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SL(2) and z-Measures

ANDREI OKOUNKOV

ABSTRACT. We provide a representation-theoretic derivation of the deter-
minantal formula of Borodin and Olshanski for the correlation functions of
z-measures in terms of the hypergeometric kernel.

1. Introduction

This paper is about z-measures, a remarkable two-parameter family of mea-
sures on partitions introduced by S. Kerov, G. Olshanski and A. Vershik [Kerov
et al. 1993] in the context of harmonic analysis on the infinite symmetric group.
In a series of papers, A. Borodin and Olshanski obtained fundamental results
on z-measures; see the survey [Borodin and Olshanski 2001] in this volume and
also [Borodin and Olshanski 1998]. The culmination of this development is an
exact determinantal formula for the correlation functions of the z-measures in
terms of the hypergeometric kernel [Borodin and Olshanski 2000]. We mention
[Borodin et al. 2000] as one of the applications of this formula. The main result
of this paper is a representation-theoretic derivation of the formula of Borodin
and Olshanski.

In the early days of z-measures, it was already noticed that they have some
mysterious connection to the representation theory of SL(2). For example, a
z-measure is in fact positive if its two parameters z and 2’ are either complex
conjugate z’ = z or 2,2’ € (n,n+1) for some n € Z. In these cases z — 2’
is either imaginary or lies in (—1,1), which is reminiscent of the principal and
complementary series of representations of SL(2).

Later, Kerov (private communication) constructed an SL(2)-action on par-
titions for which the z-measures are certain matrix elements. Finally, Borodin
and Olshanski computed the correlation functions of the z-measures is in terms
of the Gauss hypergeometric function, which appears in matrix elements of rep-
resentations of SL(2). The aim of this paper is to put these pieces together.

The constructions of this paper were subsequently generalized beyond SL(2)
and z-measures in [Okounkov 1999].

407



408 ANDREI OKOUNKOV

2. z-measures, Kerov Operators, and Correlation Functions

2.1. Definition of z-Measures. Let z, 2’ € C be two parameters and consider
the following measure on the set of all partitions A of n:

M,.(\) = n! H (z+ () (Z" + (D)) (2-1)

where
@) =z(xz+1)...(x+n-1),
the product is over all squares [J in the diagram of A, h(0) is the length of the

corresponding hook, and ¢(00) stands for the content of the square [0. Recall
that, by definition, the content of [J is

¢(0d) = column(O) — row(O),

where column([J) denotes the column number of the square 0. See [Macdonald
1995] for general facts about partitions.
It is not immediately obvious from the definition (2-1) that

> Ma(N) =1 (2-2)
|A]=n

One possible proof of (2-2) uses the following operators on partitions, introduced
by S. Kerov.

2.2. Kerov Operators. Consider the vector space with an orthonormal basis
{d,} indexed by all partitions of A of any size. Introduce the operators

Ubx= ) (z+c(0)dy,
p=A+0

L(S,\ = (ZZ, + 2|)\|)(5)\,

Dér= ) (< +c(0)d,
p=A—C1

where p = A + [0 means that p is obtained from A by adding a square [0 and
¢(0O) is the content of this square. The letters U and D here stand for “up” and
“down”.

These operators satisfy the commutation relations

[D,Ul=L, [L,U=2U, |[L,D]=-2D, (2-3)

as does the basis of 5((2) given by

=(§0) 1 ) oe(20)



SL(2) AND 2-MEASURES 409

In particular, it is clear that if |A\| = n then

(U"65,6)) = dim A [ ] (2 + (D)),
Oexa

where

dim A =n! [ M@ ™
e

is the number of standard tableaux on A. It follows that

1
Mp(A) = =———(U"0g,06x) (L"6x,00).
( ) TL'(ZZI)TL ( 1% )\)( A G)
Using this presentation and the commutation relations (2-3) one proves (2-2)
by induction on n.

2.3. The Measure M and Its Normalization. In a slightly different lan-
guage, with induction on n replaced by the use of generating functions, this
computation goes as follows.

