6�; J�c 9 E 6�5:zf; R=8 5 R 5 D 5:AB5:9%6 ϕ ;LN J A J�I<I@E 9 S K7D]JLG�G S R ; C@I�E]G 9@; R A J�D�E 9�6=?<5A-; 8<C<DFE�GQI�JLK 5 [ 6�?@5:9o6=?@5dN C 9 8<J AB5:9%6 J�D S R ; C<I ;LN�6�?@5 GQI 5 K7E]J�D�D ; K:C@GPE]GPE]G ;LAB; R�I ? E]K 6�;6�?@5H9@; R A J�DFEF  5 R ;LN ϕ V ]�9B6�?@5 I@R 5 G 5\9�6 K:JLG 5 [ T 5 K:J 9B6 J�U 5 ϕ 6=; k 5 6=?<5{; R=8 5 R ��5 D 5:AB5:9%6
(σ3σ2σ1)

2 ;LN Γ1,2 [�J 9 8>E 6 G 9<; R A J�DFE]  5 R{E]G S E^| 5:9 k%Y
NormΓ1,2

(ϕ) = 〈σ3σ2σ
−1
3 , σ3σ1〉.l ? E]G S R ; C@I K ;L9%6 J�E 9 G ϕ JLG>J�K 5:9%6 R=J�D 5 D 5:AB5:9%6M;�Nd; R=8 5 R � [�J 9 8 AB; 8#C@D ; ϕ [PE 6 E`G

E]G ;LAB; R=I ? E]K 6=; π1(M) = 〈τ2
1 , τ2〉 T ?@5 R 5 τ1 J 9 8 τ2 J�R 5 G 6 J 9 8<J�R=8 S 5:9@5 R=J 6=; RtG ;LN

B3/Z [ 6�?@5¤_ R 6 E 9 k<RtJ�E`8 S R ; C<I ;L9>6=? R 5:5 G 6 R=J 9 8@G AB; 8#C@D ; E 6 G{K 5:9%6�5 R\V]�9�; R=8 5 R 6=; K ;L9 K7DFC�8 5d6=?<5 8 576=5 R A E 9 J 6 E ;L9�;LN�6=?<5 GQI 5 K7E]J�D�D ; K7E�E 9 M1,2 [�E 6 GQC���K 5 G6�; DFE]G 6P6�?@5a5 D 5:AB5:9%6 G ;LN c 9 E 6�5d; R=8 5 RPE 9 Γ1,2 �)GQE 9 K 5 T 5d? J\| 5 J�DFR 5 JL8#Y4K ;�9 GQE]8 5 R 5 8 6=?<5
K:J 9<;L9 E]K:J�D�E 9 | ; DFC 6 E ;L9 E 9 Γ1,[2] � V_W�C 6 J�I@J�R 6eN R ;LA 6=?<5�; R=8 5 R �M5 D 5\A-5\9�6 (σ3σ2σ1)

2

J�DFR 5 JL8#Y>G 6 C@8<E 5 8i[ 6�?@5Z;L9 D^YMGQC@K ?45 D 5:AB5:9�6 �)C@I 6=; K ;L9 1 C S JLK�Y � E`G 6=?<5Z; R=8 5 R ¢B5 D 5\A-5\9�6
σ3σ2σ1 V l ?<5 K ; R�R 5 GQI ;L9 8<E 9 S GQI 5 K7E]J�D�I ; E 9%6�;L9 M1,2 E]G 6�?@5 I ; E 9%6�;L9d6�?@5 GQI 5 K7E]J�D#D ; K:C@G;LN

(σ3σ2σ1)
2 8 5 G�K:R�EFk 5 8�J�k ; | 5 T E 6=? λ z |�J�DFC 5-5 j%C@J�D 6�; −1

bi6�? E]GZI ; E 9%6 K ; R�R 5 GQI ;L9 8@G6�;�6=?<545 DFDFEFI 6 E]KMK:C<RQ| 5>;LN{5 j�C�J 6 E ;�9 y2 = x3 − x T ? E]K ?�? JLG-J�C 6=;LAB; R=I ? E]G A S R ; C<I
Z/4Z

S 5\9<5 RtJ 6=5 8�k%Y (x, y) 7→ (−x, iy) [ 5 j�C@EFI@I 5 8 T E 6=?�A J�R�U 5 8�I ; E 9%6 G (∞,∞) � 6�?@5; R�E S E 9 � J 9 8 (0, 0) V l ?@5�N C 9 8<J AB5:9%6 J�D"I�J�R=J�DFD 5 D ; S R=J A ;LN�6=? E]G 5 DFDFEFI 6 E]K4K7C@RQ| 5 E 9�6�?@5
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C<I@I 5 R ? J�D N�z I@D]J 9@5 H E]G 6=?<5 G�j%C@J�R 5 〈1, i〉 [�J 9 8 6�?@5�A J�R�U 5 8�I ; E 9%6 GeJ�R 5 z = 0 J 9 8
z = (1 + i)/2 [<k ;�6�? c �#5 8>C 9 8 5 R 6�?@5 R ;�6 J 6 E ;�9M;LN6�?@5 G�j%C@J�R 5 V
�x(���( �>. � ��� ��.�/��#�

n
� �@/���. � � ��1�� ����( ]�9�6=? E]G�G 5 K 6 E ;�9 [ T 5 DFE A E 6-; C@R=G 5 D^| 5 G 6�;

E 9 | 5 G 6 E S J 6 E 9 S 6=?<5 I ; E 9%6 G ;LN GQI 5 K7E]J�D�J�C 6�;LAB; R�I ? E]G A S R ; C@I�J 9 8 6�?@5 GQI 5 K7E]J�D"D ; K:E"E 96�?@5 S 5:9 C@Gd  5 R ;�AB; 8<C<D]E�GQI@JLK 5 G N�; R�J�R�k@E 6 R=J�RQY n V ]qN S E]GeJoGQI ?@5 R 5 T E 6�? n A J�R�U 5 8
I ; E 9%6 G\[ 6=?@5:9 Jdc 9 E 6�5:zf; R=8 5 R 5 D 5:AB5:9%6 ;LNx6=?<5�A J�I<I@E 9 S K:D]JLG�G S R ; C<I Γ([S]) E]G 6�?@5 K7D]JLG�G;LN JB8#E]� 5\;�AB; R�I ? E`G A T ? E]K ? E]G{GQE A I@D^YMJeR ;�6 J 6 E ;�9 J�R ; C 9 8>J 9 J � E`G �

1
2

j

j+1
j+2

2j

kj(k−1)j+1
(k−1)j+2

jk+1

jk+2

��� �����
	���-� ������ � � �"��� �
�����	� � � � ����� �
� ��� � ! � � �
�
��� �*!��$�	��� #

l ?@5e9@; R 6=? J 9 8_G ; C 6�? I ; D 5 G A J\Y ; R A J\Y 9@;�6 k 5eA J�R�U 5 8_I ; E 9%6 G:[ik<C 6m6�?@5 Y�J�R 5
J�D T J\Y<G 6=?<5�;L9 D^YMk@R=J 9 K ? I ; E 9%6 G N�; R ϕ V l ?@5 I 5 R A C 6 J 6 E ;L9 J�G=G ; K:E]J 6�5 8 6=; J�R ;�6 J 6 E ;L9
ϕ E]GHJ�D T J\Y<G ;LNi6�?@5mN�; R A c1 · · · ck [ T ?@5 R 5�6�?@5 ci J�R 5 8<E]G�1 ; E 9%6 K�Y<K7D 5 G ;LN D 5:9 S 6�? j GQC@K ?6�? J 6 




jk = n E N6=?<5a9<; R 6=? J 9 84G ; C 6=? I ; D 5 G{J�R 5Z9@;�6HA J�R�U 5 8
jk = n− 1 E N�;L9<5Z;LN6�?@5Z6 T ; I ; D 5 G E]G A J�R�U 5 8
jk = n− 2 E N k ;�6=? I ; D 5 GHJ�R 5aA J�R�U 5 84I ; E 9%6 G:V]q9�6=?<5>N�; DFD ; T E 9 S 6=?<5:; R 5\A [ T 5 K ;LA I@C 6=5�6=?@5 I ; E 9�6 G ;LN GQI 5 K7E]J�D J�C 6=;LA-; R�I ? E`G A JLG z

G ; K:E]J 6�5 8 6�; J4I 5 R A C 6 J 6 E ;L9 [ϕ] T ? E]K ? E`GaJ4I@R ; 8#C�K 6a;LN k 8#E]G�1 ; E 9%6 K�Y<K7D 5 G ;LN D 5\9 S 6=?
j
;L9 D^Y�E 9_6=?<5 K:JLG 5 jk = n − 2 �)E&V 5 V][ T ?<5\9�6=?<5e6 T ; c �#5 8�I ; E 9%6 G ;LN ϕ J�R 5-A J�R�U 5 8

I ; E 9%6 G � [�GQE 9 K 5 E 9M6=?<5a;�6�?@5 R 6 T ; K\J�G 5 G:[ 6�?@5 G�I 5 K7E`J�DiD ; K7C�GHE 9 M0,n E]G 1 C�G 6H6=?<5 E A J S 5;LNi6�?@5m;L9<5 T 5 K ;LA I@C 6=5Z?<5 R 5 E 9 M0,n+1
; R M0,n+2 [#C 9 8 5 R 6=?<5mAB; R�I ? E]G A S EF| 5\9 k%Y5 R=JLGQE 9 S 6=?<5Z5:�%6 R=J A J�R�U 5 84I ; E 9%6 G:V

��� Á,¾���Á�� , 	��
	 ��	 � r:� S ~tr�v�nqp�¥<r7}=r �Xu2�2¥ n � v�}! Lrt���@� � ~tr7}=rt�dp@y�u����2n�[�v����>w]r:� ϕ
~=r��2¥<rd}�y��qv��)ufy���nt¥<y�����u2� 3XuF���#}=r %<VF£ � [ ��u)��¥ n = jk + 2 � utV�r�V��2¥<r 
 ��rt�Zp@y�u�����n�yQ� ϕ
v�}�r � v�}! Lrt�mp@y�u2���2n�yQ� S � [�n\y��2¥<v��

[ϕ] =
(
1 · · · j

)(
j + 1 · · · 2j

)
· · ·

(
j(k − 1) + 1 · · · jk

)
.

� r:� Gϕ ⊂ Sn ~tr��2¥<rBn��@~q��}=y��0p��%r7��r7}�v��qrt�_~ +��2¥<r4��u`n�)\y�u2����s0+�s:w]r�n c1, . . . , ck yQ� [ϕ] V� r:� T ~trd�2¥<rey�}\~7u �:y�wF� 7��y��)u&r7��� S/ϕ [ ��¥%ufs�¥�¥<v
n k � v�}! Lr=�mp<y�u2���2n ��u2�2¥>}=v � u 
�stv��2ufy��
u�����r���£4v���� �4� v�}! �rt�mp@y�u2���2n ��u)�2¥4}�v � u 
�stv��)u&y���u��x��r�� )�V
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�2E � " ¥<r�n\r7�ayQ� 
 �Lrt�Bp@y�u2���2n>yQ� [ϕ] u2���2¥<r4y�}=��r7}=rt� � y0���#w u nqp@v�str M(S) sty��<n�u`n7�2n>yQ�
|(Z/jZ)∗| ��u`n�)\y�u2���¡sty��@��rts:�frt��sty � p@y���r7���2nP��u�*�r7��~0+

Cζ =
(
1, ζ, . . . , ζj−1, a1, a1ζ, . . . , a1ζ

j−1, · · · , ak−1, ak−1ζ, · · · , ak−1ζ
j−1, 0,∞

)
,

(3.5.1)

��¥<r7}�r ζ }����<n>�2¥%}=y��L��¥��2¥<r�p�}�u � u)�2u�*�r j /��2¥�}=y0y���noyQ�����@u)�,+�V��{v�s�¥�sty � p@y���r7����u`n
u�n\y � y�}qp�¥%ufs��qy�v�s=ytp +�yQ� (P1 − {0, 1, ζ, . . . , ζj−1,∞})k−1 � u����%n��2¥<r j(k − 1)

w u���r�n ai = arζ
s �7y�} r 6= i [ 0 ≤ s ≤ j − 1 [�v��x�Bu`nd�2¥%�%ne��r 
���rt��y *�r7} Qab V

�2EFE � " ¥<ranqp@rts7u&vLw�wFy0s7��n-yQ� ϕ u����2¥<r 7�@y��)ufr7���"nqp@v�str M(S)/Gϕ = MGϕ
(S) v�w n\y4sty���/

n�u�n��2nByQ� |(Z/jZ)∗| ��u�n�):y�u2���Hsty��@��rts:�qrt�4sty � p@y���r7���2n Cζ [��2¥<r-u � v\�%r�n-yQ���2¥<r Cζ u2�
�2¥<r 7�@y��)ufr�����nfp@v�str�V��Hv�s�¥ Cζ u�nZu�n:y � y�}qp�¥%ufsa�qy

(P1 − {0, 1,∞})k−1 − ∆ ' M(T ) ' M0,k+2, (4.2.2)

v����Bu�nZ�2¥%�%n���r 
���rt��y *�r7} Q
b ¥<y���r0*�r7}a��¥<rer � ~trt����u2����n M(T ) → Cζ ⊂ M(S)/Gϕ

v�}=re��r 
���rt��y *�r7} Qab V
�2EFE]E � � � �2¥<r�����y�}=��r7}=rt� � y0���#w udnqp@v�s=r M([S]) [��2¥<r�nqp@r=s7ufv�wPwFy0s7�%n�yQ� ϕ sty��<n�u�n��2n�yQ�
v�n�u����Lw]r�sty��@��rts:�qrt��s=y � p@y���r7��� C V � �du`nMu`n\y � y�}qp�¥%u&so�qy��2¥<ro����y�}=��r7}=r=� � y\���#w u
nqp@v�str MG(T ) ��¥%u&s�¥�u`n���¥<r 7�@yL�2ufr7���myQ� M(T ) ~0+��2¥<r-��}=y��
p G yQ���)v�� � u�ntntuf~:wFr��
p@r7} � �#�qv��)u&y��@nL[Pu�V�r�V][�p@r7} � �<�qv��)u&y��<noyQ� � v�}! Lrt��p@y�u����2nMyQ���2¥<r>n:v � r4}=v � u 
�stv��)u&y��
u2����r��i[{v������2¥<r�nqp@v�str MG(T ) v��x�o�2¥<r4r � ~tr=����u���� MG(T ) → C ⊂ M([S]) v�}=r
��r 
���rt��y *�r7} Q V

& ��¾Z¾�7 	 �2E � [�5:6 JPI ; E 9%6�;�9 M(S) k 5 S E^| 5:9 k%YdE 6 GC 9 E]j%C 5 R 5 I@R 5 G 5\9�6 J 6 E^| 5 JLG�J�GQI ?<5 R 5T E 6�? n A J�R�U 5 8MI ; E 9%6 G (x1, . . . , xn) GQC@K ?M6=? J 6 x1 = 1 [ xn−1 = 0 J 9 8 xn = ∞ V ]q6
E]GmE A-AB5 8<E]J 6=5B6�? J 6m6=?<5 K ;LA I ;L9<5:9%6 G Cζ

;LN � %<V '�V]£ � J�R 5 J�DFD"8#E]G,1 ; E 9%6a;L9 M(S) [�GQE 9 K 56�?@5 I ; E 9%6 G 0, 1,∞ J�R 5ZA J�R�U 5 8iVl; G 5\5-6�? J 6d5 JLK ? I ; E 9�6a;LN¡5 JLK ? K ;LA I ;L9<5\9�6 E]Gac �#5 8�k�Y 6�?@5 JLK 6 E ;L9�;LN"6�?@5 I 5 R zA C 6 J 6 E ;L9 [ϕ] [�E 6 GQC ��K 5 G 6=;M9@;�6 E]K 5B6�? J 6Z6�?@5 I 5 R A C 6 J 6 E ;L9 E]GaR 5 J�DFEF  5 8�k%Y A C@D 6 EFI@DFE z
K:J 6 E ;L9 k%Y ζ−1 V l�; G ?<; T 6�? J 6Z6=?@5 G 5 I ; E 9%6 GdJ�R 5e6=?@5-;L9 D^Y�I ; E 9�6 GZc �#5 8�k%Y [ϕ] E]GaJ
G 6 R=J�E S ?%6=N�; R T J�R=8�K ;LA I@C 6 J 6 E ;L9 V�¦�E 9 J�D]D^Y�[<JdI ; E 9�6¡;LN Cζ C 9 E]j%C 5 D^Y�8 576�5 R A E 9<5 G JdI ; E 9%6
(a1, . . . , ak−1) ∈ (P1)k−1 [�k<C 6 K ;L9 | 5 R=G 5 D^Y�[�J 6 C<I@D 5 (a1, . . . , ak−1)

S E^| 5 G�R�E]G 5�6=; J
I ; E 9%6";LN M(S) |#E]J�� %<V '�V]£ � E N J 9 8 ;L9 D^Y-E N�6�?@5 K ;LA I ;L9@5:9%6 G ;LN � %#V('�V]£ � J�R 5 J�DFD�8#E`G 6 E 9 K 6 [
E&V 5 V][<E N J 9 8 6=?@5 ai N C<D]c<DFDJ�DFD 6=?<5 E 9@5 j%C@J�D]E 6 Y4K ;L9 8#E 6 E ;L9 G ;LN �)E � V
�)EFE � l ?<5�N JLK 6�6=? J 6e6�?@5 |(Z/jZ)∗| 8<E]G�1 ; E 9%6 K ;LA I ;L9@5:9�6 G�R 5:A J�E 9 8#E`G�1 ; E 9%6 E 9�6=?<5

j�C ;�6 E 5:9�6 GQI�JLK 5 M(S)/Gϕ
N2; D]D ; T G E ABAB5 8#E`J 6�5 DFY N R ;LA 6�?@5 GQE A I@D 5 R 5:A J�R=U 6=? J 6 5 J�K ?

K ;LA I ;L9<5\9�6 Cζ E`G�G 6 J�k@EFDFEF  5 8M� 9@;�6 I ; E 9%6 T E]G 5 c �#5 8 � k%Y 6�?@5 T ?<; D 5 ;LN#6=?<5 S R ; C<I Gϕ [LG ;6�? J 66�?@5 K ;LA I ;L9@5:9�6 G Cζ = Cζ/Gϕ R 5:A J�E 9 8#E]G,1 ; E 9%6 V l ?@5 JLK 6 E ;L9e;LN Gϕ ;L9 Cζ K\J 9 k 56 R=J 9 GQD]J 6=5 8aE 9�6=; J 9 JLK 6 E ;L9d;L9Z6=; J{K ; I%Y ;LN (P1−{0, 1, ζ, . . . , ζj−1,∞})k−1 A E 9 C@G 6=?<5
j(k−2) DFE 9@5 G ai = arζ

s N2; R r 6= i [ 0 ≤ s ≤ j−1
b�N2; R i ≥ 1 [ 6�?@5 (i+1)

zf6�? S 5\9<5 R=J 6=; R
�2E&V 5 V][ 6�?@5 (i+ 1)

z G 6 8<E]G�1 ; E 9�6 K�Y<K7D 5Z;LN [ϕ] � JLK 6 G¡|�E`J ai 7→ aiζ
N2; R 1 ≤ i ≤ k − 1 V l ?<5

j�C ;�6 E 5:9�6 E]G 6�? C�GE]G ;LAB; R�I ? E]K 6�; (P1−{0, 1,∞})k−1 [�I@J�R=J AB576 R�EF  5 8�k�Y (b1, . . . , bk−1)T E 6�? bi = aji
N2; R 5 JLK ? i [ A E 9 C�G 6=?<5 8<E]J S ;L9 J�D]G bi = bj

b<6=? E]G�GQI@JLK 5 E`GHE]G ;�AB; R�I ? E`K 6�;



�0����	���ªuOu���	x���)� û������Zu%���0�¨	x�����ª»�	��Z¦	����� �*� ô
M0,k+2 ' M(T ) V d�; T 5 | 5 R\[ 5 JLK ?M;LN�6�?@5 |(Z/jZ)∗| 5:A k 5 8<8<E 9 S G fζ : M0,k+2 → Cζ

J�R 5 8 5 c 9@5 8 ; | 5 R Qab GQE 9 K 5 ζ A C�G 6 k 5 G�I 5 K7E]c 5 8iV
�)EFEFE � ¦�E 9 J�DFD^Y�[@J�DFD 6�?@5 G 5 K ;LA I ;L9@5:9%6 GZ�)JLG T 5 DFD�J�G J�DFD 6=?<; G 5 K ; R�R 5 GQI ;�9 8<E 9 S 6=;-;�6=?@5 R

R ;�6 J 6 E ;L9 G ? J\|#E 9 S 6=?<5 G�J A-5 K�Y<K7D 5e6 Y�I 5 JLG ϕ � k 5 K ;LAB5 E]8 5:9%6 E]c 5 8�E 9�6=?<5 C 9@; R=8 5 R 5 8A-; 8<C<DFE�GQI�JLK 5 M([S]) [<G�E 9 K 5ZN2; R{J 9 Y i ∈ (Z/jZ)∗ [ 6�?@5 D ; K7C@G
Cζi =
(
1, ζi, . . . , ζi(j−1), a1, a1ζ

i, . . . , a1ζ
i(j−1), · · · , ak−1, ak−1ζ

i, · · · , ak−1ζ
i(j−1), 0,∞

)

8#EF� 5 RtG N R ;LA
Cζ =

(
1, ζ, . . . , ζj−1, a1, a1ζ, . . . , a1ζ

j−1, · · · , ak−1, ak−1ζ, · · · , ak−1ζ
j−1, 0,∞

)

