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Function Theory and Operator Theory
on the Dirichlet Space

ZHIJIAN WU

ABSTRACT. We discuss some recent achievements in function theory and
operator theory on the Dirichlet space, paying particular attention to in-
variant subspaces, interpolation and Hankel operators.

Introduction

In recent years the Dirichlet space has received a lot of attention from math-
ematicians in the areas of modern analysis, probability and statistical analysis.
We intend to discuss some recent achievements in function theory and opera-
tor theory on the Dirichlet space. The key references are [Richter and Shields
1988; Richter and Sundberg 1992; Aleman 1992; Marshall and Sundberg 1993;
Rochberg and Wu 1993; Wu 1993]. In this introductory section we state the
basic results. Proofs will be discussed in the succeeding sections.

Denote by D the unit disk of the complex plane. For o € R, the space D,
consists of all analytic functions f(z) = Y a,2" defined on D with the norm

0o 1/2
1flle = <Z(n+ 1)°‘Ianl2> :
0

For o = —1 one has D_; = B, the Bergman space; for a = 0, Dy = H?, the
Hardy space; and for a = 1, D; = D, the Dirichlet space. The space D, is
referred to as a weighted Dirichlet space if > 0, and a weighted Bergman space
if @ < 0. It is trivial that D, C Dg if @ > $. In particular, the Dirichlet space
is contained in the Hardy space.

For any w € D, the point evaluation at w is a bounded linear functional on
D. Therefore there is a corresponding reproducing kernel. It is given by

1 1
kw(2) = k(z,w) = . log T 5
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Let

9 o0
D)= [ 17 44G) = 3 nla
n=1
where dA(z) = (1/7)dx dy is normalized Lebesgue measure on . The square
of the norm of a function f in D can be also expressed as

AP = 11£1T = £ 1lg + D).

Arazy, Fisher and Peetre proved in [Arazy et al. 1988] that the number

D(f) is the Hilbert—-Schmidt norm of the big Hankel operator on the Bergman
space (introduced first in [Axler 1986]) with the analytic symbol f. Arazy and
Fisher [1985] proved that the Dirichlet space D with the norm ||-|| = /D(")
is the unique Mobius invariant Hilbert space on . A more general result in
[Arazy et al. 1990] implies that for any Bergman type space B(v) = L2(D,v) N
{analytic functions on D}, which has a reproducing kernel k, (z, w), one has the
formula

[ [1#6) = f@)Plk o) av(2) dutw) = D7) orall £ €.

The operator M, of multiplication by z on the Dirichlet space, denoted some-
times by (M.,D), is a bounded linear operator. Moreover it is an analytic
2-isometry; that is,

[M2f))* =2 M +IfI° =0 forall feD, and () MID={0}.
n=0
Richter [1991] proved that every cyclic analytic 2-isometry can be represented as
multiplication by 2 on a Dirichlet-type space D(x) with the norm || - ||, defined
by
2 2
11 = 11l + Du(f)-

Here 4 is a nonnegative finite Borel measure on the unit circle 9ID; the number
D, (f) is defined by

D,(f) = / 1F/(2) PR, (2) dA(2),

where h,(z) is the harmonic extension of the measure p to D, defined as the
integral of the Poisson kernel P,(e?) = (1 — |z|?)/|e? — z|? against dpu:

1

hu(2) = o

2
/ P, () du(6).
0
It is not hard to see that D,(f) < oo implies f € H?. Therefore D(n) C H?.
Deep results involving D(p) can be found in [Richter and Sundberg 1991].
A closed subspace N of D is called invariant if M, maps N into itself. We
shall discuss the following two theorems for invariant subspaces.
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THEOREM 0.1. Let N # {0} be an invariant subspace for (M,, D). Then
dim(N o zN) =1,
that is, zN is a closed subspace of N of codimension one.

For f € D, denote by [f] the smallest invariant subspace of D containing f. An
analytic function ¢ defined on D is called a multiplier of D if oD C D. The
multiplier norm of ¢ is defined by

lellne = sup{llefl = f € D, Il = 1}.

THEOREM 0.2. Every nonzero invariant subspace N of (M., D) has the form

where ¢ € N & 2N is a multiplier of D, and dm, = |p(e')|? do /2.

The codimension-one property for invariant subspaces of the Dirichlet space was
first proved in [Richter and Shields 1988]. Another proof that works for the
more general operators (M., D(n)) and gives more information can be found
in [Richter and Sundberg 1992]. Aleman [1992] generalized the argument in
[Richter and Sundberg 1992] so that it works for the weighted Dirichlet spaces
D, for 0 < o <1 (o > 1 is trivial). Recently, Aleman, Richter, and Ross
provided another approach to the codimension-one property which is good for
a large class of weighted Dirichlet spaces and certain Banach spaces. Part of
Theorem 0.2 was proved in [Richter 1991]. That the generator ¢ is a multiplier
of D was proved in [Richter and Sundberg 1992]. (The result there is for the
operator (M, D(u))).
Carleson [1958] proved that, for a disjoint sequence {z,} C D, the interpola-
tion problem
o(zn) =wy,, forn=1,2,3,... (0-1)

has a solution ¢ € H™ for every given {w,} € £ if and only if there are a § > 0
and a C' < oo such that