As in [Borodin and Olshanski 2000], the sequence of the measures M,, can
be conveniently assembled into one measure M on the set of all partitions of all
numbers:

w=(1-= Y e,
n=0 :

n

where £ € [0,1) is a new parameter. In other words, M is the mixture of the
measures M,, by means of a negative binomial distribution on n with parameter

&
It is clear that (2-2) is now equivalent to M being a probability measure. It
is also clear that

M) = (1 — €)% (eVEU 6, 65) (eVEP by, 6). (2-4)
Therefore
Y M) = (1 - 6% (eVEP eVEV 5y, 6). (2-5)
A
It follows from the definitions that
D(Sg == 0, Ldg = ZZI(SQ, U*(Sg == 0, (2*6)

where U* is the operator adjoint to U. Therefore, in order to evaluate (2-5), it
suffices to commute eVéL through eVeu,
A computation in SL(2),

a 1 1 0
< 1 0) <1 a)=<1 m) a5 5 |
-5 1 0 1 0 1 0 1—af 1_op 1
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implies that

exp (3D) exp (aU) = exp ( - _O‘a 5 U) (1-aB) Lexp < - _ﬂa 5 D) . (2-7)

provided |a8| < 1. Therefore

;M(A) =(1-¢) <eXp (% U) (1—¢&)Lexp (% D) 8o, 5g)

=(1-8* (1-¢"05,00) =1,
as was to be shown.

2.4. Correlation Functions. We now introduce coordinates on the set of
partitions. To a partition A we associate a subset
6N ={\—-i+3}CZ+3.
For example,
G(Q) = {_%7 _%7 _ga .. }
This set G()\) has a geometric interpretation. Take the diagram of A and rotate
it 135° thus:

The positive direction of the axis points to the left in the figure. The boundary
of A forms a zigzag path and the elements of G()\), which are marked by e,
correspond to moments when this zigzag goes up.

Subsets S C Z + % of the form S = &()) can be characterized by

[S4| =1[5-] < oo,
where
Si =5\ (Zc0-3), S-=(Zz0—3)\S.
The number |G (A\)| = |&6_())| is the number of squares in the diagonal of the
diagram of ) and the finite set &4 (A\) US_(\) C Z + 1 is known as the modified

Frobenius coordinates of .
Given a finite subset X € Z + %, define the correlation function by

p(X) = M({)\, X C 8(V)}).
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Borodin and Olshanski [2000] proved that

p(X) = det [K(z;,z;)] wim € X
where K the hypergeometric kernel introduced in [Borodin and Olshanski 2000].
This kernel involves the Gauss hypergeometric function and the explicit formula
for K will be reproduced below.

It is our goal in the present paper to give a representation-theoretic derivation
of the formula for correlation functions and, in particular, show how the kernel
K arises from matrix elements of irreducible SL(2)-modules.

3. SL(2) and Correlation Functions

3.1. Matrix Elements of s[(2)-Modules and the Gauss Hypergeometric
Function. It is well known that the hypergeometric function arises as matrix
coefficients of SL(2) modules. A standard way to see this is to use a functional
realization of these modules; the computation of matrix elements leads then to
an integral representation of the hypergeometric function, see for example how
matrix elements of SL(2)-modules are treated in [Vilenkin 1968]. An alternative
approach is to use explicit formulas for the action of the Lie algebra sl(2) and it
goes as follows.

Consider the s[(2)-module V' with the basis v indexed by all half-integers
k € Z + 1, and the action of sl(2) given by

Uvy = (z—l—k—l— %)Uk+1,
L, = (2k + 2z + 2') vg, (3-1)
Duv, = (Z, +k— %)U}cfl.

It is clear that
ey, = ; O;—!S (z4+E+3), Vs
Introduce the notation
(@);s=ala—1)(a—2)---(a—s+1),
so that
PPy = i —(Z+k- %)isvk,s.

D

Denote by [i — j] the coefficient of v; in the expansion of e*V efP y;:

0(7ﬂ7’?”7’?”l

U_BD N
e?UePPy; = Z (i = 5oz Vi
J



412 ANDREI OKOUNKOV

A direct computation yields

aj_i —z—i+di —2 —it+i e
i F 27 2, fi<
t—=7 a,B,2,2' =
e B —z—j+i, —2'—j+1 e
G F 22 2, fi>
(i—j)! (Z+J+ )i— i—j+1 ;af ifi>j,
(3-2)
where
2. (a)x
P(%0)-
l
o (k! kk'
is the Gauss hypergeometric function.
Now consider the dual module V* spanned by functionals v} such that
(vi,v5) = 04
and equipped with the dual action of sl(2):
Uvi=—(z+k—3)viy, Dvg=—(+k+3)vi,.
Denote by [i — j];,ﬁ,z’z, the coefficient of v} in the expansion of eD‘UeﬂDv;*:
aU ﬂD * Z [Z _)] s z’
We have
(=By* <z+3+ Z'+j+3 ) o
(2" F 2’ 2 if 4 < 4,
G- ¢ i) j—it+1 g =J
6 o = (—a)i Fitd, 2 il
— 1y ZTlT5,2 T 5. 0>
=0 (z+]+2)ZJF< 2 ]+1 aﬂ) ifi > 7.
(3-3)