;L9 D^Y>k%Y>JBI 5 R A C 6 J 6 E ;L9 Vl ?@5 GQI 5 K7E]J�D�D ; K7C�G C E 9�6=?<5 C 9<; R=8 5 R 5 8 A-; 8<C<D]E�GQI@JLK 5 M([S]) E]G�E]G ;LAB; R=I ? E]K 6=;
Cζ

AB; 8<C@D ; E 6 GmG 6 J�k<E]DFEF  5 RaE 9 Sn = Sjk+2 V l ?<5 R 5:N�; R 5 [ 6=; 8 576�5 R A E 9<5 E 6 [ T 5�9@5:5 8 6�;
8 576=5 R A E 9@5 E 6 G{G 6 J�k@EFDFEF  5 R\V
¤ 5 k 5 S E 9 k%Y48 576=5 R A E 9 E 9 S 6=?<5d; R=8 5 R ;LN6=?<5 G 6 J�k@EFDFEF  5 R\[ T ? E]K ? E]G 6�?@5 j%C ;�6 E 5\9�6P;LN

|Sn| k%Y 6=?<5e9 C A k 5 R ;LN 8#E]� 5 R 5:9%6 D ; K7E�K ; R�R 5 G�I ;L9 8<E 9 S 6=; S R ; C<I�G 〈α〉 T ?<5 R 5 α ∈ Sn

E]G�J�I 5 R A C 6 J 6 E ;L9�;�N�6�?@5 G�J AB5 K�Y<K7D 5e6 Y#I 5 JLG [ϕ] [�E&V 5 V][ k K7Y#K:D 5 G ;LN D 5\9 S 6=? j V a�; T 55:9 C AB5 R=J 6=5m6�?@5 S R ; C@I�G 〈α〉 [ T ?<5 R 5 α E]G{J-I<R ; 8<C@K 6{;LN k j z K�Y<K7D 5 G:Vl; k 5 S E 9 T E 6�? [ 6=?<5 R 5 J�R 5 (
n
2

) T J\Y<G ;LN K ?<;�; GQE 9 S 6 T ; E 9 8<E]K 5 G-c �#5 8�k�Y�GQC�K ? J
I 5 R A C 6 J 6 E ;L9 α V d J\|#E 9 S c �#5 8�GQC@K ? JMK ?@; E]K 5 [ T 5 K ; C 9%6Z6�?@5 T J\Y#G ;LN 8#E^|#E]8<E 9 S 6=?<5
I 5 R A C 6 J 6 E ;L9 G ;LN{6�?@5 R 5\A J�E 9 E 9 S jk K ;�A I ;�9@5:9%6 GeE 9%6�; S R ; C<I�G 〈α〉 V l ?@5 R 5 J�R 5 jk
I ; G�GQEFk@D 5�; R=8 5 R�E 9 S G ;LN"6=?@5 R 5:A J�E 9 E 9 S E 9 8#E`K 5 G b I�JLK=U�J S E 9 S 6�?@5:A E 9%6=; j z K�Y<K7D 5 G S EF| 5 G
J�R 5 8<C 9 8@J 9%6 | 5 R=GQE ;L9�;LNm6=?<5 G 576�;LN I ; G�GQEFk@D 5 I 5 R A C 6 J 6 E ;L9 G α ;LNm6�?@5 R�E S ?%6>N�; R A V
W�C 6e5 JLK ?�;LN 6�?@5 k j

z K�Y<K7D 5 GeK:J 9 k 5 T R�E 6�6�5\9 E 9 j 8#EF� 5 R 5:9�6 T J\Y<G S EF|�E 9 S 6�?@5 G�J AB5
I 5 R A C 6 J 6 E ;L9 �)k%YdK�Y<K7DFE]K\J�DFD^Y�I 5 R A C 6 E 9 S 6=?<5:A [�E&V 5 V][ (12345) E`G 6�?@5 G�J AB5 I 5 R A C 6 J 6 E ;L9
JLG (23451) � [iJ 9 8 N C@R 6�?@5 R AB; R 5 J 9 YoI 5 R A C 6 J 6 E ;L9�;�N�6=?<5 k 8<E]G�1 ; E 9%6 K7Y#K:D 5 GmJ AB;L9 S G 65 JLK ?�;�6=?<5 R>J S J�E 9 S EF| 5 G 6�?@5 G�J A-5 I 5 R A C 6 J 6 E ;L9 V l ?@5 R 5\N�; R 5o6�?@5 R 5 J�R 5 jk/(k!jk)
I ; G�GQEFk@D 5 I 5 R A C 6 J 6 E ;L9 G α ;LN�6=?<5 R�E S ?%6HN2; R A [#c � E 9 S 6 T ; S E^| 5:9 E 9 8<E]K 5 G:V�¤ 5 J�K 6 C�J�DFD^YT J 9�6P6�; K ; C 9%6{6�?@5 S R ; C@I�G 〈α〉 [�G ; T 5�A C@G 6 8<E^|#E]8 5 k%Y 6�?@5d9 C A k 5 R ;LN I ; T 5 R=G ;LN αT ? E]K ? J�R 5 J�D`G ; I<R ; 8<C@K 6 G ;LN k j z K7Y#K:D 5 G b<6=? E]G{E]G φ(j) = |(Z/jZ)∗| V�¦�E 9 J�D]D^Y�[ T 5a? J\| 5N�; C 9 8 (

n
2

)
· jk/(k!jkφ(j)) 8<EF� 5 R 5\9�6 S R ; C@I@G 〈α〉 V a E 9 K 5�6�?@5 D ; K7C�G ;LN c �#5 8�I ; E 9%6 G ;LN5 JLK ? GQC�K ? K7Y#K:DFE]K S R ; C<I ? JLG φ(j) K ;L9@9<5 K 6�5 84K ;LA I ;L9<5:9%6 G:[<J 9 8 n = jk + 2 [ T 5 c 9 8

(jk + 2)!

2 · k! · jk

K ;L9<9@5 K 6=5 8>K ;LA I ;L9@5:9�6 G¡E 9�6=?@5�; R=8 5 R 5 8 AB; 8#C@DFEiGQI@JLK 5 M(S)
N2; RHJ�DFD 6=?@5 8<EF� 5 R 5\9�6 α Vl ?<5 ; R=8 5 R ;�N�6�?@5 G 6 J�k@EFDFEF  5 R ;LN�;�9@5 K ;LA I ;L9@5:9%6 E]G 6�? C�G 5 j�C�J�D 6=; 2jkk! [�J 9 8 6�?@5 D ; K:C@G

K ; R�R 5 GQI ;L9 8<E 9 S 6�;-6�?@5 8<E]G�1 ; E 9�6 K�Y<K7D 57zf6 Y#I 5m;LN α E]G E`G ;LA-; R�I ? E]K 6�;-6�?@5 j%C ;�6 E 5:9%6H;LN Cζ;LN � %#V('�V]£ � k%Y>E 6 G{G 6 J�k@EFDFEF  5 R\V
¤ 5 K\J 949@; T 5 JLGQEFD^YMK ;LA I<C 6�5Z6=?<5 G 6 J�k@EFDFE]  5 R ;LN Cζ [ ;L9<5Z;LN6�?@5 D ; K7E�JLG�G ; K7E`J 6�5 8 6�;

[ϕ] = (1 · · · j)(j + 1 · · · 2j) · · · ((k − 1)j · · · jk).



��� ò u�����u´��
	�µ�������
]f6 E]G S 5\9<5 RtJ 6=5 8�k%Y 6=? R 5\5¡9 J 6 C@R=J�D#GQC<k S R ; C<I�G b�6=?<5 c<R=G 6 [ ;LN@; Rt8 5 R k! [LK ; R�R 5 GQI ;�9 8<E 9 S 6�;
I 5 R A C 6 E 9 S 6�?@5 k 8#E`G�1 ; E 9�6 K�Y<K7D 5 G ;LN [ϕ] [ 6=?<5 G 5 K ;L9 8x[ ;LN�; R=8 5 R jk � T ? E]K ? E]G{J�K 6 C�J�DFD^Y
1 C�G 6 Gϕ � [�E]G S 5:9@5 R=J 6�5 8�k%Y 6=?<5 j K�Y<K7D 5 G 6�?@5:A G 5 DF| 5 G:[J 9 8 6=?<5-6=? E]R=8x[ ;LN"; R=8 5 R 2 [iE`GS 5:9<5 R=J 6�5 84k�Y 6=?<5 I 5 R A C 6 J 6 E ;L9

τ =

{
(1, jk)(2, jk−1) · · · ((jk/2), (jk+2)/2) ·(jk+1, jk+2) E N jk E]G 5 | 5:9 [
(1, jk)(2, jk−1) · · · ((jk−1)/2, (jk+1)/2) ·(jk+1, jk+2) E N jk E]G ; 8@8xV

l ? E]G¡D]JLG 6 I 5 R A C 6 J 6 E ;L9 E]G 5 J�G�EFD^Y>G 5:5\9�6=; G 6 J�k<EFDFE]  5 Cζ GQE 9 K 5 J�I@I<D^Y#E 9 S E 6¡6=;�6=?<5 I ; E 9%6
K ; R�R 5 GQI ;L9 8<E 9 S 6�; (a1, . . . , ak−1)

S E^| 5 G
(
ak−1ζ

j−1, . . . , ak−1, ak−2ζ
j−1, . . . , ak−2, . . . , a1ζ

j−1, . . . , a1, ζ
j−1, . . . , 1,∞, 0

)
,

J 9 8 6�?@5:9 J�I@I<D^Y#E 9 S 6�?@5aA J�I@I<E 9 S z 7→ ak−1ζ
j−1/z S E^| 5 G

(
1, ζ, . . . , ζj−1, c1, . . . , c1ζ

j−1, . . . , ck−2, . . . , ck−2ζ
j−1, ck−1, . . . , ck−1ζ

j−1
)

T E 6�? cm = ak−1/ak−m−1 � T R�E 6 E 9 S a0 = 1 � [ T ? E]K ? J�D`G ; DFE 5 G ;L9 Cζ V]q6 R 5\A J�E 9 G ;L9 D^Y 6=; K ;�A I@C 6=5�6=?<5 j%C ;�6 E 5:9%6�;LN Cζ k%Y 6=? E]GG 6 J�k@EFDFE]  5 R\[
k%YZ8 576�5 R A E 9 E 9 S6�?@5 JLK 6 E ;L9M;�N�6�?@5 S 5:9<5 R=J 6�; R=G ;LN6�?@5 G 6 J�k<E]DFEF  5 R ;L946�?@5 ai V�¤ 5 J�DFR 5 JL8�Y4G�J T 6=? J 6
Cζ/Gϕ = Cζ ' (P1 − {0, 1,∞})k−1 − ∆,

I@J�R=J AB576 R�EF  5 84k%Y b1, . . . , bk−1 V l�; j�C ;�6 E 5\9�6 k%Y 6=?<5 R 5 G 6{;LN6=?<5 G 6 J�k@EFDFE]  5 R\[ T 5 E]8 5:9#z6 E N Y (P1 − {0, 1,∞})k−1 − ∆ T E 6�? M(T ) = M0,k+2 [{k%Y E]8 5:9%6 E N Y#E 9 S 6�?@5 I ; E 9%6
(b1, . . . , bk−1) T E 6=? 6=?<5_; R�k@E N2; D]8 GQI ?@5 R 5_;LNa6�; I ; D ; S E]K:J�D 6 Y#I 5 T [ ? J\|#E 9 S A J�R�U 5 8
I ; E 9%6 G (1, b1, . . . , bk−1, 0,∞) T ?@5 R 5 0 J 9 8 ∞ ? J\| 5 J�G=G ; K:E]J 6�5 8�R=J A EFc�K:J 6 E ;L9 E 9 8 57� j
J 9 8 1, b1, . . . , bk−1

? J\| 5 JLG�G ; K:E]J 6�5 8>R=J A EFc�K:J 6 E ;L9 E 9 8 57� 1 V l ?@5:9�6=?<5 I 5 R A C 6 J 6 E ;L9 G;LN�6�?@5
k 8<E]G�1 ; E 9%6 K�Y<K7D 5 G ;LN [ϕ] JLK 6 DFEFU 5 I 5 R A C 6 J 6 E ;L9 G ;�N b0 = 1, b1, . . . , bk−1 [�E&V 5 V][ T 5

j�C ;�6 E 5:9�6 k%YMJ�DFD�I ; G�GQE]k<D 5 I 5 R A C 6 J 6 E ;L9 G ;LN�6=?@5dA J�R�U 5 8MI ; E 9�6 G ;LN T ;LN R=J A EFc@K\J 6 E ;L9
E 9 8 57�>5 j%C@J�D 6�; £L[<J 9 8 6�?@5 I 5 R A C 6 J 6 E ;L9 τ J�K 6 GHDFEFU 5
(b0, b1, . . . , bk−1, 0,∞)

τ−→ (bk−1, bk−2, . . . , b0,∞, 0)

= (1, bk−1/bk−2, . . . , bk−1/b0, 0,∞),

6�?@5 D]JLG 6d6 T ;M6 C@I<D 5 GaR 5 I@R 5 G 5\9�6 E 9 S 6�?@5 G�J A-5 I ; E 9%6 E 9�6=?<5�AB; 8#C@DFE"GQI�JLK 5 M(T ) |#E]J6�?@5�6 R=J 9 G N2; R A J 6 E ;L9 z → bk−1/z V�¦�E 9 J�D]D^Y�[ 6�?@5:9 [ T 5 c 9 8 6=? J 6-6=?<5 GQI 5 K7E]J�D D ; K:C@G
C ⊂ M([S]) E]G�E]G ;LAB; R=I ? E]K 6=; M(T )/Sk×(Z/2Z) [ T ? E]K ? E]G 9 J 6 C<RtJ�D]D^Y 6=?<5 C 9<; R=8 5 R 5 8A-; 8<C<DFExG�I@JLK 5 M([T ])

;LNx6=?<5m; R�k<E N�; D]8 T [�E 9 T ? E]K ?>A J�R�U 5 8�I ; E 9�6 G ;LN 8#EF� 5 R 5\9�6 R=J A-z
EFc@K\J 6 E ;L9o; R=8 5 R=G{K\J 9@9@;�6 k 5 I 5 R A C 6=5 8iV l ? E]G AB; 8#C@DFEGQI�JLK 5 E]GP8 5 c 9@5 8 ; | 5 R Q [�JLGHE`G6�?@5 E]G ;LAB; R�I ? E]G A T E 6�? C V �

½�¾���¾#/1/1)���� 	 " ¥<r�u`n\y � y�}qp�¥%u`n � n�yQ�B�2¥<r�� u�}�}=rt���@s7uf~:wFr>sty � p<y��xr7���2n�yQ�B�2¥<r � nqp@rts7u&v�w
wFy0s7u ��u)��¥ � y0���#w uxnqp@v�str�nHu��dp@v�}7�2n��2EFE � v������)EFEFE � yQ� " ¥<rty�}�r � %<V('�V]£a¥<y�wF�"�:y�}mv�� + 
��@u2�qr /
y�}��%r�}er7w]r � r���� ϕ ∈ Γ([S]) V



�0����	���ªuOu���	x���)� û������Zu%���0�¨	x�����ª»�	��Z¦	����� �*���
& ��¾Z¾�7 	 _P9 Y�c 9 E 6=57zf; R=8 5 R ϕ E]G 6�?@5 K ;L9 1QC S J 6=54;LN J ϕ ? J\|#E 9 S J�I 5 R A C 6 J 6 E ;�9 ;LN6�?@5�6 Y#I 5 [ϕ]

;LN�l ?@5:; R 5:A %<V('%V]£L[ T ? E]K ? T JLG c �#5 8 ;L9 D^Y N�; R{K ;L9 | 5\9 E 5\9 K 5 V � k�|#E ; C�GQD^Y�[N�; R�J 9 Y ;�6�?@5 RPI@R ; 8#C�K 6P;LN k j z K�Y<K7D 5 G:[ ;L9<5d9@5:5 8@G 6=;�A-; 8<E N Y 6=?<5�57� I<R 5 G�GQE ;L9 �,%<V('�V]£ � b5 | 5 RQY 6�? E 9 S 5 D]G 5 E 946=?@5 I<R ;�;LN I�JLG�G 5 G 6�;-6=?<5 S 5:9@5 R=J�D�K:JLG 5 V �

�"����� �@!�$ 	����P��!�$ 	��"� ��� ��!�$ 	�������� ��� ��� ���¡$ �� 

¤ ?<5\9 8 5 J�DFE 9 S T E 6=? GQI 5 K:E]J�D¡D ; K7E E 9�AB; 8#C@DFE G�I@JLK 5 [ 6=?<5>AB; G 6-9 J 6 C@R=J�D j�C 5 G 6 E ;L96�; JLGQU_E`G���¥<v�� *�v�}�u&r:�)ufr�n>stv�� vtp�p@rtv�}�� l ?@5 k<R�E 5\N J 9 G T 5 R�E]G 6�? J 6 �2¥<r�nqp@rts7u&vLwXwFy0s7u
wFy0y  *�r7} + � �@s�¥�w u  �r � y\���<w uZnqp@v�strtno�2¥<r � n\r:w *�r�n7V ]�9�N JLK 6 [ 6=?@5 GQI 5 K7E]J�DPD ; K7C�G ;LN J
c 9 E 6�5:zf; R=8 5 R 5 D 5:AB5:9%6 ϕ E 9_AB; 8#C@DFEXGQI�J�K 5-;LN J 6=; I ; D ; S E]K:J�DXG�C<R N JLK 5 S ;LNX6 Y�I 5 (g, n)

E]G K7D ; G 5 DFY�R 5 D`J 6=5 8 6�;�6=?<5�AB; 8#C@DFExGQI�J�K 5�;LNx6=?<5 j�C ;�6 E 5:9%6 T = S/ϕ V l ? R ; C S ?<; C 6"6=? E]G
G 5 K 6 E ;L9 [��r>s=y��@ntuf��r7}�y���w(+o�2¥<r>stv
n\r ��¥<r7}=r�v�w2w"~7}=v���s�¥�p@y�u2���2n�yQ�B�2¥<r>sty *�r7} S → T

v�}�r � v�}! Lrt�ep@y�u����2n�yQ� T � u � v\�%r�n�yQ� � v�}! Lrt��p@y�u2���2n�y�� S [�J 9 8 T 5 E 9 | 5 G 6 E S J 6=5-6=?<59 J 6 C<R 5Z;LN6�?@5 GQI 5 K7E]J�DiD ; K7E�E 946�?@5aA-; 8<C<DFE�GQI�JLK 5a;�N S VO{5 K:J�DFD N R ;LARa%5 K 6 E ;L9 � V]£ 6�? J 6 Jd��y0y0� ; R�k<E N�; D]8 M E]G 6=?@5 j%C ;�6 E 5:9%6X;�N JZGQE A I<DFYBK ;L9#z9<5 K 6�5 8 6�; I ; D ; S E]K:J�D�GQI@JLK 5 T k�Y�Ja8<E]G�K7R 576�5 S R ; C@I Γ J�K 6 E 9 S I<R ; I 5 R�D^YB8<E]G�K ;�9%6 E 9 C ; C�GQD^Y
k<C 6d9@;�6�9<5 K 5 G�G�J�R�EFDFY N R 5:5 D^Y%[�J 9 8 6=? J 6 J�DFD 6=?@5�AB; 8#C@DFE"GQI�JLK 5 G ;LN¡O E 5:A J 9@9 GQC<R N JLK 5 G
J�R 5 GQC�K ?�; R�k@E N2; D]8<G\V l ?@5 w]y0s7�%nByQ�Znqp<rts7ufv�w�y�}\~7u �7y�w]�ap@y�u2���2n ;L9o6=?<5d; R�k@E N2; D]8 M E`G 6=?<5
G 576¡;�N I ; E 9�6 G"E 9 M T ? E`K ? J�R 5{6=?<5 E A J S 5 G ;LN I ; E 9%6 G�E 9 T

? J\|#E 9 S 9@;L9%6 R�E^|#E]J�D�E]G ;�6 R ; I%Y
E 9 Γ V _ nqp@rts7ufv�w�w]y0s7�%n ;LN I ; E 9%6 G¡E 9 M E]GHJ 9 Y�GQC<k�G 576 ;LN�6�?@5 D ; K7C@G ;LN GQI 5 K:E]J�D ; R�k@E N2; D`8
I ; E 9%6 G\V
0@Á�7 )�¿ )�À )�¾z¿
	���¾{À()²À )�¾{¿ 	 [�576

S k 5 J 6�; I ; D ; S E`K:J�DXGQC@R N JLK 5-;LNX6 Y#I 5 (g, n) [J 9 8�D 576
G ⊂ Sn k 5 JdGQC@k S R ; C@IiV [�5:6 M(S) 8 5:9<;�6=5H6=?<5P; R=8 5 R 5 8 AB; 8<C@DFE�GQI�JLK 5 Mg,n � T ?<; G 5
I ; E 9%6 G�J�R 5 E]G ;LAB; R�I ? E]G A K7D`J�G=G 5 G ;LN�O E 5\A J 9@9 GQC<R N JLK 5 G ;LN%6�; I ; D ; S E`K:J�D 6 Y�I 5 S � [�J 9 8ZD 576
MG(S) 8 5:9<;�6=5�6=?<5 j�C ;�6 E 5:9�6;LN%6�?@5�; R=8 5 R 5 8 AB; 8#C@DFE�GQI@JLK 5 M(S) k%Y 6�?@5 I 5 R A C 6 J 6 E ;L9S R ; C<I G V [�576 Γ(S) 8 5:9@;�6�5�6=?@5 I<C@R 5�A J�I@I<E 9 S K7D]JLG�G S R ; C<I Γg,n �2E`G ;LA-; R�I ? E`K 6�;
Diff+(S)/Diff0(S) [�G 5:5�a%5 K 6 E ;L9$� V]£ � J 9 8>D 5:6 Γ([S]) 8 5:9@;�6�5m6=?<5aN C@DFD A J�I<I@E 9 S K:D]JLG�GS R ; C<I Γg,[n] V4¤ 5 J�D]G ; T R�E 6=5 ΓG(S)