Zn — Zm

‘26 forall n#m

1—Z,z2m

and
Z (1 —|za|?) < CI| for all arcs I C OD.
2n€S(I)
Here |1| is the arc length of I and S(I) is the Carleson square based on I, defined
as
S(I)y={zeD:z/|z| €I and |z| > 1— |I|/27}.
Let Mp denote the space of multipliers of D. It is clear that Mo is an algebra
and Mp C H*®. We remark that H*> is in fact the space of all multipliers of
H2.
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A sequence {z,} C D is called an interpolating sequence for My if, for each
bounded sequence of complex numbers {w,}, the interpolation problem (0-1)
has a solution ¢ in Mqp. By the closed graph theorem, we know that if {z,,} is an
interpolating sequence for Mq then there is a constant C' < 0o so that the inter-
polation can be done with a function ¢ € Mo satisfying [|¢||y < C [[{wn}] -

Axler [1992] proved that any sequence {z,} C D with |z,| — 1 contains a
subsequence that is an interpolating sequence for M. Marshall and Sundberg
[1993] gave the following necessary and sufficient conditions for an interpolating
sequence for Mp.

THEOREM 0.3. A sequence {z,} is an interpolating sequence for Mo if and only
if there exist a v > 0 and a Cy < 0o such that
2

Zn — Zm o\
_ < (11— _
1 5| = (1= |zn|?)" foralln#m (0-2)
and
) (1 L Y ctflog ) (0-3)
0g - 2) < <0g ‘ ) . =
zn€US(I;) 1= |zn] Cap(U ;)

Here {I;} is any finite collection of disjoint arcs on OD.

Bishop also proved this theorem independently. Sundberg told me that a similar
result for Mp,, with 0 < a < 1 is also true.

Condition (0-3) is a geometric condition for a Carleson measure for D. Car-
leson measures for D, were first characterized by Stegenga [1980]. His result
says that a nonnegative measure p on D satisfies

[ 19 dutz) < € gl foral g < D,
D

(in other words, is a Carleson measure for D,,) if and only if

M(U S(Ij)> < CCap, (U I]—)

for any finite collection of disjoint arcs {I;} on dD. Here Cap,(-) denotes an
appropriate Bessel capacity depending on . When o = 1, the usual logarithmic
capacity may be used for Cap,(-). Using Stegenga’s theorem, condition (0-3)
can be replaced by

1 -1
Z(log 7> J,, is a Carleson measure for D. (0-4)
1= [zn]? !

Hankel operators (small and big) on the Hardy and the Bergman spaces have
been studied intensively in the past fifteen years. We refer the reader to [Luecking
1992; Peller 1982; Rochberg 1985; Zhu 1990] and references therein for more in-
formation. Denote by Ps¢2 the orthogonal projection from £2(9D) onto H?. On
the Hardy space, the Hankel operator with symbol b € £2(9D) can be written as

(I — Pye2)(bg) for g € H™.
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Another existing definition is

Pye2(bg) for g € H™.
In fact, if {b,} is the sequence of Fourier coefficients of b, the two operators
above correspond to the Hankel matrices {b1, ba, b3, ...} and {bg, b1, bo, ...},
respectively. In more general spaces, these expressions define two different op-
erators, called big Hankel and small Hankel, respectively. One basic question in
the study of Hankel operators is that of understanding the “size” of the oper-
ators (for example boundedness or compactness) via the “smoothness” of their
symbols.
We can view the Dirichlet space as a subspace of the Sobolev space £21(D),
defined as the completion of C'*(D) under the norm

f||:{\/DfdA

Note that the restriction of this norm to D, which yields || f[|> = | £(0)]24 D(f) if
f € D, is different from but equivalent to the norm of D introduced previously.
Denote by P the set of all polynomials in z on D. Clearly, P is dense in D,. Let
Pp be the orthogonal projection from £2!(D) onto D. On the Dirichlet space,
the small Hankel operator with symbol b is defined densely by

5 1/2
+/(|8zf|2+|8zf|2) dA} :
D

Hp(g) = Pp(bg) for g € P.

It turns out that the big Hankel operator on the Dirichlet space with an
analytic symbol is easy to study; this is opposite to the situation on the Bergman
space. Therefore we discuss here only the small Hankel operator. The following
two theorems can be found in [Rochberg and Wu 1993; Wu 1993|, where they
are proved for weighted Dirichlet and Bergman spaces.

THEOREM 0.4. Suppose b is analytic on D.

(a) The Hankel operator Hy is bounded on D if and only if |V (2)|? dA(z) is a
Carleson measure for D.

(b) The Hankel operator 3, is compact on D if and only if |b'(2)|>dA(z) is a
Carleson measure for D and satisfies

/ 2 _ 1 -
L perao- gy} ) o9

Denote by Wp and wo, respectively, the sets of all analytic functions b that
satisfy conditions (a) and (b) in Theorem 0.4. Let X be the set of all analytic
functions f on D that can be expressed as f = ) g;h}, where g;,h; € D with
> 1lgill l1h;ll < oo. Define the norm of f in Xp as

1l = i {7 gsll 1A = £ = D" gsh5 with gj by € D}
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THEOREM 0.5. The dual of X is Wo, realized by the pairing
(f, by = /Df(z)b’(—z)dA(z), with f € Xp and b € Wo;
The dual of wp is X, realized by the pairing
“(b, f) :/Db'(z)mcm(z), with b € wp and f € Xop.