3.2. Remarks

3.2.1. Periodicity. Observe that representations whose parameters z and 2’ are
related by the transformation

(2,2") = (z4+m,2" +m), meLZ,

are equivalent. The above transformation amounts to just a renumeration of the
vectors vg. Olshanski has pointed out that this periodicity in (z, 2’) is reflected in
a similar periodicity of various asymptotic properties of z-measures; see [Borodin
and Olshanski 1998, Sections 10 and 11].
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3.2.2. Unitarity. Recall that the z-measures are positive if either z’ = z or
z,2' € (n,n+1) for some n. By analogy with representation theory of SL(2),
these cases were called the principal and the complementary series.

In these cases the representations above have a positive definite Hermitian
form @, invariant in the sense that

Q(Lu,v) = Q(u, Lv), QUu,v) = Q(u,Dv).
The form @ is given by
1 if 2/ = z,
Qur,vx) = T'(z +k+3)
F(z +k+ %)
and Q(vg,v;) =0 if k # . It follows that the operators

if z,2' € (n,n+1),

) 1 )

which form a standard basis of su(1, 1), are skew-Hermitian; hence this represen-
tation of su(1,1) can be integrated to a unitary representation of the universal
covering group of SU(1,1). This group SU(1,1) is isomorphic to SL(2,R) and
the above representations correspond to the principal and complementary series
of unitary representations of the universal covering of SL(2,R); see [Pukdnszky
1964].

3.3. The Infinite Wedge Module. Consider the module A%V, which is, by
definition, spanned by vectors

05 = Vsy AVsy ANVsg A=+,
where S = {s; > s3 > ...} CZ+ 1 is a subset such that both sets
St =5\ (Zco—3), S =(Z<o—3)\S

are finite. We equip this module with the inner product in which the basis {s}
is orthonormal. Introduce the operators

I/Jk,’g[};; : ATV — ATV
The operator 1) is the exterior multiplication by vy
Vi (f) =ve A S

The operator v}, is the adjoint operator; it can be also given by the formula

Ui (Vs N Vsy AVsy) = Z(—l)”l(vz,vsi)vs1 AVgy A== NUg, N....

%

These operators satisfy the canonical anticommutation relations

ey + Ype = 1,
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all other anticommutators being equal to 0. It is clear that

bs ifkes,

0 ifké¢s. (3-4)

YrYrds = {

A general reference on the infinite wedge space is [Kac 1990, Chapter 14].

The Lie algebra s[(2) acts on A*> V. The actions of U and D are the obvious
extensions of the action on V. In terms of the fermionic operators 1, and %}
they can be written as

U= > (z+k+3)¥ri1v;,
keZ+1

D= Y (Z+k+3)rvi-

kezZ+3

The easiest way to define the action of L is to set it equal to [D, U] by definition.
‘We obtain

L=2H+ (z+2)C + 22,
where H is the energy operator
H=> kiwip — > ki
k>0 k<0

and C is the charge

C = i — > Vit

k>0 k<0
It is clear that
Cés = (|S4|—15-1) ds;

similarly,

H@:(Z k=Y k)ds.

keSy keS_

The charge is preserved by the s[(2) action.
Consider the zero charge subspace, that is, the kernel of C:

Ao C A%V
It is spanned by vectors which, abusing notation, we shall denote by
5)\:65(/\)a S(A):{)‘l_%a )‘Z_ga A3_ga }a

where ) is a partition. One immediately sees that the action of s[(2) on {d,} is
identical with Kerov operators.
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3.4. Correlation Functions. Recall that the correlation functions were de-
fined by

p(X) =M({), X C 6(N)}),
where the finite set

X=A{z1,...,z,} CZ+ 4

is arbitrary.
The important observation is that (2-4) and (3—4) imply the following expres-
sion for the correlation functions:

p(X)=(1- §)zz, (e\/ED H #’mlb;e\/gUdz,dz)- (3-5)
zeX

We apply to (3-5) the same strategy we applied to (2-5), which is to commute
the operators eV¢P and eVE€U all the way to the right and left, respectively, and
then use (2-6). From (2-7), we have for any operator A the identity