N2; R 6�?@5 I@R 5 E A J S 5�;�N G C 9 8 5 R 6�?@5 K\J 9<;L9 E]K:J�D
GQC<R,1 5 K 6 E ;L9 Γ([S]) → Sn V
]qN
ϕ E]GoJ�c 9 E 6�5:zf; R=8 5 R 5 D 5:AB5:9%6o;�N�6=?<5�N C<D]D A J�I<I@E 9 S K7D]JLG�G S R ; C<I Γ([S]) [ T 5 D 5:6
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s7u&v�w�v��#�qy � y�}qp�¥%u�n � n J 9 8�nqp@rts7u&v�w<wFy0s7��n{v
ntn\y0s7u&v��qrt�Z�qyev	
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K ;LA I ;L9<5\9�6{;LN6�?@5 G�I 5 K7E`J�DiD ; K7C�G ;LN J-c 9 E 6�5:zf; R=8 5 R 5 D 5:AB5:9%6 ϕ ∈ Γ([S]) E 946=?@5 S 5:9 C@G
  5 R ;�AB; 8<C<D]EPGQI@JLK 5 Mϕ(S) E]G�E 6 G 5 D N E]G ;LAB; R�I ? E]K 6=;�6�?@5o; Rt8 5 R 5 8 AB; 8#C@DFEPGQI�J�K 5M;LN
T = S/ϕ V ]�946=? E]GPG 5 K 6 E ;L9 [ T 5 S E^| 5a6�?@5 S 5\9<5 RtJ�D�I<E]K 6 C@R 5 C 9 8 5 R�D^Y#E 9 S 6=? E`G N JLK 6 V l ? E]GS 5:9<5 R=J�D�I@E]K 6 C@R 5 E]G T 5 J�U 5 R 6�? J 9�6�?@5 S 5:9 C�GZ  5 R ; K:JLG 5 [�E 9�6�? J 6 E 9 J�R�k<E 6 R=J�RQY S 5:9 C�G:[
J�GQI 5 K:E]J�DZD ; K7C�G ;LN ϕ ∈ Γ([S]) E]G_}=r:wFv��qrt� 6=;�6�?@5_A-; 8<C<DFEaGQI�JLK 5 M(T ) [�k<C 6>9@;�69<5 K 5 G�G�J�R�EFDFY>E]G ;�AB; R�I ? E`K 6=; E 6 V
¤ 5 k 5 S E 9 k%Y K7E 6 E 9 S G ;�AB5 E A I ; R 6 J 9%6 R 5 GQC@D 6 G ;LN ��;L9  ���D 5   z &�� 5  �J 9 8 d J�RQ| 5 Y

� � �gdP�qb G 5\5 J�D]G ; � d [ l ?@5:; R 5:A � J 9 8 c�; R ; DFD]J�RQY % � � [mJ�I@I@DFE 5 8 6�;�6=?@5 K:JLG 5 T ?<5 R 56�?@5 c 9 E 6=5 S R ; C@I G ⊂ Γ([S])
6�?@5 Y4K ;L9 GQE]8 5 RHE]G 6=?<5 K�Y<K7DFE]K S R ; C<I 〈ϕ〉 V
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T = S/ϕ u�n�yQ�{�%r7�@�%n g′ ��u)��¥ n′ � v�}! Lrt�mp@y�u����2n�[�u2��s:w �@��u2���>v�w2wi�2¥<re~7}=v���s�¥�p@y�u2���2nLV
�2E � �er7��y��qr�~0+ T(S)ϕ �2¥<r-n��@~�n\r:�PyQ�Pp@y�u����2n�yQ�e�2¥<r " r7ufst¥ � # w2w]r�}�nqp@v�str T(S) = Tg,n


 ��rt��~0+ ϕ [�v�����~0+ T(S, ϕ) �2¥<rmn\r:�¡yQ�"p@y�u2���2n 
 ��rt��~0+�v�� +�sty�� )��L�%v��qr�yQ� ϕ V " ¥<r7�
T(S)ϕ u�n_u�n:y � y�}qp�¥%ufs��qy Tg′,n′ = T(T ) v��x� T(S, ϕ) u�n_�2¥<r����@ufy�� yQ��stytp�ufrtn
γ(T(T )) �7y�}a}=r�p�}=r�n\r����fv��)u�*�r�n γ yQ�Z�2¥<r NormΓ([S])(ϕ) /Qsty
n:r:�2nau�� Γ([S]) V
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�2EFE � " ¥<ran\r:�HyQ��r:w]r � r7���2n-yQ� Γ([S]) �Lw]y�~tv�w�w(+Zp�}=r�n\r7} *0u����>�2¥<rdn��@~�n\r:� T(S, ϕ) u2� T(S)

u�n�r���v�s:�)w(+��2¥<rZn���~f��}=y��0p NormΓ([S])(ϕ) V
�2EFE]E � 3y�}�r0*�r7} + G ⊂ Sn sty����qv�u2�@u2�����2¥<r{p<r7} � �#�qv��)ufy�� [ϕ] v
n=n\y0s7ufv��qr=���qy ϕ [��2¥<r 7�@y /
�)ufr7��� M̃G(S, ϕ) = T(S, ϕ)/NormΓG(S)(ϕ) u�nBu�n:y � y�}qp�¥%ufs��qyo�2¥<r���y�} � v�w u�n\v��)u&y��
yQ�Z�2¥<ranfp@rts7ufv�wxw]y0s7�%n MG(S, ϕ) ⊂ MG(S) V
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Gϕ k 5"6=?@5 GQC@k S R ; C@I ;LN Sn S 5\9<5 R=J 6=5 8�k�Y 6=?<5 8#E`G�1 ; E 9%6 K�Y<K7D 5 G ;LN<6�?@5 I 5 R A C 6 J 6 E ;L9

[ϕ] V�¤�R�E 6�5 Mϕ(S)
N�; R 6�?@5 j%C ;�6 E 5:9%6 GQI�J�K 5 MGϕ

(S) = M(S)/Gϕ [�J 9 8 Mϕ(S, ϕ)N�; R 6�?@5 T ?@; D 5-;LNX6=?<5 GQI 5 K:E]J�D�D ; K:C@G ;LN ϕ E 9 Mϕ(S) V�¤ 5 J�D]G ; T R�E 6=5 Γϕ(S)
N�; R 6�?@5S R ; C<I ΓGϕ

(S) [ 6�?@5 I<R 5 E A J S 5 E 9 Γ([S])
;LN 〈[ϕ]〉 C 9 8 5 R 6=?@5 G�C<R,1 5 K 6 E ;L9 Γ([S]) → Sn Vl ?@5 R 5 E]GHJeK7R�E 6=5 R�E ;L9 �&G 5:5B� �gd [ a�5 K 6 E ;L9 �0� � 6�; 8 5:6�5 R A E 9@5 T ?<5\9�6=?@5 GQI 5 K7E]J�DxD ; K:C@G

Mϕ(S, ϕ) E]G 9@; R A J�DfV
�����

M̃ϕ(S, ϕ) v���� Mϕ(S, ϕ) v�}=ra��u`n7�)u2��s:��u �mv����By���w +�u �P�2¥<r7}=rPu�nZv��Hufr � v��@�
n���})�:v�str X yQ�B�qytp@y�wFy=��ufstv�w��,+tp@r S ��¥<y
n\r>v��#�qy � y�}qp�¥%u`n � ��}�y��
p G sty����qv�u2�<n ϕ
v�����v���y��2¥<r7}�r:w]r � r7��� ϕ′ yQ� Γϕ(S) [Xn��@s�¥��2¥<v�� ϕ′ u�n�vosty�� )��L�%v��qr�yQ� ϕ u2�<n�u&��r
Γϕ(S) ~7�<�X��y��"u��@ntuf��r G V

¤ 5_9@; T E 9%6 R ; 8#C�K 5 J�I@R ; I ; GQE 6 E ;L9 T ?<; G 5 I<R ;�;LN E]G 6=?@5 S ; J�D ;LN7a�5 K 6 E ;L9 ¢ V � �)G 5\5h R ; I ; GQE 6 E ;L9M¢ V � V � � V
& ��¾(',¾ZÂ*)�À+))¾z¿ � 	��	��
	 " ¥<r7}�rdu`nev�stv���y��@ufs=v�wxu�� )\rts:�2u�*�rZ¥<y � y � y�}qp�¥%u�n �

NormΓϕ(S)(ϕ)/〈ϕ〉 ↪→ Γ(T ), (4.1.1)

��¥<y
n\rau � v\�%rau`neyQ� 
��@u)�qrau2����r��xVl ? E]GHD 5 JL8@G 6=;-6=?<5aA J�E 9 R 5 GQC@D 6{;LN6�? E]G{G 5 K 6 E ;L9 V
& ��¾(',¾ZÂ*)�À+))¾z¿ � 	��	5, 	 " ¥<r � y�}qp�¥%u�n �

Mϕ(S, ϕ) → M(T ) (4.1.2)

��r 
���rt�a~0+dv
ntn\y0s7u&v��)u2���Z�qydv¡p@y�u�����yQ� Mϕ(S, ϕ) � ��¥%ufs�¥du�n �2¥<r u`n\y � y�}qp�¥%u�n � s:wFv
ntn{yQ� v
�Hufr � v��@��n���})�:v�str X v�� � u)�&�)u��#� ϕ v
nPv��Mv��#�qy � y�}qp�¥%u�n � � �2¥<r�7�@y��)u&r7��� X/ϕ ∈ M(T )

u`n�v>sty *�r7}�u���� � vtp�yQ� 
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X k 5 J�I ; E 9%6 T ?@5 R 5 Mϕ(S, ϕ) E`G 9@;�6B9@; R A J�D&[¡J 9 8�GQC@I@I ; G 5>6=? J 6
X 7→ Y ∈ M(T ) C 9 8 5 R>� ¢ V]£LV � � V�¤ 5 D]E N�6e6�?@5�AB; R�I ? E]G A � ¢ V]£LV � � 6�; M̃ϕ(S, ϕ) k%Y
G 5:9 8#E 9 S J�DFD 6�?@5 I ; E 9%6 GHD^Y#E 9 S J�k ; | 5 X 6�;

Y [<J 9 8 T 5 G ?<; T 6�? J 6 6=?<5aAB; R�I ? E]G A
M̃ϕ(S, ϕ) → M(T ) (4.1.3)

E]GeJ�K ; | 5 R�E 9 S A J�I ;LN c 9 E 6�5 8 5 S R 5:5 V ]f6 E]G 5:9<; C S ?�6=; G ?<; T 6�? J 6e5 JLK ? EFR�R 5 8<C@K:EFk<D 5
K ;LA I ;L9<5\9�6m;LN Mϕ(S, ϕ) S EF| 5 GmJ�c 9 E 6=5 K ; | 5 R�E 9 S VZ¦ ; R 6=? E]G:[ T 5 C�G 5-l ?<5:; R 5:A+¢ V]£LV]£
J 9 8 h R ; I ; G�E 6 E ;�9�¢ V]£LV � V�¦�EFR=G 6 D^Y�[#GQE 9 K 5 〈ϕ〉 c �#5 G 5 | 5 RQY�I ; E 9%6�;LN T(S)ϕ [ 6�?@5 J�K 6 E ;L9�;LN
NormΓϕ(S)(ϕ)

N JLK 6=; R=G 6=? R ; C S ?�6=?@5 j�C ;�6 E 5:9%6 S R ; C@I NormΓϕ(S)(ϕ)/〈ϕ〉 [@J 9 8 6=?<5 R 5
E]GHJ�K:J 9<;L9 E]K:J�D ;L9<5:z&6=;�zq;L9<5 K ; R�R 5 G�I ;L9 8 5:9 K 5

T(S)ϕ/NormΓϕ(S)(ϕ) ↔ T(S)ϕ/
(
NormΓϕ(S)(ϕ)/〈ϕ〉

)
(4.1.4)
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� 6=?<5 8#EF� 5 R 5:9 K 5 k 576 T 5:5\9�6=?<5�6 T ; GQI�JLK 5 G¡E]G ? E]8@8 5:9 E 9�6=?@5�; R�k@E N�; D]84G 6 R=C@K 6 C<R 5 8<C 5P6�;6�?@5 JLK 6 E ;L9M;�N 〈ϕ〉 c � E 9 S 5 JLK ? I ; E 9%6 � Ve�; T [iC�GQE 9 S l ?<5\; R 5:A ¢ VF£LV]£L["� ¢ V]£LV ¢ � J 9 8 h R ; I ; G�E 6 E ;�9�¢ V]£LV � [ T 5B? J\| 5 J 9 J 6 C<R=J�D
G 5 j%C 5:9 K 5Z;LN�A-; R=I ? E]G A G
T(S)ϕ → T(S)ϕ/NormΓϕ(S)(ϕ) ' M̃(S, ϕ) ↔ T(S, ϕ)/

(
NormΓϕ(S)(ϕ)/〈ϕ〉

)

' T(T )/
(
NormΓϕ(S)(ϕ)/〈ϕ〉

)
→ T(T )/Γ(T ) ' M(T ). (4.1.5)

l ? E]G�G ?<; T G 6�? J 6�5 JLK ? EFR�R 5 8#C�K7EFk@D 5 K ;LA I ;L9@5:9%6B;LN Mϕ(S, ϕ) E]G�J�K ; | 5 R ;LN M(T ) [
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I ; G�GQEFk@D 5{6�; J 9 E]G ;LAB; R�I ? E]G A � [ S E^| 5:9�6�?@5 8#EF� 5 R 5:9 K 5 E 9�; R�k@E N�; D]8�G 6 R�C�K 6 C<R 5 8<C 5H6�;a6=?<5S R ; C<I 〈ϕ〉 V
�i(��( � �X. �%1���� � � � ��� ��/ � ��1���� ���X.	��3�.�. � � ������1,���"���,� ��� ��/�� ������( ]�9�6=? E`G
G 5 K 6 E ;L9 [ T 5 G 6 C@8#Y 6�?@5 nqp@rts7u&v�w{¥<y � y � y�}qp�¥%u`n � n�k 576 T 5:5\9 A J�I<I@E 9 S K:D]JLG�G S R ; C<I�G
K ;LA E 9 S N R ;LA�6�?@5 GQI 5 K:E]J�D AB; R�I ? E]G A G

Mϕ(S, ϕ) → M(T ),

; RHR=J 6�?@5 R\[ N R ;LA�6�?@5 EFR{DFE N�6 E 9 S G
M̃ϕ(S, ϕ) → M(T )

E 9%6 R ; 8<C@K 5 8_E 9_6�?@5 I@R 5 |#E ; C�GZG 5 K 6 E ;L9 V�W"Y l ?@5:; R 5:A ¢ V]£LV]£L[ 6=?<5�; R�k<E N�; D]8 N C 9 8@J A-5\9#z6 J�D S R ; C<I ;LNP5 JLK ? EFR�R 5 8<C�K7EFk@D 5 K ;LA I ;L9<5\9�6B;LN M̃ϕ(S, ϕ) E`G NormΓϕ(S)(ϕ) [¡G ;�6�?@5A-; R�I ? E]G A � ¢ VF£LV % � S E^| 5 G{R�E]G 5Z6�; J ?@;�AB;LAB; R�I ? E]G A
NormΓϕ(S)(ϕ) → Γ(T ).l ?<5 S ; J�D ;LN�6=? E`G"G 5 K 6 E ;L9 E]G 6=; G 6 C@8#Y 6�? E]G AB; R�I ? E]G A �)C@GQE 9 S 6=?<5 E]8 5:9%6 EFc�K:J 6 E ;L9�;LN�6=?<5A J�I@I<E 9 S K7D]JLG�G S R ; C@I@G T E 6=?4; C 6=5 RHJ�C 6=;LAB; R=I ? E]G A S R ; C@I@G ;LN�N C 9 8<J AB5:9%6 J�D S R ; C@I@G � [

E 9�; R=8 5 R 6=; I@R ; | 5B6=? J 6e9<;�6�;L9 D^Y�8 ;%5 GdE 6eN J�K 6�; R 6�? R ; C S ? NormΓϕ(S)(ϕ)/〈ϕ〉 [�k<C 66�? J 6 6=?<5 E 9 8#C�K 5 8 A-; R�I ? E`G A
NormΓϕ(S)(ϕ)/〈ϕ〉 → Γ(T )

E]G J 9 E 9 1 5 K 6 E^| 5Z?<;LAB;LAB; R�I ? E]G A T E 6=? E A J S 5�;LN c 9 E 6=5 E 9 8 57� V l ? E]G�E]G 6=?<5 c 9 J�D�R 5 GQC@D 6;LN{6=? E`G�G 5 K 6 E ;L9 � h R ; I ; GQE 6 E ;L9�¢ V � V � � S E^| 5\9 JLG h R ; I ; G�E 6 E ;�9 ¢ VF£LV � J�k ; | 5 V ]q9�; R=8 5 R6�; I<R ; | 5 E 6 [ T 5 K ? J�R=JLK 6=5 R�EF  5e6=?@5B9<; R A J�DFE]  5 R ;LN ϕ E 9 Γϕ(S) JLG 6=?<5 G 576d;LN E 9<5 R 6 E]J z
I<R 5 G 5 RQ|#E 9 S ; C 6�5 R-J�C 6�;LAB; R�I ? E]G A G ;LN π1(S) T ? E`K ?�57��6�5:9 8 6�; π1(T ) �&G 5:5M[5:ABA J¢ V � V % � [@J 9 8 T ; R=U�E 946=? J 6 K ;�9%6=57��6 V[576

S k 5 J 6=; I ; D ; S E]K:J�DHGQC@R N JLK 54;LNH6 Y�I 5 (g, n) [�J 9 8 T R�E 6�5 Γ([S]) = Γg,[n]
N2; R6�?@5�A J�I<I@E 9 S K7D]JLG�G S R ; C@I ;LN S I 5 R A C 6 E 9 S I ; E 9%6 G�J 9 8 Γ(S) = Γg,n

N2; R 6�?@5 I@C@R 5A J�I@I<E 9 S K7D`JLG�G S R ; C@IiV [576 ϕ k 5 JZc 9 E 6�5:zf; R=8 5 R 5 D 5:AB5:9%6";LN Γ([S]) [%J 9 8-G 576 T = S/ϕ
b
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��r�v
ntn�� � ra�2¥<v���v�w2wi~7}=v���s�¥dp@y�u2���2ndyQ���2¥%u�ndsty *�r7} � v����B�2¥<r7u2}�p�}=r7u � v\�%r�n ��v�}=r � v�}! Lrt�
p@y�u����2n7V [�5:6 g′ 8 5:9<;�6=5�6=?<5 S 5:9 C@G ;�N T J 9 8 n′ 6=?<5-9 C A k 5 R ;LN"A J�R�U 5 8�I ; E 9�6 G bi6=?<5N C 9 8@J AB5:9%6 J�D S R ; C@I ;LN T E]G S EF| 5:9 k%Y S 5\9<5 RtJ 6=; R=GHJ 9 84R 5 D]J 6 E ;L9 G{JLG

π1(T ) =
〈
a1, b1, . . . , ag′ , bg′ , c1, . . . , cn′

∣∣∣
g′∏

i=1

(ai, bi)c1 · · · cn′ = 1
〉
. (4.2.1)

O{5 K:J�DFD 6�? J 6H6�?@5 S R ; C@I ;LN E 9@5 R 6 E]J z I@R 5 G 5 R�|�E 9 S J�C 6�;LAB; R�I ? E]G A G ;LN π1(T ) [@8 5\9<;�6=5 8
Aut∗

(
[π1(T )]

)
,

E]GH8 5 c 9<5 8 6=; k 5m6�?@5 S R ; C@I ;LN J�C 6�;LAB; R�I ? E]G A G
{
ψ ∈ Aut

(
π1(T )

)
| ∃σ ∈ Sn such that ψ(ci) ∼ cσ(i) for 1 ≤ i ≤ n′

}
,

T ?<5 R 5 ∼ AB5 J 9 G � E]GHK ;�9 1QC S J 6=5m6�; � V�¤ 5 G�J T �)G 5\5dl ?<5\; R 5:A � V � V]£ � 6=? J 6
Γ([T ]) = Out∗([π1(T )]), (4.2.2)

6�?@5 j%C ;�6 E 5:9%6�;LN Aut∗([π1(T )]) k%Y Inn(π1(T )) V _ G�E 97a�5 K 6 E ;L9�� V � [ T 5�? J0| 5 J 9 J 6 C@R=J�D
GQC<R,1 5 K 6 E^| 5a?<;LAB;LAB; R�I ? E]G A

Aut∗
(
[π1(T )]

)
→ Sn

ψ 7→ σ,
(4.2.3)

T ? E]K ? I�JLG�G 5 G 6�; Out∗([π1(T )]) V
W 5 K:J�C@G 5 T = S/ϕ [ T 5Z? J\| 5m6=?<5a57� JLK 6 G 5 j�C 5:9 K 5