The form of the definition of X is natural. For example, a result in [Coifman
et al. 1976] suggests that the right way to look at a function f in the Hardy
space H! (on the unit ball) is as f = f;g;, where f;,g; € H?, and

1 ll3er = inf {32 1 £5ll a2 Ngsllgee }-
Corresponding to the weighted Dirichlet spaces, one can define
Wop, ={be D, :gr bgis bounded from D, to D,_2}

and

wp, ={b€ D, : g— Vg is compact from D, to Dy_2}.

It is not hard to see that W42 = BMOA and wgc2 = VMOA. Therefore Theo-
rem 0.5 is similar to the analytic versions of Fefferman’s and Sarason’s well-known
theorems, saying that (}1)* = BMOA and (VMOA)* = H*.

NOTATION. In the rest of the paper the letter C' denotes a positive constant
that many vary at each occurrence but is independent of the essential variables
or quantities.

1. Invariant Subspaces

The codimension-one property for invariant subspaces of the Dirichlet space
is related to the cellular indecomposibility of the operator (M., D). This con-
cept was first introduced and studied by Olin and Thomson [1984] for more
general Hilbert spaces. Later Bourdon [1986] proved in that if the operator M,
is cellular indecomposable on a Hilbert space H of analytic functions on D with
certain properties, then every nonzero invariant subspace for (M., H) has the
codimension-one property. The required properties for H in Bourdon’s paper
are: the polynomials are dense in H; the operator M, is a bounded linear op-
erator on H; if zg € H and g is analytic on D then g € H; and for each point
w € D the point evaluation at w is a bounded linear functional on H. Clearly
our spaces satisfy these requirements. The operator (M, H) is said to be cellular
indecomposable if NN Q # {0} for any two nonzero invariant subspaces N and Q
of (M,,H). We note that (M., H?) clearly is cellular indecomposable by Beurl-
ing’s Theorem. However, from an example constructed by Horowitz [1974], we
know that (M., B) is not cellular indecomposable. We also know that (M, B)
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does not have the codimension-one property; see, for example, [Bercovici et al.
1985] or [Seip 1993].

To prove Theorem 0.1, we show that the operator (M,, D) is cellular inde-
composable. This is a consequence of the following result.

THEOREM 1.1. If f € D, then f = @/v, where ¢ and ¥ are in D N FH>.

This was proved in [Richter and Shields 1988] for the Dirichlet spaces on con-
nected domains, in [Richter and Sundberg 1992] for D (), and in [Aleman 1992]
for weighted Dirichlet spaces. We discuss the proof later.

Let N # {0} be an invariant subspace for (M,,D) and f € N\ {0}. By
Theorem 1.1, there are functions ¢, 1 € D N H> such that f = ¢/¢. We claim
that ¢ = ¢ f isin [f] C N. Let 9,.(z) = ¢(rz), for 0 < r < 1. It is clear that we
only need to show 9, f — ¢ in D. Straightforward estimates show that

[9rf =@l < lleor(f = o)l + llor — &
< en(f = fo)lls + 1€llge I1f = Foll + llor = ol

It suffices to show the first term on the right goes to zero as r — 1_. Recall
that D is contained in the little Bloch space, which consists of all the analytic
functions g on D such that (1—|z|?)|¢’(z)| = o(1) as |z| — 1_. We have therefore

(1—|rz|®)|l(z)| < C forall |rz| < 1.
Write f(2) = Yo anz™. Then

f _ fr 0 ) 1 t2n _ (,rt)Qn > )
0

1122
1—|rz| 5

2

B
This is enough for the claim. The discussion proves in fact the following result.
LEMMA 1.2. Suppose p € DNH>® and f € D. Ifpf € D, then v f € [f].

From Theorem 1.1, we see that there is always a nonzero bounded function ¢ € N

if N is a nonzero invariant subspace for (M., D). If N and Q are two nonzero

invariant subspaces for (M., D), there are nonzero bounded functions ¢ € N and

1 € Q. Clearly v is also nonzero, bounded and in D, therefore in both N and

Q by Lemma 1.2. Thus NNQ # {0}; that is, (M, D) is cellular indecomposable.
To prove Theorem 1.1, we need several lemmas.

LEMMA 1.3. Suppose ay,,b, >0, formn=0,1,2,.... If

D ba(l=1") <D an(l—1")

for every r in the interval (1—9, 1) with some § € (0,1), then

ann < Znan.
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Proor. Without loss of generality, we assume »_ na, < co. Clearly we have

- 1 & | & -
;nbn:r]iql, 1_r;bn(1—’r”) _r—'>1, l_rnglan(l_rn) < Znan'

n=1
This is enough. 0
Recall the inner-outer factorization for a nonzero function f € H?: f(z) =
I(2)F(z), where the inner and outer factors I(z) and F(z) satisfy |I(e?)] = 1

a.e. on 0D and

1 27 10
F(z) = eXp<%/ Rk 10g|f( 19)|d9> for all z € D.
0

el

One application of Lemma 1.3 is the following.