PP Ae?V = eT=an¥ (e” =a5U PP Ae=PPeT=aB U) (1—aB) Le =D,

We now apply this identity with a = 8 = /€ and A =[] ¥,9} to obtain

p(X) = (G I ¢=v:G s, 5Q,>, (3-6)

zeX

where

G = exp (£ U) exp (V/€D).

Consider the operators
Uy =G G =D [k —i] ¢,
' . (3-7)
FEGYGT =) k=T Y,

with the understanding that matrix elements without parameters stand for the
choice of parameters

[k — 1,] = [k — i]§1/2(§—1)—1,§1/2,z,z’ P (3_8)

and with same choice of parameters for [k — i|*. The first equality on either line

of (3-7) is a definition and the second equality follows from the definition of the

operators 1; and the definition of the matrix coefficients [i — 7]
From (3-6) we obtain

p(X) = (H U, U0y, 5g>.

zeX

aVIBVZYZ,.

Applying Wick’s theorem to this equality, or simply unraveling the definitions
on its right-hand side, we obtain:



416 ANDREI OKOUNKOV

THEOREM 3.1.
p(X) = det [K (2, z;)]
where the kernel K is defined by

1<i,j<s’

K(i,j) = (¥:¥} 00, 6z) -
Observe that 1 ifl 0
* 6 6 = ! =m< ’
(V1Y 02, 00) 0 otherwise .

Therefore, applying formulas (3—7) we obtain:

THEOREM 3.2.
KGj)= > [i—mli-m, (3-9)
m=-1/2,-3/2,...
with the convention (3-8) about matriz elements without parameters.
Formula (3-9) is the analog of the [Borodin et al. 2000, Proposition 2.9] for the
discrete Bessel kernel.
We conclude this section with a formula which, upon substitution of formu-

las (3-2) and (3-3) for matrix elements, becomes the formula of [Borodin and
Olshanski 2000].

THEOREM 3.3.

e ey e [
i

where for i = j the right-hand side is defined by continuity.

K(i,j) = . (310)

More generally, set
K(iaj)a,ﬂ = (‘Pi(aaﬂ)q’;(aaﬂ)(sZa 5@) )
where
U, =eVePPypeBPe ol = Z [k — i]a’ﬂ’z’z, V4

[
Ut = oV ehD yr =D g=al _ Z [k — i]Z,g,z,zf Vr.
7

We will prove that
K(isfap= (82 [i >3] 5, 1> =30y, —
O‘(aﬂ - 1)2 [7’ - _%] a,B,z,2' [J - %] ;,ﬁ,z,z’ )/(Z - ]) (3711)

First we treat the case ¢ # j, in which we can clear denominators in (3-11).
Computing

DG D6 DEDE -0 )
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we conclude that
VPP e BPe=aU [ 4T,
where
T=—-2aBL+ 28D +2a(af —1)U.
This can be rewritten as

[L,eaUeﬂD] — _TeocUe,@D’

[L,e 2V e PPl = ¢=2Ue=APT, (3-12)

From (3-12) and the equality [L, ;9] = 2(i—j)i9; we get

[La \I!,(a,ﬁ)\ll;(a,ﬁ)] = [Ta \pz(aaﬂ)\p;(au@)] + 2(Z_])\Ijl(a7ﬂ)\p;(aaﬁ)
(3-13)
Since dy is an eigenvector of L we have

([L7 \Ill(aa/@) \I/;(O[,IB)](Sg, 6@) =0.
Expand this equality using (3-13) and the relations

Ty = —2a822'65 + 2a(af—1) 240,
T*6p = —20822'65 + 2(32'6,

where T is the operator adjoint to 7" and ég is the vector corresponding to the
partition (1,0,0,...). We obtain

(7’ _j)K(iaj)a,ﬁ
= ﬂz’ (qji(aalg)ql?(aalg)dgaém) - a(Oél6 - 1)2 (\Ili(ailg)ql_?(a’ﬂ)élzb&g) .