1 → π1(S) → π1(T ) → 〈ϕ〉 → 1. (4.2.4)

l ?<5 j%C ;�6 E 5:9%6 〈ϕ〉 E]GaJ 9�; C 6�5 RZJ�C 6�;LAB; R�I ? E]G A S R ; C@I ;LN π1(S) [ T ? E]K ? E]G 9 J 6 C@R=J�DFD^Y
E]8 5\9�6 EFc 5 8 T E 6=?�6=?<5 GQC@k S R ; C@I 〈ϕ〉 ;LN Γ([S]) = Out∗([π1(S)]) [ G 5:546=?<5MN�; DFD ; T E 9 S
D 5:ABA J#V

� Á�� � ) � 	��
	��	 " ¥<rZ¥<y � y � y�}qp�¥%u�n �
π1(T ) ↪→ Aut([π1(S)])

t 7→ inn(t)|π1(S)

(4.2.5)

u`nZu2� )\r=s:�)u�*�r�[�v�����u2�2nZu � v\��r�w ufr�nZu2� Aut∗([π1(S)]) V
& ��¾Z¾�7 	 [�576

ϕ̃ k 5 J�DFE N�6 E 9 S ;LN ϕ 6�; π1(T ) E 9 � ¢ V � V ¢ � V ]�N r E]G 6�?@5�; R=8 5 R ;LN ϕ [ 6�?@5:9
ϕ̃r ∈ π1(S) [�G ;�5 | 5 RQY 5 D 5:AB5:9%6m;LN π1(T ) K:J 9 k 5 T R�E 6Q6=5:9 sϕ̃m T E 6=? s ∈ π1(S) J 9 8
0 ≤ m ≤ r − 1 V a C<I@I ; G 5-6=? J 6 sϕ̃m A J�I@G 6=;46=?<5 E`8 5:9%6 E 6 Y�E 9 � ¢ V � V ' � V ]�N m = 0 [6�?@5:9

s = 1 k 5 K:J�C@G 5�6�?@5 R 5 G 6 R�E]K 6 E ;L9�;LN � ¢ V � V ' � 6�; π1(S) E]GdE 9 1 5 K 6 E^| 5 [�GQE 9 K 5 π1(S)

E]G�K 5:9�6=5 R zqN R 5:5 V ]�N
1 ≤ m ≤ r − 1 [ 6=?<5:9�6�?@5 E A J S 5M;LN sϕ̃m C 9 8 5 R 6�?@5 E 9 8#C�K 5 8?<;LAB;LA-; R=I ? E]G A

π1(T ) → Aut([π1(S)])/ Inn(π1(S))

E]G 5 j%C@J�D 6=; ϕm [ T ? E]K ? E]G 9<;L9%6 R�EF|�E`J�D"GQE 9 K 5 1 ≤ m ≤ r − 1 [G ; sϕ̃m K\J 9<9@;�6 DFE 5 E 96�?@5 U 5 R 9@5 D ;LN � ¢ V � V(' � V l�; G 5\5m6�? J 6 6=?<5 E A J S 5a;LN � ¢ V � V(' � DFE 5 GHE 9 Aut∗([π1(S)]) [ 9<;�6=5



� � ó u�����u´��
	�µ�������
6�? J 6 π1(T ) E]G S 5:9@5 R=J 6=5 8�k%Y π1(S) J 9 8 ϕ̃ [J 9 8 6=?<5 E A J S 5�;LN π1(S) K 5 R 6 J�E 9 D^Y_DFE 5 G
E 9 Aut∗([π1(S)]) V¡W�C 6 G ; 8 ;�5 G 6=?@5 E A J S 5a;LN ϕ̃ [�GQE 9 K 5 E 6 GPR 5 8<C@K 6 E ;L9oA-; 8<C<D ; π1(S)

�2E]8 5:9%6 E]c 5 8 T E 6=? Inn(π1(S)) � E]G 5 j%C@J�D 6=; ϕ [ T ? E]K ? E`G"E 9 Γ([S]) = Out∗([π1(S)]) V �

� Á�� � ) � 	��
	��
	 � r:� ϕ ~tr>v���r:w]r � r7����yQ� 
��@u)�qr>y�}=��r7}Bu2� Γ([S]) v���� T = S/ϕ v
n
�%n��@v�w�[�n:y π1(S) ⊂ π1(T ) v
ndu2��� ¢ V � V ¢ � V � �ev���v��#�qy � y�}qp�¥%u`n � yQ� π1(S) r����qr7���
n��qy
v���v��#�qy � y�}qp�¥%u`n � yQ� π1(T ) [��2¥<r7��u)� r����qr7���
nZ���@u�7�@r:w(+�V
& ��¾Z¾�7 	 [�576

r 8 5:9@;�6�5-6=?<5B; R=8 5 R ;LN ϕ [�J 9 8_D 576 ψ̃ k 5 J 9 J�C 6�;LAB; R�I ? E]G A ;LN
π1(S)57��6�5:9 8#E 9 S 6=; π1(T ) V a C@I@I ; G 5P6=? J 6 Ψ J 9 8 Φ J�R 5�6 T ;-57��6�5\9 GQE ;L9 G ;LN ψ̃ 6�; J�C 6=;LA-; R z

I ? E]G A G ;LN π1(T ) [xJ 9 8�G 576 χ = Ψ ◦ Φ−1 [xG ;�6�? J 6 χ E]GmJ 9 J�C 6�;LAB; R�I ? E]G A ;LN
π1(T )

T ? E]K ? R 5 G 6 R=E]K 6 G 6=;�6=?<5a6 R�E^|#E]J�D�J�C 6=;LA-; R�I ? E`G A ;L9M6�?@5 GQC@k S R ; C@I π1(S) V [576 ϕ̃ k 5 J
DFE N�6 E 9 S ;LN ϕ 6�; π1(T ) [�G ; π1(T ) E]G S 5\9<5 RtJ 6=5 8Mk%Y π1(S) J 9 8 ϕ̃ V l ?@5:9 χ(ϕ̃) = sϕ̃mN�; R�G ;LAB5 s ∈ π1(S) J 9 8�G ;LA-5 m T E 6=? 0 ≤ m ≤ r − 1 V>¦ ; R�J�D]D s′ ∈ π1(S) [ T 5? J\| 5 ϕ̃−1s′ϕ̃ ∈ π1(S) GQE 9 K 5 π1(S) E]G 9@; R A J�D�E 9 π1(T ) [%k@C 6 k�Y�JLG�GQC A I 6 E ;�9 [ χ c �#5 G5 D 5:AB5:9%6 G ;LN π1(S) [�G ;

ϕ̃−1s′ϕ̃ = χ(ϕ̃−1s′ϕ̃) = χ(ϕ̃−1)s′χ(ϕ̃) = ϕ̃−ms−1s′sϕ̃m.

l ? C�G:[ sϕ̃m−1 K ;LABA C 6=5 G T E 6�? s′ N�; R�J�D]D s′ ∈ π1(S) [G ; sϕ̃m−1 DFE 5 GaE 9�6�?@5 U 5 R 9@5 D;LN�6�?@5d?<;LAB;LA-; R=I ? E]G A � ¢ V � V(' � V l ? C�GHk%Y [5:ABA J ¢ V � V]£L[ sϕ̃m−1 = 1 [�G ; s = 1 J 9 8
m− 1 = 0 V l ? E]G AB5 J 9 G 6=? J 6 χ(ϕ̃) = ϕ̃ [<EfV 5 VF[ χ E]G 6=?<5 E`8 5:9%6 E 6 Y ;L9 J�DFD ;LN π1(T ) V �

� Á�� � ) � 	��
	5, 	 � r7� ϕ ~tr�v 
��@u)�qr / y�}���r7}�r7w]r � r����4yQ� Γ([S]) V " ¥<r7� ��¥@r_��}�y��0p
NormΓ([S])(ϕ) u�n4r���v�s:�)w(+_�2¥<r�n��@~q��}�y��
p yQ�>r7w]r � r�����n ψ yQ� Γ([S]) = Out∗([π1(s)])

��¥<y
n\rdw u �t�)u2����na�qy>v��<�qy � y�}qp�¥%u�n � n ψ̃ ∈ Aut∗([π1(S)]) r����qr7�����qy>v��<�qy � y�}qp�¥%u�n � neyQ�
π1(T ) V
& ��¾Z¾�7 	 [�576

r k 5P6=?<5�; R=8 5 R ;LN ϕ E 9 Γ([S]) [�J 9 8�D 576 ϕ̃ k 5 JdDFE N`6 E 9 S ;LN ϕ 6=; π1(T ) E 9
� ¢ V � V ¢ � b T 5 K ;L9 GQE]8 5 R ϕ̃ E 9 Aut∗([π1(S)]) |#E]J 6=?@5 E 9 K:DFC@GQE ;L9

π1(T )
∼→ Inn(π1(T )) ⊂ Aut∗([π1(S)])

;LN`[�5\A-A J ¢ V � V]£LV [576 ψ ∈ NormΓ([S])(ϕ) [�G ;B6=? J 6 ψϕψ−1 = ϕm
N�; RPG ;�AB5 m V [576

ψ̃ k 5 J 9 J�R=k<E 6 R=J�RQY�DFE N�6 E 9 S ;LN ψ 6=; Aut∗([π1(S)])
b#6�?@5:9>6�?@5 R 5Z57� E]G 6 G s ∈ π1(S) GQC@K ?6�? J 6

ψ̃ϕ̃ψ̃−1 = sϕ̃m, (4.2.6)

T ?<5 R 5 s E`G E]8 5:9%6 EFc 5 8 T E 6=? inn(s) E 9 Aut∗([π1(S)]) Vl ?@5 JLK 6 E ;L9 ;LN�6=?<5 J�C 6=;LA-; R�I ? E`G A ψ̃
;L9

π1(S) E]GoR 5 K ; | 5 R 5 8 k%Y K ;L9 1 C S J 6 E 9 S6�?@5 K ; I%Y ;LN π1(S) E 9 GQE`8 5 Aut∗([π1(S)]) [iE]8 5\9�6 EFc 5 8 T E 6�? Inn(π1(S)) [�k�Y ψ̃ E 9 GQE]8 5
Aut∗([π1(S)]) V ]�9 8 5:5 8i[ N�; R 5 | 5 RQY s, s′ ∈ π1(S) [ T 5Z? J\| 5

(ψ̃ inn(s)ψ̃−1)(s′) = (ψ̃ inn(s))(ψ̃−1(s′)) = ψ̃
(
sψ̃−1(s′)s−1

)

= ψ̃(s)s′ψ̃(s)−1 = inn(ψ̃(s))(s′).

¦@C@R 6=?<5 R AB; R 5 [{� ¢ V � V � � G ?@; T G 6�? J 6e6=?<5 J�C 6�;LAB; R�I ? E]G A ψ̃
;LN
π1(S) � S EF| 5\9 k%Y�K ;L9#z

1 C S J 6 E ;L9 k%Y ψ̃ E 9 GQE]8 5 Aut∗([π1(S)]) � I@R 5 G 5 RQ| 5 G π1(T ) GQE 9 K 5 π1(T ) E]G S 5\9<5 RtJ 6=5 8
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k�Y π1(S) J 9 8 ϕ̃ [�G ;o6=? J 6 E 6 S E^| 5 G�J 9 J�C 6=;LA-; R�I ? E]G A ;LN
π1(T ) V l ? E]G�I<R ; | 5 G ;L9@5

8#EFR 5 K 6 E ;L9M;�N6=?<5 D 5:ABA J<Ve�; T [ T 5>6 J�U 5 ψ ∈ Γ([S]) = Out∗([π1(S)]) GQC@K ?�6=? J 6 J 9 Y�DFE N`6 E 9 S ψ̃ ;LN
ψ
6�;

J 9 J�C 6=;LAB; R�I ? E]G A ;LN
π1(S)

5:�%6=5:9 8<G 6=; J 9 J�C 6�;LAB; R�I ? E]G A ;LN
π1(T ) � 9@;�6�5-6=? J 6 E N;L9<5 D]E N�6 E 9 S 57��6�5:9 8<G 6=?<5\9�6�?@5 Y>J�DFDi8 ; GQE 9 K 5�6=?<5 Y�8<EF� 5 R k%Y 5 D 5:AB5:9%6 G ;LN Inn(π1(S)) � Vl ?<5:9 GQE 9 K 5 π1(T ) E]G S 5:9@5 R=J 6�5 8Mk�Y π1(S) J 9 8�J�DFE N�6 E 9 S ϕ̃ ;LN ϕ 6�; π1(T ) [ T 5dA C�G 6? J\| 5 ψ̃(ϕ̃) = ψ̃ϕ̃ψ̃−1 = sϕ̃m

N2; R�G ;LA-5 m J 9 8eG ;LAB5 s ∈ π1(S) V l ? C@G ψϕψ−1 = ϕm

E 9 Γ([S]) V a E 9 K 5 K ;L9 1 C S J 6 E ;�9 k%Y ψ̃ E]G�J 9 J�C 6=;LAB; R�I ? E]G A [ T 5 c 9 8 6�? J 6 m A C@G 6 k 5
R 5 D]J 6 E^| 5 D^Y4I<R=E AB5Z6�; r [@G ; ψ 9<; R A J�DFEF  5 G ϕ E 9 Γ([S]) V �

0@Á�7 )�¿ )�À )�¾z¿ 	 [�5:6
Aut∗([S/T ]) 8 5:9@;�6�5d6�?@5 GQC@k S R ; C@I ;LN Aut∗([π1(T )]) K ;L9 GQE]G 6 E 9 S;LNH5 D 5:AB5:9%6 G T ? E]K ? I@R 5 G 5 R�| 5�6=?<5 GQC<k S R ; C<I π1(S) ⊂ π1(T ) V l ? E]GeGQC@k S R ; C@I�E`G ;LN

c 9 E 6�5 E 9 8 57� E 9 Aut∗(π1(T )) [%GQE 9 K 5 π1(S) E]G ;LN c 9 E 6=5 E 9 8 57� E 9-6�?@5 c 9 E 6=5 D^Y S 5\9<5 R=J 6=5 8S R ; C<I π1(T ) V O{5 G 6 R�E]K 6 E ;L9oN R ;LA π1(T )
6�;
π1(S) S E^| 5 G{J ?@;LAB;LA-; R�I ? E`G A

Aut∗([S/T ]) → Aut([π1(S)]).

]q9 8 5\5 8x[ T 5Z5 J�G�EFD^YMG 5:5Z6�? J 6H6�? E]GHR 5 G 6 R�E`K 6 E ;�9 JLK 6 C@J�DFDFY S E^| 5 GHJ ?<;LAB;LAB; R�I ? E]G A
Aut∗([S/T ]) → Aut∗([π1(S)]), (4.2.7)

GQE 9 K 5 k 5 K\J�C@G 5 S E]G"J 6=; I ; D ; S E]K:J�D�K ; | 5 R ;LN T [%J 9 Y-D ;�; I�GQC<R�R ; C 9 8#E 9 S J A J�R=U 5 8BI ; E 9%6;L9
S
A C�G 6 k 5 JMK ;L9 1 C S J 6�5-;LN J4I ; T 5 R ;LN J>D ;�; I�GQC<R�R ; C 9 8#E 9 S 6=?<5 K ; R�R 5 GQI ;L9 8#E 9 SA J�R�U 5 8�I ; E 9%6�;LN T [�G ;M6=?<5 R 5 G 6 R�E`K 6 E ;L9�;�N J 9�5 D 5\A-5\9�6-;LN Aut∗([S/T ])

A C�G 6�6�?@5:9
G 5:9 8>E 6{6�; JBK ;L9 1QC S J 6=5m;LN J 9@;�6�?@5 R{GQC�K ? D ;�; I�V

� Á�� � ) � 	��
	�� 	 " ¥<rZ¥<y � y � y�}qp�¥%u�n �
Aut∗([S/T ]) → Aut∗([π1(S)])

yQ�Z� ¢ V � V�� � u�nau�� )\rts:�)u*�r�V
& ��¾Z¾�7 	 ]�N

ψ ∈ Aut∗([S/T ]) D]E 5 GPE 9M6=?<5 U 5 R 9@5 D&[�E 6 E]GPJ 9o5 D 5:AB5:9%6�;LN Aut∗([π1(T )])6�? J 6 JLK 6 G�D]EFU 5�6=?<5 E]8 5\9�6 E 6 Y ;L9�6=?<5 G�C<k S R ; C<I π1(S) V [5:ABA J ¢ V � V �Z6=?<5:9 G ?<; T G 6�? J 6
ψ E]G 6=?<5 E]8 5\9�6 E 6 Y ;�9 π1(T ) V �

� Á�� � ) � 	 �
	��
	
Aut∗([S/T ]) stv���~trZuf��r7���)u 
�rt� ��u)�2¥>�2¥<rmn��@~q��}�y��
p�yQ� Aut∗([π1(S)])

yQ�av��<�qy � y�}qp�¥%u�n � n�yQ� π1(S) ��¥%ufs�¥or����fr7�����qy π1(T ) V
& ��¾Z¾�7 	 l ?@5 I@R 5 |#E ; C�G�D 5:ABA J�G ?@; T G 6=? J 6 T 5 K:J 9 K ;�9 GQE]8 5 R Aut∗([S/T ]) JLG>J
GQC<k S R ; C<I ;LN Aut∗([π1(S)]) [mJ 9 8 K7D 5 J�R�D^Y 5 | 5 RQY 5 D 5:AB5:9%6M;LNd6�? E]G4G�C<k S R ; C<I E]GMJ 9
J�C 6=;LA-; R�I ? E`G A ;LN

π1(S) T ? E`K ?�57��6=5:9 8<G 6�; π1(T ) V l ?<5 R 5:N�; R 5 [ T 5M;L9 D^Y 9@5:5 8 6�;
G ?<; T 6=?<5 K ;�9 | 5 R=G 5 [�E&V 5 V][ 6�? J 6 E N ψ ∈ Aut∗([π1(S)]) E]GZJ 9 J�C 6=;LA-; R�I ? E]G A ;LN

π1(S)

T ? E]K ?_57��6�5:9 8@G 6=; J 9 J�C 6�;LAB; R�I ? E]G A ;LN
π1(T ) [ 6�?@5:9 E 6 DFE 5 GZE 9 Aut∗([S/T ]) V l ? E]GA-5 J 9 G 6�? J 6 T 5HA C�G 6 G ?<; T 6�? J 6 E N J 9B5 D 5\A-5\9�6 ψ ∈ Aut∗([π1(S)])

5:�%6=5:9 8<G 6=; π1(T )

J 6 J�DFD&[ 6=?<5:9 E 6e5:�%6=5:9 8<G 6=; J 9 E 9@5 R 6 E]J z I@R 5 G 5 RQ|�E 9 S J�C 6=;LAB; R=I ? E]G A ;�N
π1(T ) [�E&V 5 V][�E 6S E^| 5 GHJ 9M5 D 5:AB5:9%6P;LN Aut∗([π1(T )]) V
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W�Y [5:ABA J ¢ V � V � [�E N ψ 57��6�5\9 8@G 6=; J 9 J�C 6�;LAB; R�I ? E]G A ;LN
π1(T ) [ 6�?@5:9 E 6 8 ;�5 GPG ;

C 9 E]j%C 5 DFY�V [�576 Ψ k 5m6=?<5 C 9 E]j%C 5Z57��6�5:9 GQE ;L9M;LN ψ 6�; π1(T )
b T 5Z9<5:5 8 6=; G ?@; T 6=? J 6 E 6

DFE 5 GHE 9 Aut∗([π1(T )]) VO{5 K:J�DFD 6=? J 6 T 5 JLG�GQC A-5Z6=? J 6 J�DFDik@R=J 9 K ? I ; E 9%6 G ;LN6�?@5 K ; | 5 R S → T J�R 5ZA J�R�U 5 8
I ; E 9%6 G ;L9 T [�E A J S 5 G ;LN A J�R�U 5 8�I ; E 9%6 G ;LN S V [576d6=?<5 n A J�R=U 5 8�I ; E 9%6 G ;LN S k 5
D]J�k 5 D 5 8 (x1, . . . , xn) J 9 8 6=?<5 n′ A J�R�U 5 84I ; E 9%6 G ;LN T k 5 D]J�k 5 D 5 8 (y1, . . . , yn′) V [576
c1, . . . , cn′ k 5 D ;�; I@GBJ�R ; C 9 8 y1, . . . , yn′

N2; R A E 9 S I�J�R 6-;LN J S 5\9<5 RtJ 6 E 9 S G Y<G 6�5:A ;LN
π1(T ) JLG�E 9 � ¢ V � V]£ � [�J 9 8�D 576 e1, . . . , en k 5 J 9 J�D ; S ; C�G�D ;�; I@GZJ�R ; C 9 8 x1, . . . , xn

;�9
S V�¤ 5�9<5\5 8 6=; G ?<; T 6=? J 6dN2; R 5 | 5 RQY k ∈ {1, . . . , n′} [ Ψ(ck) E`GdJMK ;L9 1QC S J 6=5B;LN clN�; RZG ;LA-5 l ∈ {1, . . . , n′} V c�?<;�; G 5 k [xJ 9 8�K ?@;�; G 5 J 9 i ∈ {1, . . . , n} GQC�K ?�6�? J 6�6=?<5A J�R�U 5 84I ; E 9%6 xi ∈ S DFE 5 G ; | 5 R yk V l ?<5 R 5 G 6 R�E]K 6 E ;L9o;LN Ψ