COROLLARY 1.4. Let f € D and let F be an analytic function on D with
|F(2)] > |f(2)| in D and |F(e)| = |f(e)| a.e. on OD. Then F € D and
IEI < IfNl- In particular this estimate is true if F is the outer factor of f € D.

PROOF. Write f =) f,2" and F = F,,2". We have clearly

STUflP =1l = I1Fl§ =D [Ful* and

DUl =1 lle < IF@)llg =D 1Fal*r®™ for all v € (0,1).
Since D(f) = >_n|fa|?> < 0o, applying Lemma 1.3 to the inequality
YO IFLA =) = IFlg = IE - )lg < I = 1 )lig = D 1 fal* (1 =),
we get D(F) < D(f) < co. This yields F' € D and ||F|| < ||f]- O

Let (X, p) be a probability space and let g € L1(X, 1) be positive p-a.e. on X
and satisfy logg € L'(X, p). Jensen’s inequality says that exp( [y loggdu) <

Jx 9dp. Set E(g) = [ gdp — exp( [y log g du).
Applying Jensen’s inequality, Aleman [1992] proved the following inequality.

LEMMA 1.5. Suppose that g is positive p-a.e. and that logg € L1 (X, ). Then
E(min{g,1}) < E(g) and E(max{g,1}) < E(g).
Let F' € H? be a outer function. Define the outer functions F_ and F by

27 6“9
1/ 2 S log(min{| F(e")], 1}) d0>

F(2) = exp(5—

eZ

629
Fy(z)= exp( ! / T te log(max{|F( )], 1}) dG)

2
It is clear that F_ and 1/F, are in H*°, with norms bounded by 1, and that

FL(2)Fy(z) = F(z),  |F-(2)| < [F(2)]
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THEOREM 1.6. Let f € H? and let f = IF be the inner-outer factorization. If
f €D, then D(Fy) < D(f) and D(IF_) < D(f). Moreover Fy, IF_, and 1/F,
are in D, with

IEA <1+ 0f I/E <1+ A1, -l < [IfI]-

ProOOF. We note first that ||[IF_||, < | f||,- Using the fact [1/F;(z)] < 1, we
get
(1/F4(2))'| = |FL()| /[P (2)]° < |[FL(2)]-
This implies D(1/F}) < D(F4). Therefore we only need to show D(Fy) < D(f)
and D(IF_).
Applying Lemma 1.5 with X = [0,27], du = 1/(27)P.(e%%) df, and g(0) =
|F(e%)|2, we have
2m 2
/ Pz(ew)|Fi(ew)|2;l—0 — |Fe(2)] g/ () |Fe)* L _ |p(z)
0 s 0 2m
(1-1)
Integrating both sides of the inequality for Fy over |z| = r € (0,1) with respect
to the measure df/2m, we obtain

‘ 2

1B = [F S < IS = [[F 6 )]le.

Applying Lemma 1.3 (as in the proof of Corollary 1.4), we obtain D(F.) < D(F).
Corollary 1.4 yields therefore D(Fy) < D(f).
Since |F_(z)| < |F(2)|, we have

(1= P [F-)|” < [FE = 1)
Adding this inequality to (1-1) for F_, we get

2m
i i iy(2 40 2
/ P, (e') ’I(e NE_(e ‘9)| 3= ‘I(Z)F,(z)|
0 7T
27
i iy 2 40 2
< [ paenlsen) g - el
0 ™
Reasoning as above, we obtain D(IF_) < D(f). O

REMARK 1.7. By Theorem 1.6, together with Lemma 1.2 and the identity
(1/Fy)f =IF_, we have IF_ € [f] if f € D.

PROOF. Proof of Theorem 1.1 Assume f # 0 and f € D. Let f = IF be the
inner-outer factorization. Since F_F} = F', we have

_IF

1/Fy

Since IF_, 1/Fy € H* and IF_, 1/F. € D by Theorem 1.6, we obtain the
desired decomposition by letting ¢ = IF_ and ¢ = 1/F}. O

f
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PrOOF OF THEOREM 0.2. Let ¢ € N & 2N and |¢| = 1. Note that the
polynomials are dense in D(m,). By the codimension-one property, the poly-
nomial multiples of ¢ are dense in N (see also [Richter 1988]). Thus, to see
why N = [¢] = ¢D(m,,), it is enough to show that |pp|| = Hp||m¢ for every
polynomial p. One can compute this directly by using the fact that (M., D)
is an analytic 2-isometry; see [Richter 1991] for details. To see why the func-
tion ¢ is a multiplier of D, note that D C D(m,) if ¢ is bounded. Hence
©D C pD(my,) =N C D, and

1/2

o1 = 1f 1L, = (111G + Don, (1)
< (I1flly + Ipll3ew D)™ < max{1, llgllge } £

We show now ¢ is bounded. Let k be the order of the zero of ¢ at the origin;
thus ¢ = 2% with ¢» € D and %(0) # 0. It is well known that ¢ = 2¥% is a
solution of the extremal problem

{1y el )
f{|f(0)|. FeENY. (1-2)

We shall show that any unbounded function z*¥f € N with f(0) # 0 is not
a solution of (1-2); that is, we can construct a bounded function fx so that
Zfxy € Nand ||25fn /1 fn(0)] < ||25F]| /|£(0)], or, equivalently,

L e R A S (B

Let f = IF be the inner-outer factorization of f. Consider Fy = N (F/N)_,
the outer function defined by

e’ +z

27 if
Fn(z) = exp(iA 1og(min{\F(eie)\, N})d@).