In order to obtain (3-11) for ¢ # j, it now remains to observe that

1 ifl:%andm:—%,

0 otherwise,

(1%, 8, 00) = {

1 ifl=-jandm=3
5 00,65) = : .
(Y197, 60, 02) {0 otherwise.

In the case 7 = j we argue by continuity. It is clear from (3-9) that K (3, j) is
an analytic function of ¢ and j and so is the right-hand side of (3-10). The
passage from (3-9) to (3-10) is based on the fact that the product ¢ times
[i = m], 5. is alinear combination of [i =+ m], 5, and [i = m=*1], 5
with coefficients that are linear functions of m. Since the matrix coeflicients
are, essentially, the hypergeometric function, such a relation must hold for any
i, not just half-integers. Hence, (3-9) and (3-10) are equal for any ¢ # j, not
necessarily half-integers. Therefore, they are equal for i = j.
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3.5. Rim-Hook Analogs. The same principles apply to rim-hook analogs of
the z-measures, which were also considered by S. Kerov (private communication).
Recall that a rim hook of a diagram A is, by definition, a skew diagram A/u
that is connected and lies on the rim of A. Here connected means that the squares
have to be connected by common edges, not just common vertices. Rim hooks
of a diagram A are in the following 1-1 correspondence with the squares of A:
given a square [J € A, the corresponding rim hook consists of all squares on the
rim of A which are (weakly) to the right of and below O0. The length of this rim
hook is equal to the hook-length of 0.
The entire discussion of the previous section applies to the more general op-
erators
Urvp = (Z + % + %) Vk+r,
L.v = (% + 2+ 2') v,
D,v = (Zl + % - %) Vg1,
which satisfy the same s[(2) commutation relations. The easiest way to check
the commutation relations is to consider % rather than k as the index of vg; the
above formulas then become precisely the formulas (3-1). The operator U, acts
on the basis {,} as follows

Ur (5)\ — Z (_1)height+1 (z =+ 'r'iz Z C(D)) 61“
p=A+rim hook [O€rim hook

where the summation is over all partitions p which can be obtained from A\ by
adding a rim hook of length r, height is the number of horizontal rows occupied
by this rim hook and ¢([0) stands, as usual for the content of the square [1.
Similarly, the operator D, removes rim hooks of length r. These operators were
considered by Kerov (private commutation).

It is clear that the action of the operators e®
wedge product like

Ur and ePPr on a half-infinite

Vsy N Vgy NVUgg N v+,

essentially (up to a sign which disappears in formulas like (3-5)) factors into the
tensor product of r separate actions on

/\ vs;, k=0,...,r=1.

si=k+% mod r

Consequently, the analogs of the correlation functions (3-5) have again a deter-
minantal form with a certain kernel K,.(%,5) which has the following structure.
If i = j mod r then K,.(3,j) is essentially the kernel K (i, j) with rescaled argu-
ments. Otherwise, K,.(4,7) = 0.

This factorization of the action on A? V is just one more way to understand
the following well-known phenomenon. Let Y, be the partial ordered set formed
by partitions with respect to the following ordering: u <, A if u can be obtained
from A by removing a number of rim hooks with r squares. The minimal elements

[
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of Y, are called the r-cores. The r-cores are precisely those partitions which do
not have any hooks of length ». We have

Yo || () (3-14)

r-cores

as partially ordered sets. Here the Cartesian product (Y;)" is ordered as follows:
(/141’---7/141‘)3()‘17---,)‘1“) <~ ,ulel)\z fori:l,...,r,

and the partitions corresponding to different r-cores are incomparable in the <,.-
order. Combinatorial algorithms which materialize the isomorphism (3-14) are
discussed in [James and Kerber 1981, Section 2.7]. The r-core and the r-tuple
of partitions which the isomorphism (3-14) associates to a partition A are called
the r-core of A and the r-quotient of A\. Among more recent papers dealing with
r-quotients let us mention [Fomin and Stanton 1997] where an approach similar
to the use of A V is employed, an analog of the Robinson—Schensted algorithm
for Y, is discussed, and further references are given.

Factorization (3-14) and the corresponding analog of the Robinson—-Schensted
algorithm play the central role in the recent paper [Borodin 1999]; see also [Rains
1998].
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