6=;-6=?<5 GQC@k S R ; C@I π1(S) E]G5 j%C@J�D 6�; ψ ∈ Aut∗([π1(S)]) [�G ; T 5a? J\| 5 Ψ(ei) = aeja
−1 N2; R{G ;LAB5 j ∈ {1, . . . , n} V[�576

yl k 5�6�?@5 E A J S 5 E 9 T ;LNi6�?@5mA J�R�U 5 8�I ; E 9%6 xj ∈ S V l ?<5:9�6=?<5 D ;�; I ei ∈ π1(S) [
G 5:5:9 JLG{J 9M5 D 5:AB5:9%6P;LN π1(T ) |#E]J π1(S) ⊂ π1(T ) [�E]G{J�K ;�9 1QC S J 6=5Z;LN JBI ; T 5 R ;LN ck [
G�J\Y ei = bcrkb

−1 [ T ?@5 R 5 r E]G 6=?<5 R=J A EFc�K:J 6 E ;L9 E 9 8 57��;LN yk V a E A E]D]J�R�D^Y�[ 6�?@5 D ;�; I ej E`G
J�K ;L9 1QC S J 6�5�;LN J�I ; T 5 R ;LN cl [�G�J\Y ej = dcsl d

−1 T ?<5 R 5 s E]G 6�?@5 R=J A EFc@K\J 6 E ;L9 E 9 8 5:�;LN
yl V l ? C�G

Ψ(ei) = aeja
−1

K:J 9 k 5 T R�E 6�6�5:9 JLG
Ψ(bcrkb

−1) = Ψ(b)Ψ(ck)
rΨ(b)−1 = adcsl d

−1a−1,

G ;
Ψ(ck)

r = Ψ(b)−1adcsl d
−1a−1Ψ(b).

eP; T [ π1(T ) E`G"J N R 5:5 S R ; C@I ;L9 c 9 E 6=5 D^Y A J 9 Y S 5\9<5 R=J 6=; R=G:[ T E 6=?�9@;Z6�; R=GQE ;L9 [%J 9 8 6=? E]GA-5 J 9 G 6=? J 6 E N x J 9 8 y J�R 5 GQC@K ?M6�? J 6 xr = ys E 9o6=? E]G S R ; C@Ii[ 6�?@5:9M6=?<5 R 5�57� E]G 6 GPJ 95 D 5:AB5:9%6 z GQC�K ?�6�? J 6 x = za J 9 8 y = zb T E 6�? ra = sb V l J�U�E 9 S x = Ψ(ck) J 9 8
y = Ψ(b)−1adcld

−1a−1Ψ(b) [ 6�? E]G{G ?@; T G 6=? J 6{6�?@5 R 5a57� E]G 6 G z ∈ π1(T ) J 9 84E 9�6=5 S 5 R=G
a [ b T E 6=? ra = sb [@GQC�K ?46�? J 6

Ψ(ck) = za and Ψ(b)−1adcld
−1a−1Ψ(b) = zb.

l ?<5 R�E S ?%6Z? J 9 8 5 D 5:AB5:9%6 E]GZJ>GQE A I@D 5 D ;%; I�J�R ; C 9 8 6=?<5 I ; E 9%6 yl ;LN T [�J 9 8�JLGB� 6=?<5
K ;L9 1QC S J 6=5P;LN � J N C 9 8@J AB5:9%6 J�D S 5:9@5 R=J 6�; R ;LN π1(T ) [�E 6 K:J 9@9<;�6 k 5 J 9@;�9%6 R�E^|#E]J�D�I ; T 5 R;LN J 9 Y z [@G ; b = 1 V l ? C@G

Ψ(ck) ∼ cal .[�576
Φ k 5-6=?<5 E 9 | 5 R=G 5�;LN Ψ [J 9 8�G 5:6 w = Φ(cl) V l ?@5:9 Φ(cal ) = wa ∼ ck [ T ? E]K ?A-5 J 9 G 6=? J 6 ck E]G 6�?@5 a zf6�? I ; T 5 R ;�N J�K ;L9 1 C S J 6�5�;LN w [{G ; GQE 9 K 5 J S J�E 9 ck E]G�JN C 9 8@J AB5:9%6 J�D S 5:9@5 R=J 6=; R ;LN π1(T ) [ T 5MA C�G 6�? J\| 5 a = 1 J 9 8 Ψ(ck) ∼ cl V l ? E]G

G ?<; T G 6=? J 6 Ψ ∈ Aut∗([π1(T )]) V �

� Á�� � ) � 	��
	�� 	�� r:� T = S/ϕ �7y�}ev 
��@u)�qr0/Qy�}=��r7}�r:w]r � r7��� ϕ ∈ Γ([S]) v
nZ��nt��v�wqV��xr:�
{
A = Aut∗([S/T ])/ Inn(π1(S)) ⊂ Γ([S])

B = Aut∗([S/T ])/ Inn(π1(T )) ⊂ Γ([T ]).
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" ¥<r7� ϕ ∈ A v���� 〈ϕ〉 u`na�2¥<r  Lr7}���r:wyQ�Z�2¥<ra�xv��2�#}=v�w�n���}�):rts:�)ufy��

g : A→ B. (4.2.8)

� Á��*) ��� 	 W"Y [�5:ABA JLG ¢ V � V %BJ 9 8 ¢ V � V('%[ A = NormΓ([S])(ϕ) V
& ��¾Z¾�7 	 [�576

ϕ̃ k 5 J�DFE N�6 E 9 S ;LN ϕ 6=; π1(T ) V l ?<5\9 k%Y [�5:ABA JLG ¢ V � V]£dJ 9 8 ¢ V � V ¢ [ T 5? J\| 5 E 9 K7DFC�GQE ;L9 G
π1(T ) ⊂ Aut∗([S/T ]) ⊂ Aut∗([π1(S)]),

J 9 8 ϕ̃ ∈ π1(T ) [@G ; ϕ ∈ Aut∗([S/T ])/ Inn(π1(S)) = A ⊂ Γ([S]) V e�; T [<D 576 ψ k 5 E 96�?@5 U 5 R 9@5 D ;LN g [�J 9 8�D 576 ψ̃ k 5 J>DFE N�6 E 9 S ;LN ψ 6=;
Aut∗([S/T ]) V l ?@5:9 GQE 9 K 5 ψ E]GZE 96�?@5 U 5 R 9<5 D ;�N g [ T 5dA C�G 6�? J\| 5 ψ̃ = inn(t)

N�; RmG ;LA-5 t ∈ π1(T ) [�J 9 8 T 5 K:J 9 T R�E 6�5
t = sϕ̃m

N2; R{G ;LA-5 0 ≤ m ≤ r − 1 J 9 8MG ;LAB5 s ∈ π1(S) [@E&V 5 V
inn(t) = ψ̃ = inn(sϕ̃m) in Inn(π1(T )) ⊂ Aut∗([S/T ]) ⊂ Aut∗([π1(S)]).

(4.2.9)l ?<5 R 5:N�; R 5 [
ψ = ϕm in A = Aut∗([S/T ])/ Inn(π1(S)) ⊂ Out∗([π1(S)]) = Γ([S]).

l ? E]GmG ?@; T G 6=? J 6m6�?@5 U 5 R 9<5 D ;�N g DFE 5 G�E 9 GQE`8 5e6�?@5 S R ; C@I 〈ϕ〉 ⊂ A V l�; G ?@; T 6�? J 6 E 6
E]G 5 j%C@J�D 6�; 〈ϕ〉 [<E 6 GQC���K 5 G 6�; K ?@5 K=U 6=? J 6 ϕ E 6 G 5 D N DFE 5 G{E 946=?<5 U 5 R 9<5 DfV"W�C 6H6=? J 6 E]G ;LN
K ; C<R=G 5m6 R�C 5 [@GQE 9 K 5 ϕ̃ ∈ π1(T ) ⊂ Aut∗([S/T ]) [@G ; T 5a? J\| 5
Aut∗([S/T ]) → A = Aut∗([S/T ])/ Inn(π1(S)) → B = Aut∗([S/T ])/ Inn(π1(T ))

ϕ̃ 7→ ϕ 7→ 1.

l ? E]GHI@R ; | 5 G 6�?@5 D 5:ABA J#V �

¤ 5 E 9%6 R ; 8<C@K 5Z6=?<5ZN2; DFD ; T E 9 S 9@;�6 J 6 E ;L9MN�; R 6=?<5 S R ; C@I B ;LN`[�5:ABA J ¢ V � V � V a�576
Γ[S/T ] = Aut∗([S/T ])/ Inn(π1(T )) ⊂ Out∗([π1(T )]) = Γ([T ]), (4.2.10)

J 9 8
ΓS/T = Aut∗(S/T )/ Inn(π1(T )) = Γ[S/T ] ∩ Γ(T ) ⊂ Γ(T ). (4.2.11)

& ��¾(',¾ZÂ*)�À+))¾z¿ � 	��
	��
	 � r7� Gϕ ~=ro�2¥<r4n��@~q��}=y��0p yQ� Sn �%r��xr7}�v��qrt��~0+��2¥<r���u�n�):y�u2���
s0+�s:wFr�n�yQ�e�2¥<rmp@r7} � �<�fv��)ufy�� [ϕ] v
ntn\y0s7ufv��frt�4�qy ϕ [¡v����Mw]r:� Γϕ(S) ~tr��2¥<ren��@~q��}=y��0p yQ�
Γ([S]) ��¥%ufs�¥4u�nd�2¥<r{p�}=r7u � v\�%r-yQ� Gϕ ���x��r7}d�2¥<rdn���}�)\r=s:�)ufy�� Γ([S]) → Sn V �-rd¥<v *�r
��¥@rau�n\y � y�}qp�¥%u�n � n

NormΓ([S])(ϕ)/〈ϕ〉 ∼−→ Γ[S/T ] ⊂ Out∗([π1(T )]) = Γ([T ]), (4.2.12)

NormΓϕ(S)(ϕ)/〈ϕ〉 ∼−→ ΓS/T ⊂ Out∗(π1(T )) = Γ(T ). (4.2.13)

3��#}7�2¥<r7} � y�}=r�[���¥<r>n��@~q��}=y��0p�n Γ[S/T ] v���� ΓS/T v�}=r�yQ��
��@u)�qr>u2����r���u2� Γ([T ]) v����
Γ(T ) [�}=r�nqp@rts:�2u�*�r:w +�V
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& ��¾Z¾�7 	 W"Y [5:ABA JLG ¢ V � V %�J 9 8 ¢ V � V('�[ 6�?@5 GQC@k S R ; C@I A ⊂ Γ([S]) E]G 5 j�C�J�D 6=;
NormΓ([S])(ϕ) [xJ 9 8�k%Y [�5:ABA J ¢ V � V � [xGQE 9 K 5 Γ[S/T ] E`G 6=?<5 G�C<k S R ; C<I B [ T 5e; k 6 J�E 9
J 9 E 9 1 5 K 6 EF| 5d?<;LAB;LAB; R=I ? E]G A

g : A/〈ϕ〉 ↪→ B

T ? E]K ? E]G 5:� JLK 6 D^Y�� ¢ V � V]£ � � VM¦ ; R 6=?<5 G 5 K ;L9 8�G 6 J 6=5:AB5:9%6 [ T 5 c@R=G 6e; k@G 5 RQ| 5�6�? J 6d6=?<5
R 5 G 6 R�E]K 6 E ;L9_;LN�6=?<5 E 9 1 5 K 6 E ;L9 g 6=;�6=?<5 GQC<k S R ; C<I NormΓϕ(S)(ϕ) I<R ; 8<C@K 5 GPJ 9 E A J S 5T ? E]K ? DFE 5 G-E 9 GQE]8 5 Γ[S/T ] [Xk@C 6 J�D]G ; E 9 GQE`8 5 Γ(T ) V ]�9 8 5:5 8i[XD 576 ψ ∈ NormΓϕ(S)(ϕ)

J 9 8�D 576 ψ̃ k 5 J>DFE N�6 E 9 S ;LN ψ 6�;
Aut∗([π1(S)]) V l ?@5:9_6�?@5 I 5 R A C 6 J 6 E ;L9 JLG�G ; K7E]J 6=5 86�;

ψ �2k%Y�E 6 GdJ�K 6 E ;L9�;L9_6�?@5 D ;�; I�GZJ�R ; C 9 8 A J�R�U 5 8�I ; E 9�6 G ;�N S � D]E 5 GaE 9 Gϕ [ T ? E]K ?A-5 J 9 G 6=? J 6 ψ̃ I 5 R A C 6�5 G ;L9 D^Y4D ;�; I@GHE 9 π1(S) J�R ; C 9 8>I ; E 9%6 G ;LN S T ? E`K ?MA J�I 6�; J
GQE 9 S D 5 I ; E 9%6 E 9 T V l ? C�G 6�?@5a57��6=5:9 GQE ;L9o;LN ψ̃ 6=; J 9 J�C 6=;LAB; R=I ? E]G A ;LN

π1(T ) DFE 5 G{E 9
Aut∗(π1(T )) [@G ;B6�?@5 E A J S 5a;LN ψ̃ E 9 Γ([T ]) DFE 5 GHE 9 Γ(T ) Vl ? E]GaG ?<; T G 6=? J 6Z6=?<5 E A J S 5B;LN NormΓϕ(S)(ϕ) C 9 8 5 R�� ¢ V � VF£ % � DFE 5 GaE 9 GQE]8 5 ΓS/T V
W�C 6 E N φ E]GXJ 9-5 D 5\A-5\9�6X;LN ΓS/T = Aut∗(S/T )/ Inn(π1(T )) J 9 8 Φ E]G�JmDFE N�6 E 9 S ;LN φ 6�;
Aut∗(S/T ) [ 6�?@5:9 Φ

57��6=5:9 8@G 6=; π1(T ) [
G ;H6�?@5 E A J S 5";�N Φ E 9 Aut∗(S/T )/ Inn(π1(S))

DFE 5 GmE 9 NormΓ([S])(ϕ) V a E 9 K 5 E 6 GZJ�G=G ; K:E]J 6�5 8�I 5 R A C 6 J 6 E ;L9 J�GmJ 9 E 9@5 R 6 E]J z I@R 5 G 5 RQ|�E 9 S
J�C 6=;LA-; R�I ? E`G A ;LN

T E]G 6 R�E^|#E]J�D&[�E 6 G�JLG�G ; K7E]J 6=5 8�I 5 R A C 6 J 6 E ;L9 JLG"J 9 E 9<5 R 6 E]J z I<R 5 G 5 RQ|#E 9 S
J�C 6=;LA-; R�I ? E`G A ;LN

π1(S)
A C@G 6 D]E 5 E 9 Gϕ [<G ; E 6 E 9>N JLK 6 DFE 5 G¡E 9 NormΓϕ(S)(ϕ) [ T ? E]K ?

I<R ; | 5 Ga� ¢ V � VF£ % � V
¦ ; R 6=?@5 D]JLG 6 G 6 J 6=5:AB5:9%6 [0R 5 K:J�DFD 6�? J 6 Aut∗([S/T ])

? JLGxc 9 E 6�5 E 9 8 57� E 9 Aut∗([π1(T )])

GQE 9 K 5 π1(S) E]G ;LN c 9 E 6�5 E 9 8 57� E 9 π1(T ) �&G 5:5�6�?@5 8 5 c 9 E 6 E ;L9�;LN Aut∗([S/T ]) � [�J 9 8
Aut∗(S/T ) E]G ;LN c 9 E 6=5 E 9 8 57� E 9 Aut∗(π1(T )) V l ? C�G Aut∗([S/T ])/ Inn(π1(T )) =

Γ[S/T ] E]G ;LN c 9 E 6=5 E 9 8 57� E 9
Aut∗([π1(T )])/ Inn(π1(T )) = Γ([T ])

J 9 8 Aut∗(S/T )/ Inn(π1(T )) E]G ;LN c 9 E 6=5 E 9 8 57� E 9 Aut∗(π1(T ))/ Inn(π1(T )) =

Γ(T ) V l ? E`GHK ;L9 K7DFC�8 5 G 6=?<5 I<R ;%;LN V �

0@Á�7 )�¿ )�À )�¾z¿ 	 � £ � ¤ 5 G�J0Y 6�? J 6 Jac 9 E 6=57zq; R=8 5 R 5 D 5:AB5:9%6 ϕ ∈ Γ([S]) G�J 6 E]GQc 5 G 6=?<5 n���}0/
)\rts:�2u�*0u)�,+Zsty�����u)�)u&y��-E N ΓS/T = Γ(T ) [�E&V 5 V][ 5 | 5 RQY 5 D 5:AB5:9%6�;LN Aut∗(π1(T )) I<R 5 G 5 RQ| 5 G6=?<5 G�C<k S R ; C<I π1(S) [<E 9M;�6�?@5 R T ; R=8@G 6�?@5Z?@;LAB;LA-; R�I ? E`G A � ¢ V � V]£ % �

NormΓϕ(S)(ϕ)/〈ϕ〉 → Γ(T )

E]G{GQC@R,1 5 K 6 EF| 5 V ]�9 S 5\;�AB576 R�E]K 6�5 R A G:[ 6=? E]G AB5 J 9 G 6=? J 6H6=?<5 K ; | 5 R�E 9 S A J�I
E]R�R 5 8<C@K7E]k<D 5 K ;LA I ;L9<5\9�6{;LN M̃ϕ(S, ϕ) → M(T );LN � ¢ V]£LV % � E]G ;L9@57z&6=;�zf;L9@5 [@K ;L9 GQE`G 6 E 9 S ;L9 DFY>E 9MN�; R S 576�6 E 9 S 6=?<5a; R�k<E N�; D]8MG 6 R�C�K 6 C<R 5a;LN

M̃ϕ(S, ϕ) 8<C 5m6�;B6�?@5 JLK 6 E ;�9M;LN ϕ V
� � � ¤ 5 G�J\Y 6=? J 6 ϕ G�J 6 E]GQc 5 G 6=?@5 nfpxw u)�&�2u2���4sty�����u2�)ufy���E N�6�?@5 GQC<R 1 5 K 6 E ;L9

NormΓϕ(S)(ϕ) → NormΓϕ(S)(ϕ)/〈ϕ〉 ' ΓS/T

GQI@DFE 6 G b E 9M;�6�?@5 R T ; R=8@G:[<E N T 5a? J\| 5 JBG 5\A E z 8<EFR 5 K 6 I@R ; 8#C�K 6
NormΓϕ(S)(ϕ) ' 〈ϕ〉oΓS/T . (4.2.14)
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¤ ?@5:9@5 | 5 R T 5{? J\| 5 T = S/ϕ [ T ?@5 R 5 ϕ ∈ Γ([S]) G�J 6 E`GQc 5 GXk ;�6=?B6�?@5 GQC<R,1 5 K 6 E^|#E 6 Y�J 9 86�?@5 GQI@DFE 6Q6 E 9 S K ;L9 8<E 6 E ;L9 G:[ T 5Z? J\| 5

〈ϕ〉oΓ(T ) ' NormΓϕ(S)(ϕ) ⊂ Γ([S]);
N�; R 5 JLK ? K ?<; E`K 5P;�N GQI@DFE 6�6 E 9 S [ T 5 K:J 9�6�? C@G�8 5 c 9<5 � 9@;L9#z K:J 9<;L9 E]K:J�D � nfp@rts7ufv�w#¥<y � y � y�}0/
p�¥%u`n � n

Γ(T ) → Γ([S]). (4.2.15)
]q9 S 5:;LAB576 R=E]K 6=5 R A G:[ 6=? E]G A-5 J 9 G 6�? J 6 M̃ϕ(S, ϕ) E]G¡JLG¡K7D ; G 5P6=; M(T ) JLG"I ; G�GQEFk@D 5 [#E 96�?@5ZN�; D]D ; T E 9 S G 5:9 G 5 V l ?<5ZAB; R=I ? E]G A � ¢ VF£LV % � E`G S E^| 5:9 k%Y 6=?<5 ��N2; R S 576�6 E 9 S 6�?@5 JLK 6 E ;L9;LN 〈ϕ〉� A J�I

T(T )/NormΓϕ(S)(ϕ) → T(T )/
(
NormΓϕ(S)(ϕ)/〈ϕ〉

)