2m et — 2

Let fy = IFn. Then |fn(2)] < N for every z € D and |[fn] < ||f]| by
Theorem 1.6; and 2*fy = (2*f)y € [¢¥f] € N by Remark 1.7. Straightforward
computation yields

@ RO (_; T max{|f(c")], N} )
o FoP " o T )

Using the inequalities log(1 + ) <z and 1 —e™® < z for > 0, we obtain

P Sl_@{p( L max|f(e)], N} = N d9>

£(0)[2 7)o N

1 2m

Sm | (max{|f(ei9)\,N}—N)d9.
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Since D(z*fn) = D((2*f)n) < D(2*f) by Theorem 1.6, we have

2 2
(E e B

I£ls = Ifnlle + DRF) = D*fn) 2 1F NS — 1 En
21
_41 (1F(e)[2 — min{|F(c*)[2, N?}) df

2r Jo
27
= o [ (max{ £()1%, N} = V%) o
N 27 )
2% ; (max{|f(e’0)\,N}—N)d9.

These estimates show that, if f is unbounded, inequality (1-3) holds for large
enough N. ([l

A set Z C D is a zero set of a space H of functionson D if Z = {z € D : f(z) = 0}
for some f € H. Theorem 0.2 implies the following result [Marshall and Sundberg
1993].

THEOREM 1.8. A set Z C DD is a zero set of D if and only if it is a zero set of
Mop.

PRroOOF. It is trivial that a zero set of Mp is a zero set of D. Assume Z is a
zero set of D. Consider the set of functions Z = {f € D : f(Z) = 0}. It is clear
that Z is a nonzero invariant subspace for (M., D). By Theorem 0.2, we have a
function ¢ € Z 6 2Z so that Z = [¢] and ¢ is a multiplier of D. Clearly this ¢
has zero set Z. O

2. Interpolation

The connection between reproducing kernels and interpolation can be ex-
plained in terms of the adjoints of multiplication operators. If ¢ € Mo then for
f €D and €D, we have

M(ke)(2) = (M (ke), k2) = (pka ke ) = ¢(Q) ke (2).

Suppose {z;}7 is a finite sequence of distinct points in . Let ¢ € Mo satisfy
el <1 and

o(zj) =wj, j=12,...,n. (2-1)
Then for any finite sequence {a;}} of complex numbers we have, by straightfor-
ward computation,

2
0< |3 asks, ‘M; (X as,) H = S0 = w@e) k(= 2)ardg. (2-2)
This shows that the positive semidefiniteness of the n x n matrix

{(1 — w; ) k(z4, zk)}

2 ‘
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is a necessary condition for the interpolation problem (2-1) to have a solution
in Mqp. This argument in fact works in any reproducing kernel Hilbert space.
Agler [1986] proved that for the Dirichlet space the necessary condition is also
sufficient.

THEOREM 2.1. If {z;}7 C D and {w;}} C C satisfy
{(1 = wjwe)k(z, 20)} = 0,
there exists o € Mp with |||y <1 and ¢(2;) = w; fori=1,2,...,n.

One says that the Dirichlet space has the Pick property, because Pick first estab-
lished such a theorem for interpolation in H*. Note that, if the Pick property
holds, it also applies to countable sequences.

REMARK 2.2. For n = 2, inequality (2-2) becomes

k(z1,22) (L= Jwi[*)(A = |wal?)

2-3)
2 2 = — (
[z 17 Kz |l |1 — wy s ?

A sequence of vectors {x,} in a Hilbert space H is called independent if x,, ¢
Span{zy : k # n} for all n. A sequence of unit vectors {uy} in a Hilbert space 3
is called an interpolating sequence for H if the map = — {(:1:, un>} maps H onto
¢2. We cite the Kéthe-Toeplitz theorem here, which can be found in [Nikolskii
1986].

THEOREM 2.3. Let {u,} be a sequence of unit vectors contained in a Hilbert
space H. Let K be the smallest closed subspace of H containing {u,}. Then the
following statements are equivalent.

)
(2) For all z € K satisfying ||z||* = 3 |[(z, un)|, and {u,} is independent.
3) I anunH2 = 3" |an|? for all sequences {a,}.

(4)

4) | boun|| < C|| anual| for all sequences {an} and {b,} such that |b,| <
|an| for all n.

The sequence {uy} is an interpolating sequence for 3.

A unit vector sequence {u,} with property (3) above is called a Riesz sequence
in H, and one with property (4) is called an unconditional basic sequence in 3.
The following result ties the Pick property and Kéthe—Toeplitz theorem together.