;LN � ¢ VF£LV(' � V _ I ; E 9%6�;LN%6=?<5 D 5:N`6�zf? J 9 8aGQI�JLK 5 K:J 9 k 5 R 5 I@R 5 G 5:9%6=5 8Zk%YZJ I�J�EFR (t, h) [ T ?@5 R 5
t E]G 6�?@5 E A J S 5a;LN J-I ; E 9�6 E 9 T(T ) J 9 8 h ∈ NormΓϕ(S)(ϕ) [ T ?@5 R 5 JLGHJBI ; E 9%6{;LN6�?@5
R�E S ?%6Qzq? J 9 8dGQI�JLK 5 K\J 9 k 5 R 5 I@R 5 G 5:9%6=5 8�JLG (t, h̄) T ?<5 R 5 h̄ ∈ NormΓϕ(S)(ϕ)/〈ϕ〉 V¤ E 6�?6�?@5 GQI@DFE 6�6 E 9 S K ;L9 8#E 6 E ;L9 [ 6=?<5 J�K 6 E ;L9�;LN 〈ϕ〉 K:J 9 k 5 8 5 c 9@5 8 ;�9 M(T ) [ T ? E]K ? E`G 6�?@5
R�E S ?%6Qzq? J 9 8�GQI�JLK 5 [#k%Y ϕ(t, h̄) = (t, ϕ · h̄) [ T ?<5 R 5 ϕ · h̄ ∈ 〈ϕ〉oNormΓϕ(S)(ϕ)/〈ϕ〉 '
NormΓϕ(S)(ϕ) Vl J�U 5:946=; S 576�?@5 R\[ 6=?<5 GQI@DFE 6�6 E 9 S J 9 8MGQC@R,1 5 K 6 EF|�E 6 YoK ;L9 8#E 6 E ;L9 G A-5 J 9M6=? J 6 � ¢ VF£LV % � E`G
JLGZK7D ; G 5 JLGZI ; G�GQEFk@D 5-6=; J 9 E]G ;LAB; R�I ? E]G A T E 6�?�5 JLK ? EFR�R 5 8#C�K7EFk@D 5 K ;LA I ;L9<5:9%6 [ S EF| 5:96�?@5 8<EF� 5 R 5\9 K 5d;�N�; R�k@E N�; D]8MG 6 R�C�K 6 C<R 5 G\V ]q9¼a�5 K 6 E ;L9o¢ V % T 5 T EFDFD�G ?<; T 6�? J 6 T ?<5\9 S E`G;LN S 5:9 C@GZ  5 R ; [ 5 | 5 RQY_c 9 E 6�5:zf; R=8 5 R 5 D 5:AB5:9%6 ϕ ∈ Γ([S]) G�J 6 E`GQc 5 GZk ;�6�?_6=?<5 GQI<D]E 6Q6 E 9 S
J 9 8 6�?@5 GQC<R 1 5 K 6 E^|#E 6 YMK ;L9 8<E 6 E ;L9 G:V
�i(��x( 	 �. �	� �\. ��� ��.�� ��� ��.�/��i( ]�9�6=?<5 K\J�G 5{;LN�6=?<5 S 5:9 C�GX  5 R ;dAB; 8#C@DFE�GQI@JLK 5 G:[ 6=?<5
R 5 GQC@D 6 G ;LN"6=?<5 I@R 5 |#E ; C�GaG 5 K 6 E ;L9 k 5 K ;LA-5 GQE A I@D 5 ReJ 9 8 AB; R 5�57� I<DFE`K7E 60b�9@;�6�;L9 D^Y�J�R 56�?@5 GQI@DFE 6�6 E 9 S K ;L9 8#E 6 E ;L9 J�D T J\Y<G�G�J 6 E]G�c 5 8M� l ?@5:; R 5:A ¢ V %#V]£ � JLG T 5 DFD<JLG 6=?@5 GQC<R 1 5 K 6 E^|#E 6 Y
K ;L9 8<E 6 E ;L9 � l ?<5\; R 5:A ¢ V %<V � � [�k<C 66=?<5 G 5:A E z 8<EFR 5 K 6 I@R ; 8#C�K 6 � ¢ V � V]£ ¢ � E]G�J�D T J\Y<G�JP8#E]R 5 K 6
I<R ; 8<C@K 6

NormΓϕ(S)(ϕ) ' 〈ϕ〉 × Γ(T ),

J 9 8�J 9 J�D S ; R�E 6=?<A J�DFD ; T GZC�G 6�; K ;LA I<C 6�5-6=?<5 GQI@DFE 6Q6 E 9 S AB; R�I ? E]G A Γ(T ) → Γ([S])57� I<DFE`K7E 6 D^YM�2I@R ;�;LN@;LN�l ?<5\; R 5:A ¢ V %<V � � [LG ;m6�? J 6 T 5 JLK 6 C@J�DFDFY ; k 6 J�E 9 J AB576=?<; 8 N2; R�K ;LA-z
I<C 6 E 9 S 9<; R A J�DFEF  5 R=G ;LN c 9 E 6�5:zf; R=8 5 R 5 D 5\A-5\9�6 GHE 9 S 5:9 C�G   5 R ;BA J�I@I<E 9 S K7D]JLG�G S R ; C@I@G:Vl; k 5 S E 9 T E 6�? [ T 5 R 5 K\J�D]D N R ;LA a%5 K 6 E ;�9 %<V ' 6=? J 6 E N S E]GHJeG�I ?@5 R 5 T E 6=? n A J�R�U 5 8
I ; E 9%6 G\[ 6=?@5:9 Jdc 9 E 6�5:zf; R=8 5 R 5 D 5:AB5:9%6 ;LNx6=?<5�A J�I<I@E 9 S K:D]JLG�G S R ; C<I Γ([S]) E]G 6�?@5 K7D]JLG�G;LN J-R ;�6 J 6 E ;L9 J�R ; C 9 84J 9 J � E]Ga�&G 5:5 ¦�E S C<R 5Z¢ VF£ ;L9>6=?@5Z9@57��6 I�J S 5 � V]�9 S 5:9@5 R=J�D&[ 6�?@5�9<; R 6=? J 9 8�G ; C 6=? I ; D 5 G��2c �#5 8�I ; E 9�6 G ;LN¡6=?<5 R ;�6 J 6 E ;L9 � A J\Y ; RA J\Y 9<;�6 k 5-A J�R�U 5 8_I ; E 9%6 G:[ik@C 6 E 9_6�? E]GaJ�R 6 E]K7D 5 T 5 R 5 G 6 R�E`K 6d; C@R=G 5 DF| 5 G 6=;>6=?<5 K:JLG 5T ?<5 R 5 J�DFD¡k@R=J 9 K ? I ; E 9�6 G ;�N T J�R 5�A J�R�U 5 8i[XG ; T 5>;L9 D^Y�K ;L9 GQE`8 5 R 6=?<5 K:JLG 5 T ?<5 R 56�?@5 Y�J�R 5 k ;�6=?�A J�R�U 5 8iV l ? C@G\[ 6=?<5 I 5 R A C 6 J 6 E ;�9 JLG�G ; K7E`J 6�5 8 6=; ϕ E]GZJ�D T J\Y<G ;LN�6=?<5N�; R A c1 · · · ck [ T ?<5 R 5m6�?@5 ci J�R 5 8<E]G�1 ; E 9%6 K�Y<K7D 5 G ;LN D 5\9 S 6=? j GQC@K ?>6=? J 6 jk = n− 2 Vl ?@5 nqp�w u)�&�2u2����sty�����u)�)u&y���E 9�6 R ; 8#C�K 5 8�E 9�6�?@5 I@R 5 |#E ; C@G�G 5 K 6 E ;L9�? JLG 6�?@5�N2; DFD ; T E 9 S
G 6 R ;L9 S N�; R A E 9 S 5:9 C�G   5 R ; V
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��� Á,¾���Á�� � 	5, 	��	 � r:� S ~trBv�nqp�¥<r7}=r ��u)�2¥ n � v�}  Lrt�ap@y�u2���2nL["v���� ϕ v 
��@u)�fr /Qy�}=��r7}
��u �Prty � y�}qp�¥%u�n � yQ� S ��¥<y
n:r 
 ��rt��p<y�u2���2nav�}=r � v�}! Lrt��V � r:� T = S/ϕ [�wFr:� [ϕ] ��r��xy��qr
��¥@rHp@r7} � �#�qv��)ufy���v
ntn\y0s7u&v��qrt���qy ϕ [Xv�����wFr:� Gϕ ⊂ Sn ~tr��2¥<rm��}=y��0p��%r7��r7}=v��qrt�>~0+���¥<r
��u`n�)\y�u���� s0+�s:w]r�n�yQ� [ϕ] V � r:� Hϕ ⊂ Gϕ ~=rm�%r7��r7}=v��qrt��~0+4v�� +>s�¥<y�ufstreyQ��v�w�w�~��<� y���r-yQ�
��¥@r-��u�n�):y�u2���Hs0+�s:wFr�neyQ� [ϕ] � Hϕ = {id} u � [ϕ] u�nev�n�u2���LwFr-s0+�s:w]r � V " ¥<r7����rd¥<v *�r��2¥<r
��u�}=rts:�xp�}=y0���@s:�"u`n\y � y�}qp�¥%u`n �

NormΓϕ(S)(ϕ) = NormΓHϕ(S)(ϕ) × 〈ϕ〉.
& ��¾Z¾�7 	 l J�U 5 J�GQC@k S R ; C@I Hϕ ⊂ Gϕ JLG�E 9�6�?@5 G 6 J 6=5:AB5:9%6-;LN¡6=?<5�6�?@5:; R 5:A [�J 9 8
K ;L9 GQE`8 5 R 6=?@5m6 T ; S R ; C@I@G

NormΓHϕ (S)(ϕ) ⊂ NormΓϕ(S)(ϕ).

¤ 5 T EFDFDG ?@; T 6=? J 6
• 6=?<5 c@R=G 6 S R ; C@I48 ;�5 G 9@;�6 K ;L9�6 J�E 9 J 9 Y 9<;L9%6 R�EF|�E`J�D�I ; T 5 R ;�N ϕ b
• 6=?<5 G 5 K ;L9 8 S R ; C<IME]G S 5\9<5 RtJ 6=5 84k�Y 6�?@5 c<R=G 6 S R ; C<IoJ 9 8 6=?<5a5 D 5\A-5\9�6 ϕ b
• 6=?<5 c@R=G 6 S R ; C@I>E`G 9<; R A J�DiE 946=?<5 G 5 K ;L9 8iVl ?<5 G 5m6�? R 5:5aN JLK 6 G 6 J�U 5:946�; S 576=?<5 RHE A I@D^Y 6�? J 6 T 5a? J\| 5 JBG 5:A E z 8#E]R 5 K 6 I<R ; 8<C@K 6

NormΓϕ(S)(ϕ) = NormΓHϕ (S)(ϕ)o〈ϕ〉. (4.3.1)

W�C 6 〈ϕ〉 E]G�J�D`G ;�9<; R A J�DHE 9 GQE`8 5 NormΓϕ(S)(ϕ) [ 9 J 6 C<R=J�D]D^Y�� e�; T ["D 576 a DFE 5 E 9�6�?@59<; R A J�D"GQC<k S R ; C<I NormΓHϕ(S)(ϕ)
b�6�?@5:9

ϕ−1aϕ = b ∈ NormΓHϕ (S)(ϕ) V4W�C 6 T 5
J�D]G ;B? J\| 5 aϕa−1 = ϕm [@GQE 9 K 5 a 9@; R A J�DFE`G 5 G ϕ V l ? C�G

ϕ−1aϕa−1 = ba−1 = ϕ−1ϕm,

G ;�6=? E`G 5 D 5:AB5:9%6 D]E 5 GHE 9>6�?@5 E 9%6�5 R=G 5 K 6 E ;L9M;LNi6=?<5�6 T ; S R ; C@I@G¡E 9 � ¢ V %#V]£ � [#G ; E 6 E]G 5 j%C@J�D6�; £L[ J 9 8 T 5M? J\| 5 a = b J 9 8 m = −1 V l ? C@G a K ;LA-A C 6�5 G T E 6�? ϕ [ G ; J�DFD ;LN
NormΓHϕ(S)(ϕ) K ;�ABA C 6�5 G T E 6�? ϕ b E 9�N JLK 6d6=? E]G 9<; R A J�DFE`G 5 R-E]GeJ�K 5:9%6 R=J�DFE]G 5 R\[XJ 9 86�?@5 G 5:A E z 8#EFR 5 K 6 I@R ; 8<C�K 6 � ¢ V %<V]£ � E]G{J�8#EFR 5 K 6 I<R ; 8<C@K 6

NormΓϕ(S)(ϕ) = NormΓHϕ (S)(ϕ) × 〈ϕ〉 (4.3.2)
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JLG E 946�?@5 G 6 J 6=5:AB5:9%6{;LN6�?@5m6=?<5\; R 5:A V eP;�6=5m6=? J 6H6=? E]GHE A I@DFE 5 G 6=? J 6 E 9MN JLK 6
NormΓϕ(S)(ϕ) = CentΓϕ(S)(ϕ). (4.3.3)

]f6 R 5:A J�E 9 G ;L9 D^Y 6�; I<R ; | 5�6=?<5¡6�? R 5:5 I ; E 9%6 G�J�k ; | 5 V l�; G 5\5¡6�? J 6 NormΓHϕ (S)(ϕ) 8 ;�5 G9<;�6 K ;L9�6 J�E 9 J 9 YoI ; T 5 R ;LN ϕ [xE 6 GQC���K 5 G 6�; K ;L9 G�E]8 5 R 6=?<5 I 5 R A C 6 J 6 E ;L9 GmJLG�G ; K7E`J 6=5 86�;_5 D 5:AB5:9%6 G ;LNH6=? E]G S R ; C@I b k%Y�8 5 c 9 E 6 E ;L9�6�?@5 Y�J�DFD DFE 5 E 9 Hϕ V e�; T [ T R�E 6=5 [ϕ] =

c1 · · · ck JLGdJMI@R ; 8<C�K 6a;LN k 8#E`G�1 ; E 9%6 K�Y<K7D 5 G ci 5 JLK ?�;LN D 5:9 S 6=? j [�J 9 8�JLG�GQC A-5�6�? J 6
Hϕ E]G S 5:9<5 R=J 6�5 8_k%Y c1, . . . , ck−1 V [�576 {m1, . . . ,mjk} ⊂ {1, . . . , n} k 5e6�?@5 G 576d;LN9 C A k 5 RtG 9<;�6 c �#5 8�k%Y 6�?@5 I 5 R A C 6 J 6 E ;L9 [ϕ] ∈ Sn [LE&V 5 V][ 6=?<; G 5 ; K\K7C<R�R=E 9 S E 9-6�?@5 K�Y<K7D 5 G
c1, . . . , ck V l ?@5:9e9@;�9@5¡;LN<6=?<5 mi J�R 5 D 5:N`6 c �#5 8�k%Y�J 9 Y 9<;L9%6 R�EF|�E`J�D#I ; T 5 R ;LN [ϕ] [LGQE 9 K 56�?@5 D 5\9 S 6=? G ;LN J�DFD 6=?<5 K7Y#K:D 5 G ci J�R 5m5 j�C�J�D b#;L9�6=?<5m;�6=?<5 R ? J 9 8 5 | 5 R�Y 5 D 5:AB5:9%6H;LN Hϕ

c �#5 G 6�?@5B9 C A k 5 R=G mi
; K\K7C<R=R�E 9 S E 9_6=?<5 K�Y<K7D 5 ck V l ? E]GdG ?@; T G 6=? J 6d9<;M9<;L9%6 R=E^|�E`J�D

I ; T 5 R ;LN [ϕ] DFE 5 GHE 9 Hϕ V
¦ ; R 6=?@5 G 5 K ;L9 8�I ; E 9%6 [�D 576 g ∈ NormΓϕ(S)(ϕ) V ]qN E 6 GBJLG�G ; K7E]J 6�5 8�I 5 R A C 6 J 6 E ;L9

[g] D]E 5 GZE 9 Hϕ [ 6�?@5:9 k%Y�8 5 c 9 E 6 E ;L9 g ∈ NormΓHϕ (S)(ϕ) V ]�N [g] E]G 9<;�6 E 9 Hϕ [ 6=?<5:9
GQE 9 K 5 E 6 E]GdE 9 Gϕ [ 6�?@5 R 5�57� E`G 6 G�J 9 E 9�6=5 S 5 R m GQC�K ?�6=? J 6 [g][ϕ]m ∈ Hϕ [�J 9 8�G�E 9 K 5
gϕm

9@; R A J�D]E]G 5 G ϕ [ T 5 G 5\5�6�? J 6 gϕm ∈ NormΓHϕ (S)(ϕ) V l ? E]G�I<R ; | 5 G 6=?<5 G 5 K ;L9 8
I ; E 9%6 Vd¦ ; R 6�?@5�6=? E]R=8�I ; E 9%6 [iE 6 GQC ��K 5 G 6=; K ?@5 KtU 6�? J 6 K ;L9 1QC S J 6 E ;L9 k%Y ϕ I<R 5 G 5 RQ| 5 G6�?@5 GQC@k S R ; C@I NormΓHϕ(S)(ϕ) V [576 h ∈ NormΓHϕ (S)(ϕ)

b T 5�9<5:5 8 6�; G ?<; T 6�? J 6
g = ϕhϕ−1 ∈ NormΓHϕ(S)(ϕ) V�W¡C 6 g K 5 R 6 J�E 9 D^Y 9<; R A J�DFE]G 5 G ϕ [LJ 9 8�E 6 G�I 5 R A C 6 J 6 E ;L9
E]G 5 j�C�J�D 6�;>6�?@5 I 5 R A C 6 J 6 E ;L9_;LN h GQE 9 K 5 [ϕ] K ;LABA C 6=5 G T E 6=? [h] � 6=?<5 S R ; C<I Gϕ E`G
J�k 5 DFE`J 9 � V l ? E]G{K ;LA I@D 576=5 G 6=?<5 I@R ;�;LN;LN�l ?<5:; R 5\A�¢ V %<V]£�V �

eP5:�%6 [ T 5 G ?<; T 6=? J 6H6=?<5 GQC@R,1 5 K 6 E^|#E 6 Y4K ;L9 8#E 6 E ;L9 J�D T J\Y#G ?@; D`8<GHE 9 S 5:9 C@G   5 R ; V
��� Á,¾���Á�� � 	5, 	 �
	 � r:� S ~tr�vM�fytp@y�w]y=��u&stv�wnqp�¥<r7}�r ��u2�2¥ n � v�}! Lrt��p@y�u����2n�[¡v���� ϕ v

��@u2�qr /Qy�}=��r7}���u �Prty � y�}qp�¥%u`n � yQ� S ��¥<y
n\r 
 ��rt�ep@y�u����2n�v�}=r � v�}! �rt�xV � r7� T = S/ϕ V" ¥<r7���2¥<ra¥<y � y � y�}qp�¥%u�n �

NormΓϕ(S)(ϕ)/〈ϕ〉 ↪→ Γ(T ),

��¥%ufs�¥>u`nZu2� )\r=s:�)u�*�re~0+���}=ytp@y
n�u2�)ufy�� ¢ V � V �%[�u�n�vLw n\y-n���}�)\rts7�)u�*�r�V
& ��¾Z¾�7 	 ¤ 5 I@R 5 G 5:9%6 J R=J 6=?<5 R�K ? J�R A E 9 S AB576=?<; 8 N2; R S EF|�E 9 S J 9a57� I@DFE]K7E 6 DFE N�6;LN�5 JLK ?a;LN6�?@5 S 5:9@5 R=J 6=; R=G ;LN Γ(T )

6=;
NormΓϕ(S)(ϕ) ⊂ Γ([S]) V l ?<5 G 5 DFE N`6 GH8 ;-9@;�6 9@5 K 5 G�G�J�R�EFD^Y

K ; R�R 5 GQI ;L9 8 6=; JeGQI@DFE 6�6 E 9 S ?<;LAB;LAB; R�I ? E]G A [#E&V 5 V][ 6�?@5 DFE N�6 GH8 ;e9<;�6H9<5 K 5 G�G�J�R�EFDFY>G�J 6 E]G N Y6�?@5 G�J A-5 R 5 D]J 6 E ;L9 GXJLG 6=?@5 S 5:9@5 R=J 6�; R=G ;LN Γ(T ) [Lk@C 6 T 5 J�R 5 ;L9 D^YeI<R ; |#E 9 S GQC<R,1 5 K 6 E^|#E 6 Y?<5 R 5 [<G ; E 6 E]G 5\9<; C S ?�6=; G ?@; T 6�? J 6{5 JLK ? S 5:9@5 R=J 6�; R ? JLGHJeD]E N`6 V
¤ 5 G�J T �)¦�E S C<R 5{¢ VF£ � 6=? J 6 ϕ A C�G 6 k 5 JZR ;�6 J 6 E ;L9�;LN I 5 R A C 6 J 6 E ;L9 c1 · · · ck [ T ?<5 R 55 JLK ? ci E]G{JBK�Y#K:D 5a;�N D 5:9 S 6�? j [@J 9 8 jk = n− 2 V l ?<5\9 T ? JLG k + 2

A J�R�U 5 8>I ; E 9%6 G:[
G ; Γ(T ) E]G S 5\9<5 RtJ 6=5 8�k�Y�J�DFD�k<C 6m;L9@5e;LNX6�?@5 xij GQC@K ?�6=? J 6 1 ≤ i < j ≤ k + 1 V ]q6
E]G 5 | 5:9�AB; R 5 K ;L9 | 5:9 E 5:9�6e6=; C�G 5�6�?@5�N2; DFD ; T E 9 S G Y<G 6�5\A ;LN S 5:9@5 R=J 6=; R=G:V a%576 y1j =

σj−1 · · · σ2σ
2
1σ2 · · ·σj−1

b�6=?@5:9 |#E]J 6=?@5 R 5 D]J 6 E ;L9
y1j = x1jx2j · · ·xj−1,j ,



� � � u�����u´��
	�µ�������
T 5 G 5:5a6=? J 6 J�DFDk<C 6{;L9@5a;LN6=?<5d5 D 5\A-5\9�6 G y1j N2; R 1 ≤ j ≤ k + 1 [ 6�; S 576=?<5 R T E 6�?o6�?@5
xij

N2; R 2 ≤ i < j ≤ k + 1 [<J�D]G ;BN2; R A JBG Y#G 6�5:A ;LN S 5\9<5 R=J 6=; R=G N2; R Γ(T ) Ve�; T [ S E]G�J�GQI ?<5 R 5 T E 6=?�; R=8 5 R 5 8 9 C A k 5 R 5 8aI ; E 9%6 G:[LG ; [ϕ] E]G�J{c �#5 8dI 5 R A C 6 J 6 E ;L9
E 9 Sn V a E 9 K 5 T 5 J�R 5 T ; R�U�E 9 S C<I 6�; K ;L9 1 C S J 6 E ;L9 [ T 5ZA J\Y4J�G=GQC AB5Z6�? J 6