THEOREM 2.4. Let {z,} C D and let k, = k., / ||k., ||. The following statements
are equivalent:

(1)
(2)
(3)
(4)

{zn} is an interpolating sequence for Mop.
{l%n} is an interpolating sequence for D.
{kn} is an unconditional basic sequence in D.
4) {ky,

} is a Riesz sequence in D.
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PRrROOF. Theorem 2.3 implies the equivalence of (2), (3), and (4). To prove that
(1) implies (3), suppose {z,} is an interpolating sequence for M. Let {a,} and
{bn} be sequences such that |b,| < |ay| for all n. Then there is a ¢ € Mp with
©(zn) = by /ay, forn=1,2,.... Let C = |¢||,. We have

0< > (C% = o(z)e(zr)) k(25 21)

aj Qg
1Bz 1| 1zl

=S| (S|
- [Sesb | - [ b

This proves that {k,} is an unconditional basic sequence in D.

Conversely, suppose (3) holds. To prove (1), by weak convergence of opera-
tors of the form My, it suffices to show that each finite subsequence of {z,} is
an interpolating sequence with the solutions in M having uniformly bounded
norms. This follows from the Pick property and the following inequality, which
is equivalent to (3):

(0 B Y o ity = 0[S - S 2

where |b;| < |a;| for all j. O

SKETCH OF PROOF OF THEOREM 0.3. The proof is found in [Marshall and
Sundberg 1993]. Suppose {z,} is an interpolating sequence for Mp; then {k,}
is an interpolating sequence for D, by Theorem 2.4. This is equivalent to

1 5
S IGP (los =) = SR <CIA? foral f e

Thus (0-4) holds, and hence so does (0-3).

Since {z,} is an interpolating sequence for M, we can find, for any distinct m
and n, a ¢ € My so that p(2,) = 1, ¢(2,) = 0, and ||¢|,; < C. By Remark 2.2
we have

1
1
1 Zmen L I
1 U ke P ks, P~ €%
1 1 Zn Zm
BT TP P T [P

Marshall and Sundberg [1993] proved that this condition is equivalent to (0-2).

Now suppose that (0-2) and (0-3) hold. To show that {z,} is an interpolating
sequence, we use the Pick property of the Dirichlet space, which allows us to
convert the interpolation problem to an “L2” problem. That is, we prove that
{l%n} is a Riesz sequence in D, then use Theorem 2.4. It can be shown that
the sequence {k,} will be a Riesz sequence if the sequence {K, = Re(k,)}
is a Riesz sequence in the harmonic Dirichlet space Dy, which consists of all
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harmonic functions in D with finite Dirichlet integral, the norm being given by
lul® = ||u|\2£2(8D) + ||Vu||iz(D). By Theorem 2.3, the last condition holds if
{K,} is an unconditional basic sequence in Dy,.

Suppose |by,| < |an| and set ¢, = a, /by, for all n. Then |t,| < 1. To show that
{K,} is an unconditional basic sequence in Dy, we must show that

HZtnanKn :HanKn gCHZanKn

Set T'(K,,) = t, K. It suffices to show that T can be extended to a bounded
linear operator on the harmonic Dirichlet space Dj. Note that

T (u)(zn) = (T"(u), Re(ks,)) = ||k,

(u, T(Ky)) = thu(zy).
Therefore it suffices to find a bounded linear map u +— v on Dy, such that
v(zn) = thu(z,) and vl < Cu] .

The construction of the desired linear map in [Marshall and Sundberg 1993]
requires deep and elegant estimates involving Stegenga’s capacity condition for
Carleson measures for D. We shall sketch the idea. First, one uses conditions
(0-2) and (0-3) to construct a bounded function ¢ on the disk D so that ¢(z,,) =
ty, for n =1,2,... and such that

[Vo(2)|* dA(2)

is a Carleson measure for D. This implies, by the Dirichlet principle,

/D |VP(p*u*)

where P(¢*) is the Poisson integral of the boundary function ¥* of 1. The
desired linear map comes from correcting the function P(¢*u*) by setting

v=P(p"u") + Y _(tat(zn) = P(¢"u")(20)) fus

QdAg/yV(w)fdAgcnunz for all u € Dy,
D

where f, is a harmonic function in D, with f,(2m) = 6n.m. The existence of
such functions, which can even be chosen to be analytic, follows from a result
proved in [Shapiro and Shields 1962], which requires the condition

] L Y ew
Z<Og1—|zn|2) =

It is obvious that this condition follows from (0-3). Of course one needs to show
that

Z’P(gp*u*)(zn) — tnu(za)| < Cllul|  for all u € Dy,

This again requires deep estimates related to capacity. O
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As noted in [Marshall and Sundberg 1993], the idea above provides also an easy
proof of Carleson’s interpolation theorem.

To end this section, we turn to another result proved in [Marshall and Sund-
berg 1993|, which shows a different application of the Pick property.