[ϕ] =
(
1, k + 1, · · · , (j − 1)k + 1

)(
2, k + 2, · · · , (j − 1)k + 2

)
· · ·

(
k, 2k, · · · jk

)
,

T ? E]K ? E]G AB; R 5 K ;L9 | 5:9 E 5:9%6Z6�? J 9�6=?<5B9 C A k 5 R�E 9 S ;LN ¦�E S C@R 5-¢ V]£ N2; R S E^|�E 9 S J�|#E]GQC�J�D
R 5 I@R 5 G 5:9%6 J 6 E ;L9M;LN6=?<5 k<R=J�E`8<G:V�¤ 5a9 C A k 5 R 6�?@5ZA J�R�U 5 84I ; E 9�6 G ;�9 T k%Y 6 J�U�E 9 S 6=?<5
E A J S 5e;LN�6=?<5 c �#5 8oI ; E 9�6 G ;LN ϕ 6=; k 5 1 J 9 8 k + 2 [xJ 9 8 6=?<5 E A J S 5e;LN�6=?<5eA J�R�U 5 8
I ; E 9%6Z9 C A k 5 R 5 8 i ;L9 S 6=; k 5-9 C A k 5 R 5 8 i + 1

;L9
T V l ?<5\9�6�?@5 S 5:9@5 R=J 6=; R xij ;LN

Γ(T )
N2; R 2 ≤ i < j ≤ k + 1 E]GaR 5 I@R 5 G 5:9%6=5 8_k%Y_J>k@R=J�E]8i[J 9 8_k�Y�J AB;�6 E ;�9�;LN"6=?<5

I ; E 9%6 G\[@JLG E 9 ¦�E S C@R 5Z¢ V � V
i j

��� ��� � 	 �  �� � � �
�
���*�	�



� �
�

xij

���
Γ(T )

#
\ JLK ?e;LN�6�?@5 G 5 S 5:9<5 R=J 6�; R=G�E]G�DFE N�6�5 8 6�; J AB;�6 E ;L9�;�N I ; E 9%6 G ;L9 S GQE A I@D^Y-k�Y j K ; I<E 5 G;LN
xij [@JLG E 9 ¦�E S C<R 5a¢ V %<V

j−th row

i−th row

ji

��� �����
	��  ���� � �
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�
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�
��� � �



� �
�

xij

� �
Γ([S])

#
l ?@5e5 D 5:AB5:9%6 y1j ∈ Γ(T ) E]GZG ?<; T 9 k%Y 6=?<5-AB;�6 E ;L9_;LN I ; E 9%6 GZE 9�6=?<5 R�E S ?%6�zf? J 9 8

I@J�R 6{;LN ¦�E S C@R 5Z¢ V ¢ [<J 9 8>DFE N`6 G 6�;B6�? J 6{;LN�6=?<5 D 5:N`6�zf? J 9 8MGQE]8 5 Vd J\|#E 9 S G 5 I�J�R=J 6�5 DFY�DFE N�6�5 8 5 J�K ?�;LNP6�?@5 y1j J 9 8 6=?@5 xij [ T 5M9@; T A J�U 5 J_c 9 J�D
R 5:A J�R�U�V ]�9d6�?@5:A G 5 D^| 5 G\[ 6=?<5 G 5 DFE N�6 E 9 S G�8 ;P9@;�6 S 5\9<5 RtJ 6=5 JPK ; I%Y ;LN Γ(T ) E 9 GQE`8 5 Γ([S]) VdP; T 5 | 5 R\[ T 5 U 9@; T 6=? J 6 E 6 E]G 5:9@; C S ?�6=;M6 J�U 5 J�DFD"k<C 6a;L9<5�;LN"6=?@5 G 5 S 5:9@5 R=J 6=; R=G 6�;S 5:9<5 R=J 6�5 Γ(T ) V�¤ 5 K7D]J�E A 6�? J 6 E N T 5M6�? R ; T ; C 6 J 9 Y ;L9<5o;LN�6�?@5 y1j T E 6=? 2 ≤
j ≤ k + 1 [ 6=?<5\9�6�?@5 DFE N�6 G ;LN{6=?<5 R 5:A J�E 9 E 9 S�S 5:9<5 R=J 6�; R=GBJLGBJ�k ; | 5 8 ; S 5:9<5 R=J 6�5 J
K ; I�Y ;LN Γ(T ) E 9 GQE]8 5m;LN Γ([S]) [#J 9 8 6�?@5 k 8<EF� 5 R 5:9%6 K ; I<E 5 G ; k 6 J�E 9@5 8�E 9�6�? E]G T J\Y�J�R 5
8#E]G 6 E 9 K 6 V ]�9 8 5\5 8x[�E 6 E]G 5 JLG Y 6�; K ?@5 K=U-8#E]R 5 K 6 D^Y 6�? J 6�6=?<5 D]E N`6 E 9 S ; k 6 J�E 9<5 8Bk�Y 6=? R ; T E 9 S
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y1j

� �
Γ([S])

#
; C 6 y1j E]G 57� JLK 6 D^Y 6�?@5 GQC<k S R ; C<I NormΓHϕ (S)(ϕ) T ?<5 R 5 Hϕ E]G S 5\9<5 RtJ 6=5 84k%Y4J�D]D ;LN6�?@5 K�Y<K7D 5 G ci 57� K 5 I 6 N�; R cj V l ? E]G�I@R ;%;LNi6�? C@G�I@R ; |#E]8 5 G�J 9>57� I<D]E]K7E 6 G 576 ;LN S 5:9@5 R=J 6=; R=GN�; R 6=?<5 S R ; C<I NormΓϕ(S)(ϕ) [ 9 J A-5 D^Y 6=?<5 S 5:9<5 R=J 6�; R=GaK ;�9 G 6 R�C@K 6�5 8�J�k ; | 5�N�; RdJ 9 Y
NormΓHϕ(S)(ϕ) [ 6�; S 576=?<5 R T E 6=? ϕ E 6 G 5 D N V �l ?<5"N2; DFD ; T E 9 S K ; R ; D]D]J�RQYdE]G�J 9 E ABAB5 8<E]J 6�5 K ;L9 G 5 j�C 5:9 K 5";LN@l ?<5\; R 5:A G ¢ V %<VF£�J 9 8 ¢ V %#V � V
½�¾���¾#/1/1)���� 	 � r:� S ~tr�v�nqp�¥<r7}=r ��u)�2¥ n � v�}! Lrt�Mp@y�u2���2n�[-v���� ϕ v 
��@u)�fr /Qy�}=��r7}
��u �Prty � y�}qp�¥%u�n � yQ� S [�v����Bn\r:� T = S/ϕ V " ¥<r7�

NormΓϕ(S)(ϕ)/〈ϕ〉 ' NormΓHϕ(S)(ϕ) ' Γ(T ),

v����d�7y�}>r=v�s�¥�yQ�B�2¥<r k p@y
n=n�uf~:wFr>s�¥<y�ufs=r�n�yQ� Hϕ ⊂ Gϕ [ �¡r�y�~:�qv�u2��v4nqp@rts7u&v�w�¥<y � y /� y�}qp�¥%u�n �
Γ(T ) → Γ([S]).

�i(��i( � � . � ��� � �)._1,� ��. � � � ��.�/��i( S ¾�79À � '�Á
(0, 6) � T

¾�79À ��'�Á
(0, 4)

	 l ?@5
A J�I@I<E 9 S K:D]JLG�G S R ; C<I Γ([S]) ' Γ0,[6] E`G S 5:9@5 R=J 6=5 8�k%Y σ1 [ σ2 [ σ3 [ σ4 J 9 8 σ5 T E 6=?6�?@5 C@G�C@J�Dik<R=J�E]84R 5 D]J 6 E ;L9 GPJ 9 8 6�?@5 R 5 D]J 6 E ;L9 G

σ5σ4σ3σ2σ
2
1σ2σ3σ4σ5 = (σ1σ2σ3σ4σ5)

6 = 1. (4.4.1)l ?<5Z5 D 5:AB5:9%6 ϕ T 5 K ;L9 GQE]8 5 RHE 946�? E]G 57� J A I@D 5 E]G
ϕ = σ1σ2σ1σ3σ2σ1σ4σ3σ2σ1.

]f6 GZJLG�G ; K7E]J 6=5 8�I 5 R A C 6 J 6 E ;L9 E`G (15)(24). &mE]R 5 K 6 K ;LA I<C 6 J 6 E ;L9 � A J 9 EFI@C<D`J 6 E ;L9 T E 6=?6�?@5 k@R=J�E]8�R 5 D]J 6 E ;L9 G � G ?<; T G 6�? J 6 ϕ2 = (σ4σ3σ2σ1)
5 [#J 9 8 6�? E]G 5 D 5:AB5:9%6 E]G 5 j%C@J�D 6=; £

E 9 Γ0,[6] [@G ; ϕ E]G ;LN; R=8 5 R � V ]�9MN JLK 6 [ ϕ E]G 6�?@5 K7D]JLG�G ;LN6�?@5 £ � � ◦ R ;�6 J 6 E ;�9 Φ J�R ; C 9 86�?@5 J � E`G{G ?<; T 9 E 9 ¦�E S C<R 5Z¢ V('�Vl ?@5 j%C ;�6 E 5:9%6 T ;LN
S k%Y Φ

? J�G ¢�A J�R�U 5 8�I ; E 9%6 G�K ;LA E 9 S N R ;LA 6�?@5 � A J�R�U 5 8
I ; E 9%6 G ;�N S b%6�?@5P9<; R 6=? J 9 8�G ; C 6=? I ; D 5 G�J�R 5 c ��5 8�I ; E 9%6 G ;LN�6�?@5 R ;�6 J 6 E ;L9 Φ [#G ;a6=?<5 Y? J\| 5 R=J A EFc�K:J 6 E ;L9 E 9 8 57�>5 j%C�J�D 6�; � V
¤ 5 K ;LA I<C 6=5�6=?<5 S R ; C@I@G Aut∗([π1(T )]) [ Aut∗([S/T ]) [ Γ[S/T ] [�J 9 8 6�?@5 EFReI@C@R 5

| 5 R=GQE ;L9 G:V
¤�R�E 6�5

π1(T ) = 〈c1, c2, c3, c4 | c1c2c3c4 = 1〉,
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3

4

51

3

1

4

S
T

6

��� ��� � 	 �  � �� � � � ��� �"��� � ��� �	� � � � � ��� �
� � � � ! �
Φ

� � � � � �
� ϕ

#

T ?<5 R 5 ci E]GmJ�D ;�; I�J�R ; C 9 8 6�?@5 i z&6=?�A J�R=U 5 8oI ; E 9%6m;�N T V l ?<5 S R ; C@I Aut∗([π(T )]);LN
T E`G S 5:9@5 R=J 6=5 8>k%Y Inn(π1(T )) J 9 8>k%Y 5 D 5:AB5:9%6 G τ1 [ τ2 J 9 8 τ3 [@JLK 6 E 9 S |�E`J

τi(cj) =





ci+1 E N j = i

c−1
i+1cici+1 E N j = i+ 1

cj
;�6=?<5 R T E]G 5 V

(4.4.2)

eP; T�T 5 R 5 J�DFEF  5 π1(S) JLG�J�GQC@k S R ; C@I ;�N π1(T ) [LJ 9 8�K ;LA I@C 6=5 Aut∗([S/T ]) V¤�R�E 6 E 9 S
π1(S) = 〈x1, x2, x3, x4, x5 | x1x2x3x4x5 = 1〉,

6�?@5:9
π1(S) K:J 9 k 5 E 9 K7DFC�8 5 84E 9 π1(T ) |#E]J





x1 = c1c2c3c
−1
2 c−1

1

x2 = c1c2c
−1
1

x3 = c21
x4 = c2
x5 = c3.

� l; R 5 J�D]EF  5>6�?@5 K ; | 5 R Φ : S → T S 5:;LAB576 R�E`K:J�DFD^Y�[ ;L9<5 K:J 9�6 J�U 5>N�; R 57� J A I@D 5�6�?@5O E 5:A J 9<9 GQC<R N JLK 5 P1C T E 6=?�; R=8 5 R 5 8 A J�R�U 5 8_I ; E 9%6 G 2, 1, 0,−1,−2 [ ∞ b�6�?@5 D ;�; I@G
x1, x2, x3, x4 J 9 8 x5

S ; J�R ; C 9 8 6�?@5 c@R=G 6 c#| 5 I ; E 9%6 GZE 9�; R=8 5 R\[ik�J�G 5 8_J 6Z6=?<5 k@JLG 5
I ; E 9%6 i V l ?@5:9 Φ K ; R�R 5 G�I ;L9 8@G 6=;�6�?@5 j�C ;�6 E 5:9%6¡;LNx6�? E]G O E 5\A J 9@9 GQC<R N JLK 5 k%Y z 7→ z2 [
J 9 8 6=?@5 j%C ;�6 E 5:9%6 E]G 6=?<5 I@R ; 1 5 K 6 E^| 5 DFE 9@5 P1C T E 6�?_A J�R�U 5 8�I ; E 9%6 G 4 [ 1 [ 0 J 9 8 ∞ [
GQC<R�R ; C 9 8 5 8>k�Y>D ;�; I@G c1 [ c2 [ c3 [ c4 k@JLG 5 84J 6 −1 V �e�; T [E 9�; R=8 5 R 6�;o? J\| 5 JMK ? J 9 K 5�;LN R 5 G 6 R�E]K 6 E 9 S 6=; π1(S) [E&V 5 V][ ;LN k 5 D ;L9 S E 9 S 6�;
Aut∗([S/T ]) [�J 9�5 D 5\A-5\9�6e;LN Aut∗([π1(T )]) K:J 9@9<;�6 I 5 R A C 6=5�A J�R�U 5 8�I ; E 9%6 G ;LN T? J\|#E 9 S 8<EF� 5 R 5\9�6 R=J A EFc@K\J 6 E ;L9 E 9 8#E]K 5 GHC 9 8 5 R ϕ V l ?@5 R 5:N2; R 5 [ 6�?@5 I@R�E A J�RQY4K:J 9 8<E]8@J 6�5N�; R 6=?<5 GQC@k S R ; C<I Aut∗([S/T ]) E]G 6=?<5 GQC@k S R ; C@I ;LN J�DFD 5 D 5:AB5:9%6 G ;�N Aut∗([π1(T )])

T ?<; G 5 I 5 R A C 6 J 6 E ;L9 GPDFE 5 E 9�6�?@5 GQC@k S R ; C@I 〈(14), (23)〉 ⊂ S4 V l ? E]G S R ; C@I�E`G S 5\9<5 R z
J 6�5 8Bk%Y-JaDFE N�6 E 9 S ;LN�5 JLK ?�;LN�6�?@5H6 T ;a6 R=J 9 G�I ; GQE 6 E ;L9 G:[ 6�; S 576=?<5 R T E 6=?B6=?<5 T ?@; D 5{;LN�6=?<5
I<C@R 5 GQC@k S R ; C@I Aut∗(π1(T )) V _ DFE N`6�;LN�6=?<5H6 R=J 9 GQI ; GQE 6 E ;L9 (23) E]G S EF| 5\9 k%Y τ2 [�J 9 8BJ
DFE N�6P;LN (14) E]G S EF| 5\9 k%Y 6=?<5d5 D 5:AB5:9%6 τ14 = τ3τ2τ1τ

−1
2 τ−1

3 [ T ?<5 R 5 JLG Aut∗(π1(T )) E]G



�0����	���ªuOu���	x���)� û������Zu%���0�¨	x�����ª»�	��Z¦	����� � õ/ñ
S 5:9<5 R=J 6�5 8-k%Y Inn(π1(T )) J 9 8-k%Y 6=?<5 G�E �-5 D 5:AB5:9%6 G τ2

1 [ τ2τ2
1 τ

−1
2 [ τ3τ2τ2

1 τ
−1
2 τ−1

3 [ τ2
2 [

τ3τ
2
2 τ

−1
3 [ τ2

3 V l ?@5 R 5:N2; R 5 [ 6�?@5 I<R 5 E A J S 5";�N 〈(14), (23)〉 E]G S 5:9<5 R=J 6�5 8aE 9 Aut∗([π1(T )])

k�Y
τ2
1 , τ2τ

2
1 τ

−1
2 , τ3τ2τ1τ

−1
2 τ−1

3 , τ2, τ3τ
2
2 τ

−1
3 , τ2

3 .

¤ 5 K:J 9 8<R ; I τ2τ2
1 τ

−1
2

N R ;LA 6=? E]GXG 5:6X;LN S 5\9<5 RtJ 6=; R=G:[�J 9 8BGQE 9 K 5 k�Y 6=?<5 k<RtJ�E`8eR 5 D]J 6 E ;�9 [T 5d? J\| 5 τ3τ2
2 τ

−1
3 = τ−1

2 τ2
3 τ2 [ T 5 K:J 9 J�D]G ; 8#R ; I 6�? E]G 5 D 5:AB5:9%6 V ¦�C@R 6�?@5 R AB; R 5 [ τ2

1 =

τ2
3 E 9 Aut∗(π1(T )) [@G ; T 5 J�R 5 D 5:N`6 T E 6�?M6�? R 5:5 S 5:9@5 R=J 6=; R=G

τ2
1 , τ2, τ3τ2τ1τ

−1
2 τ−1

3 .

\X� I@DFE]K:E 6 K ;LA I@C 6 J 6 E ;L9 G ?<; T G 6�? J 6�5 JLK ?-;LN@6=?<5 G 5¡6=? R 5\5 S 5\9<5 RtJ 6=; R=G�R 5 G 6 R�E]K 6 G 6=; π1(S)

JLGHJ 945 D 5:AB5:9%6{;LN Aut∗([π1(S)]) V ]�9 8 5:5 8x[ T 5Z? J\| 5

τ2
1 :





x1 7→ x1

x2 7→ x4

x3 7→ x−1
4 x3x4

x4 7→ x−1
4 x−1

3 x2x3x4

x5 7→ x5

x6 7→ x6,

τ2 :





x1 7→ x2

x2 7→ x−1
2 x1x2

x3 7→ x3

x4 7→ x5

x5 7→ x−1
5 x4x5

x6 7→ x6,

τ3τ2τ1τ
−1
2 τ−1

3 :





x1 7→ x1

x2 7→ x2

x3 7→ x6

x4 7→ (x1x2x3)x4(x1x2x3)
−1

x5 7→ (x1x2x3)x5(x1x2x3)
−1

x5 7→ (x1x2x3)x3(x1x2x3)
−1.l ? E]G�G ?@; T G 6=? J 6 Γ[S/T ] = 〈τ2

1 , τ2, τ3τ2τ1τ
−1
2 τ−1

3 〈 V a E 9 K 5MN C@R 6�?@5 R AB; R 5 T 5M? J\| 5
Γ(T ) = 〈τ2

1 , τ
2
2 〉 [ T 5 G 5:5"6=? J 6 ΓS/T = Γ(T ) [�G ; ϕ G�J 6 E]GQc 5 G 6�?@5 G�C<R,1 5 K 6 E^|#E 6 YdK ;�9 8<E 6 E ;�9;LN!a�5 K 6 E ;L9M¢ V ��b#6�? E]G{K ;L9 8<E 6 E ;L9 T JLG ;LN K ; C@R=G 5 S C@J�R=J 9%6=5:5 84J 9 Y T J\Y�E 9 S 5:9 C�G   5 R ; k%Yl ?<5:; R 5\A�¢ V %<V � V[576

σ1, . . . , σ5 k 5 S 5\9<5 RtJ 6=; R=G ;LN Aut∗([π1(S)]) [iJ�K 6 E 9 S ;L9o6=?@5 xj 57� J�K 6 D^Y�JLG τi
JLK 6 G ;L9 cj E 9 � ¢ V ¢ V � � V l ?@5:9 E 6 E`G 5 J�GQY 6�; G 5:5-6�? J 6 τ2

1 JLK 6 G ;L9 π1(S) DFEFU 5 σ2σ3σ2 [
J 9 8 τ2 JLK 6 GHDFEFU 5 σ1σ4 [@G ; τ2

2 JLK 6 G DFE]U 5 σ2
1σ

2
4 V¦�C<R 6�?@5 R AB; R 5 [�GQE 9 K 5 Γ(T ) E]G�J N R 5:5 S R ; C<I ;L9d6=?<5 S 5:9@5 R=J 6=; RtG τ2

1 J 9 8 τ2
2 [ T 5¡; k 6 J�E 9J�nqp@rts7u&vLw�¥<y � y � y�}fp�¥%u`n �

Γ(T ) → Γ([S])

τ2
1 7→ σ2σ3σ2

τ2
2 7→ σ2

1σ
2
4 .