Let Z C D be a zero set of D (or M), and take zp ¢ Z. Consider the
extremal problems

Cp =inf{||f| : f(20) =1 and f(Z) = 0} (2-4)
and
Oy = inf{lell5 : ¢(20) = 1 and ¢(Z) = 0}. (2-5)

THEOREM 2.5. The problems (2-4) and (2-5) have unique solutions fo and ¢o,
and they satisfy

H‘PO”M Kz
= d = G
”fO” HkZOH o fo Sp0sz0”2

PrOOF. Standard reasoning shows that solutions exist. A little elementary
work shows that the solution of (2—4) is unique. Indeed, if f and g are distinct
solutions to (2—4), then || f]| = |lgll, f(z0) = g(20), and f(Z) = g(Z) = 0, where
we have set Z = {z; : j = 1,2,...}. We claim that Re <f,g> = ||f||2, and
therefore that

1f = glI* = 11fII* + llgl* — 2Re (f.9) = 0.
If this is not the case, then h = £(f + g) satisfies h(zo) = 1, h(Z) = 0, and

1R0* = (LA + llgl® + 2Re (£.9)) < IF11*.

This is impossible.
Let fo be the unique solution of (2-4) and let ¢ be any solution of (2-5). We
show that L

[k~

f0:90 0”25

0
so ¢ is unique. It is easy to see that

2 1 2 Z5 z _
0= HZ%’% - 2‘<Zajkaj,f0>| = Z(l_f()( JQ)fO( kg>k(2j,Zk) a;ag.
[ foll [l foll™ 1=
By the Pick property, there is a ¢ € Mp with |4, < 1, and
1
Y(z0) = ————, and Y(z;)=0forj=1,2,....
) = Tral e =

Since ¢ is an extremal solution, we have
el < Mol ko ll Dllae < Lfoll Izl

On the other hand, the function

20

= gp 3
120l

9
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satisfies g(z9) =1, g(Z) = 0, and

91l < llellae / 1Bz | < Nl foll -
Therefore fy = g, as we wished to show. O
It is not hard to show that fy and g in Theorem 2.5 have zero set exactly Z

(counting multiplicities!).

3. Hankel Operators on the Dirichlet Space

In this section, we use the norm [/ f|| = (|f(0)]* + D(f))l/2 for the Dirichlet
space. In this case the reproducing kernel of D is

1
ko (zw) = 1 +1 ( )
(2 w) tlog 1 —wz
We note that .
(1 —wz)?
is the reproducing kernel for the Bergman space B.
Assume that the Hankel operator H; is bounded on D. For g in P, we have

k‘B (va) = azaﬁ;k’D(z7w) =

Hp(g)(z) = <b§,k~p(-,z)> = /ﬂ)BgdA—i— <b’g,8wkg(-,z)>L2(D).

For simplicity, we remove the rank-one operator g — fD bg dA, and take

:H:b(g)(z) = <b,§vawk‘D(' ) Z)>£/2(D) for all g€ :])7 (371)

as the definition for our Hankel operator on D. It is easy to compute that

0.3 (9)(2) = <b’§, ks (-, z)>L2(D) = Pp(V/'g)(z),
where Pg is the orthogonal projection from L2 = £2(D) onto B. We have then
(h,Hp(g)) = (W, P(V'g)),., = (Mg, b)., forallh, ge?P. (3-2)

We see that b € D is a necessary condition for the Hankel operator H; to be
bounded on D. From (3-2), we get also that the boundedness or compactness
of Hj, on D are equivalent, respectively, to the boundedness or compactness of
the operator

g Py(V'g) (3-3)
from D = {g: g € D} to B.
The following result is standard; see [Arazy et al. 1990], for example.

LEMMA 3.1. Suppose ¢ is a C* function on a neighborhood of D. Then

p(2) = Py(9)(2) + / Omp(w)(1 — [w]?)

p (z—w)(1—wz)

dA(w)  for all z € D.
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LEMMA 3.2. The linear operator

w —’U}2
o [ L0t 4y

|z — w||1 — @z
is bounded on L*(D).

Lemma 3.2 can be proved easily by using Schur’s test with the test function
u(z) = (1—[2]%)7/%

PROOF OF THEOREM 0.4. Suppose the measure [b'(2)|?dA(2) is a Carleson
measure for D. Then b'g is in £L2. This implies the map (3-3) is bounded.

Now suppose the Hankel operator H; or, equivalently, the map (3-3) is
bounded. We shall show that b g is in L2, for every g € D, with norm bounded
by C ||g||. We note that Pg (' g) is the best approximation to b’ g in B. Therefore
by Lemmas 3.1 and 3.2, we have the following formula for the difference between
b'g and Px(b'g):

W (w)g' (w) (1 — w|?)
(z —w)(1 — wz)

¥(2)903) — Pa(H3)(z) = /D dA(w) forall g€ P. (3-4)

Since b € D and D is contained in the little Bloch space, we have
(1 = [w*)[p'(w)| < Clb]|-
Thus by Lemma 3.2 and the assumption, we obtain
2 2 _ 2
16l e = | Pev'g)| oo + |05 — Ps®'9)| . < ClBIZ lg)*  for all g € P.

This proves part (a) of the theorem.