(4.4.3)

l ? E]G�E]GXJ 9e57� I@DFE]K7E 6 | 5 R=GQE ;L9B;�N@6=?<5 nqp�w u)�&�)u��#�esty�����u)�2ufy���� � � ;LN�a%5 K 6 E ;L9-¢ V � [ S C�J�R=J 9�6=5:5 8
E 9 S 5:9 C@G   5 R ; k�Y l ?<5\; R 5:A ¢ V %<VF£LV
¤ 5�9@; T 57� I@D]J�E 9�6�?@5�AB5 J 9 E 9 S ;LN�6=?<5 G 5 K ;LA I<C 6 J 6 E ;L9 G�E 9 S 5:;LA-5:6 R�E`K 6�5 R A G:[xE&V 5 V][

k�Y�8 576=5 R A E 9 E 9 S 6=?@5 I ; E 9�6 G ;LN GQI 5 K7E]J�D�J�C 6=;�AB; R�I ? E`G A K ; R�R 5 GQI ;�9 8<E 9 S 6=; ϕ E 9 M(S) [
J 9 8 6=?<5 GQI 5 K:E]J�D�D ; K7C�G ;LN ϕ E 9�6�?@5 j%C ;�6 E 5:9%6 A-; 8<C<DFExGQI�JLK 5 Mϕ(S) [<J 9 8�R 5 D]J 6 E 9 S 6�?@5
E A J S 5a;LN�6=?@5 GQI@DFE 6�6 E 9 S A J�I�� ¢ V ¢ V % � 6�;-6�?@5a9<; R A J�DFEF  5 R NormΓϕ(S)(ϕ) V



� õ � u�����u´��
	�µ�������
l ?@5 I 5 R A C 6 J 6 E ;L9 [ϕ] = (15)(24) [J 9 8 6�; c 9 8 6=?<5 G 576a;LN I ; E 9%6 G ;LN GQI 5 K7E]J�DXJ�C z6�;LAB; R�I ? E]G A K ; R�R 5 GQI ;L9 8#E 9 S 6=; ϕ [�E 6 E`G 5:9@; C S ?�6�; I�J�R=J A-5:6 R�EF  5�6�?@5 G 576-;LN I ; E 9%6 G

c �#5 8Mk%Y (15)(24) VH¤ 5 C@G 5d6�?@5 C 9 E`j�C 5 R 5 I<R 5 G 5:9%6 J 6 E^| 5�;LN�6=?<5dN2; R A (1, a, 0, b, c,∞)N�; R 5 JLK ? I ; E 9%6m;LN M(S) = M0,6 V l ? E]G�E]G ; 8@8 z D ;�; U�E 9 S k@C 6m5:9 GQC<R 5 G 6�? J 6 0 J 9 8 ∞
K ; R�R 5 GQI ;L9 8 6=;e6�?@5�6�? EFR=8>J 9 8>GQE ��6=?>A J�R�U 5 8�I ; E 9�6 G:[�EfV 5 VF[ 6�?@5m9<; R 6=? J 9 8�G ; C 6�? I ; D 5 G;LN
S T ? E]K ? J�R 5 6=?@5 c �#5 8-I ; E 9%6 G�C 9 8 5 R ϕ �)G 5\5 ¦�E S C@R 5H¢ V(' � V _ I@I<DFY�E 9 S (15)(24) S E^| 5 G

(c, b, 0, a, 1,∞) T ? E]K ? E]G 5 j�C@E^|�J�D 5\9�6�6=; (1, b/c, 0, a/c, 1/c,∞) |#E]J z 7→ z/c V l ?<5
I ; E 9%6 (1, a, 0, b, c,∞) E]G�JMI ; E 9%6�;LN GQI 5 K:E]J�D�J�C 6�;LAB; R�I ? E]G A K ; R�R 5 GQI ;�9 8<E 9 S 6�; ϕ E N
J 9 8 ;L9 D^Y�E N E 6 E]G¡c �#5 8�C 9 8 5 R 6=?<5 JLK 6 E ;L9>;LN (15)(24) [#E&V 5 V][#E N c = −1 J 9 8 a = −b [#G ;6�?@5 G 576P;LN GQI 5 K7E]J�DiI ; E 9%6 GHE]G S EF| 5:9 k�Y4J�DFDiI ; E 9%6 G ;LN�6=?<5aN2; R A

(1, a, 0,−a,−1,∞). (4.4.4)

l ? E]G�GQI 5 K7E]J�D%D ; K7C�G ? JLG 9@;P; R�k@E N�; D`8�G 6 R�C�K 6 C<R 5 GQE 9 K 5 M(S) 8 ;�5 G 9<;�6 [�J 9 8aE 6 E]G 9<; R A J�D&V]f6 E]G 5 JLGQEFD^Y G 5:5\9 6=; k 5 J�K ; I%Y ;LN P1 T E 6�? N2; C<R�I ; E 9�6 G�R 5:AB; | 5 8x[ 9 J AB5 DFY 6=?<; G 5
K ; R�R 5 GQI ;L9 8<E 9 S 6�;B6�?@5 |�J�DFC 5 G a = 0,±1,∞ V
¤ 5m9<; T K ;L9 GQE`8 5 R 6=?<5 GQI 5 K:E]J�D�D ; K7C�G Mϕ(S, ϕ) E 9 GQE]8 5m6�?@5 j%C ;�6 E 5:9%6 AB; 8#C@DFExGQI�JLK 5

Mϕ(S)
b E 6 E]G 6=?@5 E A J S 5{;LN�6=?<5 D ; K:C@GP� ¢ V ¢ V ¢ � E 9�6=?<5 j%C ;�6 E 5:9%6 G�I@JLK 5 M(S)/Gϕ T ?<5 R 5

Gϕ = 〈(15), (24)〉 V l ?<5 I 5 R A C 6 J 6 E ;L9 (15)(24) c �#5 G 5 JLK ? I ; E 9%6 [ T ?@5 R 5 JLG (15) J 9 8
(24) k ;�6�? JLK 6 |#E]J a 7→ −a b�6=? C�G 6=?<5 I ; E 9%6 G a = 0 J 9 8 a = ∞ J�R 5 c �#5 8�C 9 8 5 R6�?@5 JLK 6 E ;L9�;LN Gϕ J 9 8 6=?<5 I ; E 9%6 G a = 1 J 9 8 a = −1 J�R 5B57� K ? J 9 S 5 8iV l ?@5 R 5 J�R 59<;�;�6=?<5 R�c ��5 8�I ; E 9�6 G�C 9 8 5 R Gϕ V l ? C�G:[ 6�?@5 GQI 5 K7E]J�D¡D ; K7C@G T 5 J�R 5 E 9%6�5 R 5 G 6=5 8�E 9 [
Mϕ(S, ϕ) [%E]G"J P1 T E 6�?�6�? R 5:5 I ; E 9�6 GXR 5:AB; | 5 8�J 9 8�J 6 R�EF|�E`J�D ; R�k<E N�; D]8�G 6 R�C@K 6 C@R 5 T E 6=?S R ; C<I Z/2Z J 6H5 JLK ? I ; E 9%6 V l ? E]GHE]G 6�?@5 S 5:;LAB576 R�E]KaG 6 R�C@K 6 C@R 5 T ? E`K ? E`G R 5 �@5 K 6=5 8>k%Y6�?@5ZN C 9 8<J AB5:9%6 J�D S R ; C@I@GHGQE 9 K 5

π1(Mϕ(S, ϕ)) = NormΓϕ(S)(ϕ)

= 〈σ2σ3σ2, σ
2
1σ

2
4 , ϕ〉 ' 〈ϕ〉 × 〈σ2σ3σ2, σ

2
1σ

2
4〉 ' Z/2Z × F2.l ?<5

F2 ' Γ(T )
N JLK 6=; RHE 9o6�? E]GP8#EFR 5 K 6 I@R ; 8<C�K 6 E]G 6�?@5 E A J S 5d;LN6=?<5 G�I<DFE 6Q6 E 9 S ?@;�AB;�zA-; R�I ? E]G A � ¢ V ¢ V % � V

�i(���( � ��. � ��� ���2.�1�� ��. � � ��� �.�( S ¾#7 À � '�Á
(1, 2) � T

¾#7 À � '�Á
(1, 1)

	
d�5 R 5 T 5 j�C ;�6 E 5\9�6 J 6�; R�C�G S T E 6=?#�>A J�R�U 5 8�I ; E 9�6 Gdk�Y 6=?@5 8<EF� 5:;LAB; R=I ? E]G A ϕ

T ? E]K ? E]G 6=?<5 £ � � ◦ R ;�6 J 6 E ;L9 J�R ; C 9 8 6�?@5 J � E]GmI�JLG�GQE 9 S | 5 R 6 E]K:J�D]D^Y 6=? R ; C S ?�6=?<5-?<; D 5 Vl ?<5 j%C ;�6 E 5:9%6 T E]GHJ 6�; R�C�G T E 6=?M;�9@5ZA J�R�U 5 84I ; E 9�6 J 9 8 9<; k<RtJ 9 K ? I ; E 9%6 G:V

S T

��� ��� �
	 �  ���� ��� � ����� �
� � ��� ! � ��� ��� � �
(1, 2)

#
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l ?@5ZN C 9 8<J AB5:9%6 J�D S R ; C@I π1(T )

? JLG 6�?@5 T 5 DFD z U 9<; T 9 I@R 5 G 5\9�6 J 6 E ;L9
〈a, b, c | (a, b)c = 1〉,

T ?<5 R 5 (a, b) 8 5:9@;�6�5 G 6=?@5 K ;LABA C 6 J 6=; R bab−1a−1 V l ?@5-N C 9 8@J A-5\9�6 J�D S R ; C@I π1(S)? JLG 6=?<5 I<R 5 G 5:9%6 J 6 E ;L9
〈a′, b′, c1, c2 | (a′, b′)c1c2 = 1〉.l ? E]G S R ; C<IMK\J 9 k 5 R 5 J�DFEF  5 8oJLGHJBGQC@k S R ; C@I ;LN π1(T ) |#E]J 6=?<5a5:A k 5 8<8<E 9 S

π1(S) ↪→ π1(T )

a′ 7→ a

b′ 7→ b2

c1 7→ c

c2 7→ bcb−1.l ?<5 S R ; C@I Aut∗(π1(T )) E]G S 5:9@5 R=J 6=5 8�k%Y Inn(π1(T )) J 9 8�k%Y 6 T E]G 6 G τ1 J 9 8 τ2

J�D ;L9 S 6=?<5 D ;�; I�G α J 9 8 β E 9 ¦�E S C@R 5 %<V]£ %<V ]�9>6�?@5ZA J�I<I@E 9 S K7D]JLG�G S R ; C<I Γ(T ) [ 6=?<5 G 56 T E`G 6 GmG�J 6 E]G N Y 6�?@5 R 5 D]J 6 E ;L9 G τ̃1τ̃2τ̃1 = τ̃2τ̃1τ̃2 J 9 8 (τ̃1τ̃2)
3 = 1 [xJ 9 8ME 9�N JLK 6 Γ(T ) E]G

E]G ;LAB; R=I ? E]K 6�; PSL2(Z) V\X� I@DFE]K7E 6 D^Y�[ 6�?@5m6 T E]G 6 G τ1 J 9 8 τ2 JLK 6{;L9 π1(T ) |#E]J
τ1(a) = a, τ1(b) = ba−1, τ1(c) = c

J 9 8
τ2(a) = ab, τ2(b) = b, τ2(c) = c.

a E 9 K 5 T ? JLG ;L9 D^Y ;L9<5�A J�R�U 5 8oI ; E 9%6 [ T 5�? J\| 5 Aut∗([π1(T )]) = Aut∗(π1(T )) J 9 8
Aut∗([S/T ]) = Aut∗(S/T ) V{¤ 5 G ?@; T 6=? J 6�6=?<5 GQC<k S R ; C<I Aut∗(S/T ) E]G S E^| 5:9 k%Y
〈τ1, τ2

2 〉 V¤ 5 c@R=G 6 G ?<; T 6=? J 6 τ1 DFE 5 G�E 9 Aut∗(S/T ) [Lk%YeK ;LA I@C 6 E 9 S E 6 G�R 5 G 6 R�E]K 6 E ;L9-6=; π1(S)
b

T 5 c 9 8 6=? J 6




τ1(a
′) = τ1(a) = a = a′

τ1(b
′) = τ1(b

2) = ba−1ba−1 = (a′)−1c1b
′(a′)−1

τ1(c1) = τ1(c) = c = c1

τ1(c2) = τ1(bcb
−1) = ba−1cab−1 = b′(a′)−1(b′)−1c−1

1 a′,

G ; τ1 I<R 5 G 5 RQ| 5 G 6�?@5 GQC@k S R ; C@I π1(S) V�¤ 5m9@57��6 G ?@; T 6�? J 6 τ2
2 DFE 5 G E 9 Aut∗(S/T ) k%Y

K ;LA I@C 6 E 9 S E 6 G{R 5 G 6 R�E]K 6 E ;L9 �




τ2
2 (a′) = τ2

2 (a) = ab2 = a′b′

τ2
2 (b′) = τ2

2 (b2) = b2 = b′

τ2
2 (c1) = τ2

2 (c) = c = c1

τ2
2 (c2) = τ2

2 (bcb−1) = bcb−1 = c2,

G ; J S J�E 9 τ2
2 I<R 5 G 5 RQ| 5 G π1(S) [<G ; E 6 DFE 5 G E 9 Aut∗(S/T ) V e�; T [ 6=?<5 GQC@k S R ; C@I 〈τ1, τ2

2 〉E]G ;LN E 9 8 57� 2 E 9 Γ(T ) = 〈τ1, τ2) [�G ; E N@6=?<5 GQC@k S R ; C@I Aut∗(S/T ) T JLGXG 6 R�E`K 6 DFY S R 5 J 6=5 R



� õ�ò u�����u´��
	�µ�������
6�? J 9 〈τ1, τ2

2 〉 [#E 6 T ; C<D`8�k 5 J�DFD ;LN Γ(T ) VXW�C 6¡6�? E]G¡E`G 9<;�6¡6�?@5 K:JLG 5 [<GQE 9 K 5mN�; R E 9 G 6 J 9 K 5
τ2 6∈ Aut∗(S/T )

b E 9 8 5\5 8x[ τ2(a) = ab J 9 8 ab 6∈ π1(S) � ;�6�?@5 R T E]G 5 b ∈ π1(S) J 9 8
π1(S) = π1(T ) T ? E]K ? E`GHJ�k�GQC<R=8 � V l ?<5 R 5:N2; R 5 T 5Z? J\| 5 G ?<; T 946�? J 6

Aut∗(S/T ) = 〈τ1, τ2
2 〉.

l ? C�G:[ 6�?@5 GQC@R,1 5 K 6 EF|�E 6 YMK ;L9 8#E 6 E ;L9 8 ;%5 G 9@;�6H?@; D`8 N2; R 6�? E]G ϕ V
¦ ; R 6�?@5 I<C@R�I ; G 5 G ;LN G 6 C@8#Y�E 9 S 6=?@5 GQC@R,1 5 K 6 EF|�E 6 Y J 9 8 GQI@DFE 6�6 E 9 S K ;L9 8<E 6 E ;L9 G:[ T 5

G ?<; C@D]8�K ;L9 GQE]8 5 R 9<;�6�6=?<5¡A J�I<I@E 9 S K7D`J�G=G S R ; C<I Diff+([S])/Diff0(S) k<C 66=?<5¡; R�k@E N�; D`8N C 9 8@J AB5:9%6 J�D S R ; C<I ;�N¡6�?@5�AB; 8#C@DFE�GQI�JLK 5 M([S]) V l ?@5 G 5B6 T ; S R ; C@I@GdK ; E 9 K7E`8 5 E 9S 5:9<5 R=J�D&[�k@C 6 E 9�6=? E]G�I�J�R 6 E]K7C@D]J�ReK:JLG 5�6=?@5 Y�8<EF� 5 R\[�JLG T 5 G�J T E 9 a�5 K 6 E ;L9 %<V � V l ?@5N C 9 8@J AB5:9%6 J�D S R ; C<I π1(M([S]) E]G S 5:9@5 R=J 6=5 8�k%Y τ1 J 9 8 τ2 G�C<k�1 5 K 6B6=;�6�?@5 k<R=J�E]8
R 5 D]J 6 E ;L9 J 9 8 6�;�6�?@5 R 5 D]J 6 E ;L9 (τ1τ2)

6 = 1
b E 6 E]GPE]G ;�AB; R�I ? E`K 6=; SL2(Z) V l ?@5 J�k ; | 5

J�R S C AB5:9%6 G S ;P6�? R ; C S ? J 9 8 6=?@5 GQC<R 1 5 K 6 E^|#E 6 Y�K ;L9 8#E 6 E ;L9e9 J 6 C<R=J�D]D^YdG 6 EFD]D#8 ;�5 G 9@;�6�?@; D`8x[?<; T 5 | 5 R 6=?<5 GQI@DFE 6�6 E 9 S K ;�9 8<E 6 E ;�9�?@; D`8<G:V ]q9 8 5:5 8i[ τ1 DFE N`6 G 6=;�6=?<5>5 D 5:AB5:9%6 σ1σ3
;LN

Γ([S]) J 9 8 τ2
2 DFE N�6 G 6�; σ2 V l ?<5{;L9 DFY-R 5 D]J 6 E ;L9 G�J 6 E]GQc 5 8�k%Y τ1 J 9 8 τ2

2 E]G (τ1τ
2
2 τ1τ

2
2 ) =

(τ1τ2)
3 = 1 V a%; T 5P9@5:5 8 6�; K ?@5 K=U 6=? J 6 (σ1σ3σ2σ1σ3σ2)

2 = 1 E 9 Γ([S]) [%k@C 6"6=? E`G"E]G;LN K ; C<RtG 5¡6 R�C 5 GQE 9 K 5 σ1σ3σ2 E`G ;�N�; R=8 5 R N2; C<R�E 9 Γ([S]) �&K ;L9 1QC S J 6=5 k�Y σ1
6=;
σ3σ2σ1 � V

¤ 5 S E^| 5m6=?<5 S 5:;LA-5:6 R�E]Ka8 5 G�K7R�E]I 6 E ;L94;LN�6=?<5 GQE 6 C@J 6 E ;L9 V _ G T 5 G�J T E 9¼a%5 K 6 E ;L9 %#V ¢ [5 JLK ? I ; E 9%6�;�N�6�?@5MAB; 8<C@DFEPGQI�JLK 5 M(S)
;LNP6=; R�E T E 6�?�6 T ;�A J�R�U 5 8�I ; E 9%6 G�K:J 9 k 5

R 5 I@R 5 G 5:9%6 J 6=5 8BC 9 E]j%C 5 D^YBk�Y�GQC@K ? JaI@J�R=J�DFD 5 D ; S R=J A [ A J�R�U 5 8 T E 6=?B6 T ;dA J�R�U 5 8-I ; E 9%6 GT ?<; G 5 GQC A E]G 5 j%C�J�D 6�;e6�?@5�; R=E S E 9 V ]�9�;�6=?<5 R T ; R=8@G:[#J�I ; E 9%6¡;LN M(S) E]G 8 576�5 R A E 9<5 8
k�Y�J�I@J�EFR (τ, z)

;LN I�J�RtJ AB576=5 R=G:[ T E 6�? τ E 9�6=?<5eN C 9 8@J AB5:9%6 J�D�8 ;LA J�E 9�;LN�6�?@5 JLK 6 E ;�9;LN
SL2(Z)

;�9
H �)G 5:5 ¦�E S C@R 5 %<V]£ � � 8 5 c 9 E 9 S 6�?@5�5 DFD]EFI 6 E]K>K7C@RQ| 5 [�J 9 8 z JoK ;LA I@D 57�9 C A k 5 R 6= 0 E 9a6=?<5"N C 9 8@J AB5:9%6 J�D�I@J�R=J�DFD 5 D ; S R=J A 8 576=5 R A E 9<5 8Zk%Y 1 J 9 8 τ b�6�?@5XA J�R�U 5 8

I ; E 9%6 G�J�R 5{6 J�U 5:9�6�; k 5 z J 9 8 −z �)k ;�6=? K ;�9 GQE]8 5 R 5 8 AB; 8<C<D ;d6�?@5 I 5 R�E ; 8�D]J 6Q6 E]K 5 [�EfV 5 VF[
E 9e6=?<5¡N C 9 8@J A-5\9�6 J�D�I�J�R=J�DFD 5 D ; S R=J A � V l ?@5 JLK 6 E ;L9-;LN ϕ ;L9e6�?@5 I@J�R=J�DFD 5 D ; S R=J A E]G S EF| 5:9
k�Y z 7→ z + τ/2 V l ? C�G 6=?<5 j%C ;�6 E 5:9%6{;�N6�?@5m6=; R�C@G k%Y 6�? E]G A J�IME]8 5\9�6 EFc 5 G 6=?@5 D ; T 5 R
J 9 8>C<I@I 5 R ? J�D N�;LN�6=?<5 I�J�RtJ�D]D 5 D ; S R=J A JLG E 9 ¦�E S C@R 5a¢ V���V

0 1 0 1

τ 1+τ

τ/2 1+τ/2

��� �����
	 �  � ��  � � ��� ���
ϕ

���


�


�


� � � � �

�
�


� #

l ?@5 I ; E 9%6 G ;LN�6�?@5�AB; 8#C@DFE�GQI�JLK 5 M(S) T ? E]K ? J�R 5 I@R 5 G 5 RQ| 5 8ok%Y 6�?@5 8<EF� 5:;LAB; R z
I ? E]G A ϕ [ S E^| 5\9 k%Y z 7→ z + τ/2 [ J�R 546=?@; G 5 GQC�K ?�6�? J 6B6=?@546 T ;�A J�R�U 5 8�I ; E 9�6 G
J�R 5m57� K ? J 9 S 5 8�k%Y 6�? E]GH8<EF� 5:;LA-; R�I ? E]G A [ 9 J AB5 DFY z + τ/2 = −z A-; 8<C<D ;-6=?<5 D]J 6�6 E]K 5
〈1, τ〉 V l ? E]G�G ?@; T G 6=? J 6{6=?<5 GQI 5 K7E]J�DD ; K7C@G ;LN ϕ E]G 9@;�6{6=?<5 T ?@; D 5dAB; 8#C@DFE�GQI�JLK 5 [�G ;
E 6 E`G 6�?@5 GQI 5 K7E`J�DiD ; K7C�G ;LN�a%5 K 6 E ;L9 %<V ¢ [ T ? E]K ? JLG T 5 G�J T 6=?<5 R 5 E]G{E]G ;LAB; R=I ? E]K 6=;-6=?<5
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j�C ;�6 E 5:9�6{;LN P1 − {0, 1,∞} k%Y 1

2 (z2 + 1
z2 ) V l ? E]G{K ; R�R 5 GQI ;�9 8@G 6=;-6�?@5 E]G ;LAB; R�I ? E]G A

π1(M(S, ϕ)) = 〈τ1, τ2
2 〉.
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