The operator defined by (3-4) is in fact compact from D to L2, because D is
a subset of the little Bloch space. Therefore the compactness of Hp is equivalent
to the compactness of the multiplier My : D — B. A result in [Rochberg and
Wu 1992] implies therefore that condition (0-5) is necessary and sufficient for
the compactness of Hp. O

The proof of Theorem 0.5 requires a general result about pairing of operators.
Suppose H and X are Hilbert spaces. The trace class of linear operators from
H to K, denoted by 81 = 81(H,XK), is the set of all compact operators T from
H to K for which the sequence of singular numbers

{sr(T) = inf{||T — R|| : rank(R) < k}}
belongs to ¢!. The $; norm of T is defined by

ITlls, = {su(T)37 Ml n -

We will use 8¢9 = 8o(H, K) and 8o = Soo(FH, X) for the sets of compact operators
and bounded operators from H to K, respectively. Let T and S be bounded linear
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operators from H to X and from X to H, respectively. The pairing of T" and S
is given by
(T, S) = trace(T'S).

The following standard theorem can be found in [Zhu 1990], for example.

THEOREM 3.3. (a) (80)* =81 and (81)* = 8.
(b) (Schmidt decomposition) @ is a compact operator from H to XK if and only
if @ can be written as

P = ZAJ(' 7fj>:}cej’
where {\;}3° is a sequence of numbers tending to 0, and {f;}7° and {e;}{°
are orthonormal sequences in H and X, respectively. Moreover, if {\;}7° is

in 0, then
18], =Y 1A

PROOF OF THEOREM 0.5. It is easy to check that Wp C (Xp)* and X C (wp)*
by using formula (3-2). We prove (Xp)* C Wop next.

Suppose T € (Xp)*. For any g,h € D, it is clear that gh’ € Xp and
lgh' I, < llglll|R]]. Hence if in addition h(0) = 0, then

T(gh")| < TN lgh Il < ITHglIAI = 1T gl 17" 5-

This inequality shows that for fixed g € D the linear functional b’ — T'(gh’) on
B is bounded. Hence by the Riesz—Fischer Theorem there is a Tj; € B such that

T(gh') = (W' ,Ty) ., forall b’ e B.

Clearly Ty is uniquely determined by g and the linear map g — T} from D to B
is bounded with ||Ty ||z < [|T|||lg||-
Let b(z) = br(z) = [, T1(¢) d¢ € D. For any g € D we have

Ty(w) = (Ty kn (- w)) o = T(ghs (-, w)).
Since for fixed w € D, gks(-,w) is always in B, we have
T(gks(-,w)) = (gks (-, w), T1) o = (ghs (-, w),b') .o = 5 (gd-kp (-, w),b') ...
This implies that T, (w) = 9,3, (9)(w), for any g € P. We conclude therefore
1Ho (Il = 1Tylls < T llgll,

and hence ||H,|| < ||T]]. By Theorem 0.4, we have b € Wp and then

Ty(w) = 8wHp, (9)(w) forall g € D. (3-5)

This discussion also yields (since b € Wo)

T(gh') = (gh",Ty),, forall g,h € D.
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This implies that the map T' — by from (Xp)* to Wo is bounded and one-to-one.
To complete the proof, it remains to verify that

T(f) = <f,bT>* for all f e Xop.

This is easy to check by using (3-5) and (3-2).

To prove that (wp)* € Xp, we consider the map b — OH, from wop to
SO(CB7 B). This map is clearly one-to-one and maps wp onto a closed subspace
of §p. Take L € (wp)*. Extend L to a bounded linear functional L on 8 so that
|L|| = ||L||. By Theorem3.3(a), there is a @ in 81(B, D) such that ||®||s, = ||L]|
and i(T) = <T, @), for any T' € §y. Suppose the Schmidt decomposition of @
given by Theorem3.3(b) is

= 5i(, [i),:05

where {s;}7° is the sequence of singular numbers of @, and {f;}7° and {g;}°
are orthonormal sequences in B and D, respectively.
It is clear that {h;(z) = [; f;(¢) d(}go is an orthonormal sequence in D. Set

F=1u=> s59i1; = 595} (3-6)

Then clearly f is in Xp, and

1fllxs <D lsil = [8lls, = 1L
For any b € wp, we have
L(b) = f/(aﬂffb) = <(‘3f]TCb,Q5> = trace(af]?(b@) = trace(@@ﬂ?b)
= (9070(3;),95) = > 55{030(95) fi) o = D 55V, 9ih))
= <b/> f>L2;
thus
L(b) =*b, f) forallbe wp. (3-7)
This implies || L] < || f]lx,, and hence || L|| = || f]lxs -
To complete the proof it remains to show that the map L — f1 defined by
(3-6) is well defined and one-to-one.
In fact for any ¢ € D, let be(2) = Jd¢kn(2,¢). By formula (3-1) and the
equality b(2) = ks (2, (), we get
g{bg (g)(w) = <gazk1)(' 7’11)) ’ blg>Lz = 8(/@’@((, w)Q(C) for all g € P.

This shows that 3, is a compact operator (of rank one!). Thus b; € wp and

L(be) = *(b¢, fry = (0, f1) ro = L)

The “one-to-one” part is then an immediate consequence of the identity (3-7). O
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